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Abstract

This work performs a computational investigation of the energy variations given by a powered Swing-By maneuver realized
in an elliptical system. It extends previous works by giving the freedom to choose the location and the direction of the thrust
vector, aspects that were not considered before in the literature. Those variations are obtained numerically as a function of
the parameters related to the thrust (magnitude, direction and location of the application) and the orbital parameters of the
primaries (eccentricity and true anomaly). The maneuver is realized around the smaller primary, and the energy variations
are measured with respect to the main body of the system. The initial orbit of the space vehicle is defined by its periapsis
distance, angle and approach velocity with respect to the smaller primary. The study is applied to a system composed of two
primaries that are in elliptic orbits around the center of mass of the system. The eccentricity is varied as a free parameter,
to measure its effects. The results show that the best maneuvers apply the thrust at a point inside the sphere of influence of
the secondary body, but not in the periapsis of the orbit. The best direction of the thrust is not aligned with the motion of the
space vehicle. The techniques studied here are applied in situations where it is desired to increase the energy of the space
vehicle. Empirical equations are obtained for the energy variations, based on the simulations made in the present paper. The
numerical approach makes the results more accurate and not limited to particular regions of the eccentricity.
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1 Introduction

The present paper makes an investigation of the energy var-
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inside the sphere of influence of the body involved in the
maneuver. Minovitch, in 1961 [1], made one of the first stud-
ies related to engineering applications of the pure gravity
Swing-By maneuver. He showed the basic physics involved
in this close approach maneuver when applied to trajectories
of a space vehicle, and the possibility of using this technique
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to send a space vehicle out of the Solar System with much
smaller fuel consumption, when compared to maneuvers
made exclusively based on propulsion systems [2, 3].

Looking for missions that already used this technique,
Flandro, in 1966 [4], showed the detailed plan for the Voy-
ager mission, which is a mission composed of two space
vehicles that made a series of close approaches with several
planets of the Solar System to gain energy for the trip. The
calculations were made based on Minovitch [1], and it was
possible to verify the efficiency of this maneuver in a grand
tour of the Solar System. The Galileo mission also used
passages by the planets of the Solar System to increase its
energy, so helping the space vehicle to complete the goals
of the mission [5, 6].

More recently, we had the missions Messenger and Bepi-
Colombo, which are two missions directed to the planet
Mercury [7-9]. Mercury has a very large eccentricity and
close approach maneuvers around it cannot be accurately
studied under the approach given by assuming a circular
orbit for Mercury. Besides those real applications, several
other studies about the Swing-By maneuver are available
[10-17].

The use of the PSBM is an important option when the
energy obtained from a pure gravity Swing-By maneuver
is not enough to achieve the goals of the mission. The flex-
ibility given to the geometry of the close approach can give
larger energy variations for the space vehicle. Several goals
are possible in this maneuver: to find the best geometry to
get as much energy as possible from this maneuver to send
a space vehicle somewhere; to approach the body close
enough to be captured; or even to collide with its surface.

In this study, we develop an analysis to find the best
geometries for the maneuver based on the variations of the
parameters related to the thrust: a, which defines the thrust
direction; 0, which defines the thrust location, and 6V, the
magnitude of the thrust; and the effects coming from the
geometry of the primaries: e, the eccentricity of the orbits of
the primaries, and v, the true anomaly of the secondary body
at the moment of the closest approach. It is known that the
velocity of a celestial body in an elliptic orbit is not constant
and, for a given semi-major axis, the distance between the
primaries at the periapsis reduces with the eccentricity of
the orbit. Therefore, there is an important influence of the
eccentricity in the energy variations given by this maneuver.

The PSBM has been studied before for the circular case
[18-23], and the results showed the benefits of this com-
bined maneuver. As a natural sequence of studies, this paper
extends those researches to systems where the primaries are
in elliptical orbits. This is a point of interest from the aca-
demic point of view, to learn the effects of the eccentricity
of the orbits of the primaries in this maneuver, as well as
from the engineering side, because there are several systems
with considerable eccentricity in the Solar System. Good
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examples are Mars, which has an eccentricity of 0.093; and
Mercury, with an eccentricity of 0.2056. Both of those plan-
ets have been considered many times for Swing-By maneu-
vers [24-27] and can benefit from the present computational
study. In these cases, the effects of the maneuver are larger
when we consider their eccentricities, as shown in [28] and
[29].

An initial analytical and superficial study of this problem
suggests that the best place to apply the thrust is during the
closet approach, because it is the point of maximum veloc-
ity, which increases the energy transfer from the impulsive
maneuver to the space vehicle. However, the literature shows
that, for the circular case, this is not true, and some devia-
tions in the direction of the thrust [19, 22] and in the point
of its application [21, 23] can increase the energy gains of
the maneuver. Ferreira et al. [22] made a study analyzing the
gains and losses of energy of a space vehicle in a Swing-By
maneuver when the thrust is applied in different directions.
In 2017, Ferreira et al. [23] expanded this study, varying not
only the direction, but also the thrust location. In this work,
only the energy gains were analyzed. Recently, Ferreira et al.
(2017b) [30] studied the best directions to apply the thrust,
for an eccentric system, in the situations where the applica-
tion point is in the periapsis of the orbit of the space vehicle
around the secondary body.

To extend this line of research, the present paper studies
the more complete case, where the thrust has freedom to
be applied in any point inside the sphere of influence of the
secondary body and in any direction, in an elliptical system.
The simulations showed that to apply the thrust in a loca-
tion different from the periapsis and in a direction that is not
tangent to trajectory of the spacecraft is also more efficient
when the primaries are in elliptical orbits. Compared to the
circular problem studied before [19, 21-23, 31], substantial
differences appear for eccentricities of the order of 0.1, near
the value of the Sun—Mars system, and below the value for
the Sun—Mercury system. The reason is based on the fact
that, when the thrust is applied under different initial condi-
tions, with variations in the parameters, the energy varia-
tions due to the gravitational part of the maneuver are also
changed. Therefore, the best results can be found only by
computational techniques, like the one used here. It hap-
pens because the orbit changes instantly, so the geometry
of approach is different, including a new periapsis distance
and a new approach angle, which changes the gravitational
effects of the gravity part of the maneuver. So, the applica-
tion of the thrust outside the periapsis can be more efficient
in several conditions; as well as it generates a more flexible
maneuver, which might attend several other constraints of
the mission, not only to increase energy variations. This is
shown in details for the circular case in [23], and the present
paper extends this study for an elliptical system.
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This research calculates energy variations for a system of
primaries with sizes and masses similar to the Earth-Moon
system, but generalizing the eccentricity of the orbit of the
primaries to study the effects of this parameter. The direc-
tion and location of the impulse are free parameters in the
maneuver, therefore they are used to maximize the energy
gains. It is also possible to consider situations of losses of
energy for the space vehicle, but it is necessary to make
some specific considerations and this case will not be cov-
ered here.

In particular, the present research studies the effects of the
magnitude of the thrust in the energy variations. A detailed
analysis is also performed to show the importance of apply-
ing the thrust in a position different from the periapsis of the
trajectory of the space vehicle around the smaller primary,
an assumption that was made in most of the already cited
literature.

Another point considered here is the development of
empirical equations based on the results given by the com-
putational simulations of energy variations. These equations
can be useful to estimate energy variations without the need
of extra simulations.

The computational approach gives more accurate results
and does not limit the values for the variables involved, such
as the eccentricity of the primaries and/or the magnitude of
the thrust.

2 Powered Swing-By maneuvers (PSBM)

As already explained, the PSBM is a technique where the
space vehicle approaches a celestial body and takes advan-
tage of the gravity of this body to modify its trajectory, but
this effect is combined with a thrust applied in the space
vehicle by a propulsive system. It is a complex maneuver
if compared to the “pure gravity Swing-By,” where the
only forces acting in the motion of the space vehicle are the
ones coming from the gravity fields of the celestial bodies
involved.

In the present research, the thrust is applied in different
locations of the trajectory of the space vehicle, but always
inside the sphere of influence of the near celestial body. The
present study also varies the direction and magnitude of the
thrust with the goal of studying the effects of those param-
eters in the combined maneuver.

As done in [30], the dynamics of the system is based on
the “Elliptical Restricted Three-Body Problem” [32-34].
The definition of the system follows the usual form used in
the literature and the more massive body, called M|, is the
primary body of the system. The secondary body is M,, the
second largest in mass, and the space vehicle is M5, which

is assumed to have a negligible mass. M| and M, are moving
in elliptical orbits around their center of mass, and M, per-
forms the Swing-By around M,. In the situations studied in
the present research, the movement is limited to the orbital
plane of the primaries. The mass of M, is given by 1 — u in

canonical units, with 4 = o "fm ) being the mass of the sec-
1 2

ondary body, also in canonical units. m; and m, are the
masses of M, and M,, respectively, in metric units. The
canonical units system (c.u.) is a system where the total mass
of the system (M = m,+my,) is one; the semi-major axis “a”
of the orbit of the primaries is the unit of distance; the gravi-
tational constant is also one; and the time unit is defined to
make the orbital period of the primaries to be 2x. From basic

celestial mechanics, it is known that the distance between
a(l—ez)
1+ecosv
eccentricity of the orbit of M, and the true anomaly of M,,

respectively.

In this way, the main objective of this research is to study
the effects of different geometries and characteristics of the
thrust in the variations of energy, in particular, to find the
locations of the extreme variations. To make this search, the
equations of motion (Egs. 1 and 2) are integrated backward
and forward in time, always starting at the periapsis and
going until points that are very far from the secondary body.
Because there is a large computational effort and the numeri-
cal integrations are relatively fast, we adopted this distance
as half of the distance between the main bodies, which gives
a large safety margin to guarantee the non-influence of M,.
We do not adopt the sphere of influence (SOI) of the body,
since the sphere of influence is an approximated way of
measuring how far the body has influence, but in fact, the
effect of the secondary body extends beyond this sphere of
influence. Another reason to maintain this value is to keep
consistency with other works available in the literature [19,
22, 23], since all of them that used this value, allowing more
accurate comparisons and validations of the results. At those
two distant points, the two-body energy space vehicle—M,
before and after the maneuver are measured, which gives the
information to calculate the variations of energy due to the
close approach to M,.

For the numerical integrations, the initial conditions of
the orbit of the space vehicle are obtained from the param-
eters that define the close approach trajectory [30]: r,,, the
periapsis distance, which is the distance between M, and the
periapsis of the orbit of the space vehicle around it; y, the
approach angle, the angular distance between the line of the
primaries and the line of periapsis; and V_ _, the velocity of
approach of the space vehicle with respect to M,; e and v,
the eccentricity and the true anomaly of M, at the time of the
closest approach of the space vehicle with M,. The equations
of motion of the space vehicle are given by Egs. (1-2) [32].

M, and M, is given by d = , where e and v are the
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In those equations, r; represents the distance between M,
and the space vehicle; r, the distance between M, and the
space vehicle; and (x;, y;) and (x,, y,) the positions of M,
and M,, respectively.

Figure 1 shows the geometry of the maneuver. V_ is the
velocity of the space vehicle with respect to M,, at point
0, before the application of the thrust. 7; is the velocity
of the space vehicle with respect to M,, also at the point Q,
but after the application of the thrust. The velocity vector
of M, relative to the primary body is denoted by 72 5V is
the thrust vector, with magnitude 6V, and « is the angle that
defines the direction of the thrust, measured with respect to
the direction of the motion of the space vehicle. Its value is
given from an initial guess, and some of its characteristics
can be highlighted as follows: if —90° < a < 90°, the space
vehicle is accelerated by the impulsive part of the maneuver,
because there is a component in the direction of motion; for
a < —90° or @ > 90°, the thrust has a component opposite
to the direction of the motion of the space vehicle, making
a deceleration; if a is between — 180° and 0°, the thrust has
a component pointing to the secondary body and, if « is
between 0° and 180°, the thrust has a component pointing
opposite to the secondary body.

The gray continuous line represents the trajectory of
the space vehicle before the thrust, which ends at the point
0, where the thrust is applied. The gray dashed line is the
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Fig.1 PSBM in an elliptic system
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imaginary continuation of this orbit (without thrust). From
the point Q, the black continuous line represents the trajec-
tory of the space vehicle after the application of the impulse.
The dashed black line represents the imaginary part of this
trajectory, which would exist if the trajectory was the one
obtained after the application of the thrust. § is the angle
betweenr,” and 7. x," and y," are the components of the vec-
tor r,', which is the periapsis position vector with origin in
the center of mass of the fixed system (CM); x and y are the
components of 7, the position vector of the space vehicle in
the fixed coordinate system. If § = 0°, the point Q coincides
with point P [30].

The computation sequence to solve this problem has the
following steps:

(a) The parameters of the orbit are fixed (), and the peri-
apsis position (x,, y,) and velocity (%,,y,) at the point
P (Fig. 1) are obtained from the initial conditions
7 V_,e, v, as shown in Eq. (3);

B (17,4)(1702)

P~ l4ecosv
a-p(1-e) )
Y = Trecoy sinv +r, sin(y + v)

. _ (I=pesiny (I=p)(I+ecos) 2 2
X, = cosV — sinv—,/V2_ 4+ =sin(y +V)

P e Vi Ve, Y

. _ (I=wesinv . (I=p)(1+ecosv) . 2 2u .

), = sinv + cosv+ 4 /V2_ + ==cos(y+v).
Ip Vi-e2 Vi-e2 \/ o p +v) 3)

(b) From P, the numerical integration is performed until
the spacecraft reaches point Q, whose location is

’ ’
- X, Xty, y
!
r

cos v + 1, cos (W +v)

obtained from § = + cos , using the scalar

product between the vectors Zj and 7. If 6 is negative,
the application point of the thrust occurs before the
passage of the spacecraft by the periapsis or, if 8 is
positive, the application point of the thrust is after the
passage of the spacecraft by the periapsis.

(c) After the space vehicle reaches point Q, the trajectory
is computationally calculated backward in time, using
the equations of motion (Egs. 1 and 2), until the space
vehicle arrives at a distance that can be considered far
from M,, such that the motion space vehicle-primary
body can be assumed to be Keplerian, and the effects
of M, are negligible.

(d) Then, the velocity and energy of the space vehicle with
respect to M, before the maneuver, without thrust, are
measured.

(e) Starting again from point Q, but using the initial con-
ditions of the first numerical integration added to the
components of the velocity variation given by the
thrust, a new numerical integration is performed, using
the equations of motion (Egs. 1 and 2), but now forward
in time. This numerical integration goes until a new
large distance from M, is reached again. At this point,
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the spacecraft is considered to be again in Keplerian
motion around M.

(f) Atthis point, the velocity and energy of the space vehi-
cle with respect to M| after the maneuver are measured.

(g) After that, the variations of velocity and energy of
the space vehicle with respect to M, are obtained, by
directly subtracting the respective quantities involved
after and before the maneuver.

3 Numerical simulations

Equation 4 gives the energy variation given by the maneu-
ver, obtained from the difference between the energy of the
space vehicle after and before the maneuver with respect
to M,.

(% ""lf)2 + (9 = Ylf)z

AE < - B (I—u)
2 2
\/(xf —x0)"+ (v =)
3 (xi_xli)z"' (yi_yli)z B (I—p
5 ,
\/(xi _xli)z + (yi _yli)2

“
where (x;,y;) and (x;, y;) are the components of the position
and velocity of the spacecraft before the maneuver (step (d)
of the computational sequence shown in Sect. 2), (x;, ;)
and (X, y;) are the components of the position and velocity
of the spacecraft after the maneuver (step (f) of the com-
putational sequence shown in Sect. 2), both relative to M ;
(X1 ¥10)s (s Y1i)s (X vip)s (K5, V) are the components
of the position and velocity of M, at the same times used to
calculate the energies of the spacecraft; and u is the mass
parameter of M,.

From the variations of energy, it is possible to analyze the
behavior of the space vehicle in the trajectory and the effects
of the parameters involved.

The numerical simulations are made for a system with
the same mass parameter of the Earth—-Moon system, which
is 4 = 0.01214. The sizes of the bodies and the relative dis-
tances are also taken from the Earth—-Moon system, but the
eccentricity of the orbits of the primaries are varied, since
the goal of the present research is to analyze the effects
of this parameter in the maneuver. This system is used to
make the results more comparable with previous papers
[19, 22, 23], where this same generalized system was used
to study this problem, considering the “Circular Restricted
Three-Body Problem.” Besides this comparison, the sizes
of the bodies are used only to compute the collisions of the
space vehicle with the primaries, which are not so frequent.
It means that the main results obtained here are almost
the same for any system of primaries with the same mass

parameter. For systems with different mass parameters, it
is necessary a more detailed study, but the main results and
conclusions obtained here are also valid. The value used
for the periapsis distance is 10% larger than the radius of
M,. This small value is used to obtain larger effects from
the gravitational part of the maneuver, without larger risks
of collisions. Regarding the approach angle, the value 270°
is used, because it is the value that gives the highest energy
gain in the pure gravity Swing-By [18]. The velocity of
approach (V__) is adopted to be 1.0 c.u. This value was
selected following [19], because it is compatible with large
energy gains and few cases of captures and collisions. This
quantity is also just a scale factor for the energy gains, so
the results are not quantitatively different for other values.
It means that keeping this value constant reduces the num-
ber of free variables, to simplify the understanding of the
phenomenon.

It is also important to consider that the thrust changes the
trajectory in all aspects, not only the velocity of the space
vehicle. These modifications include a whole new geometry
of the approach, including changes in the approach angle and
the periapsis distance of the trajectory, as shown in the lit-
erature [18-23]. The values of y and Iy shown in the results
are defined with respect to the pure gravity Swing-By. The
actual values depend on the application of the thrust, which
gives a new geometry for the passage.

The place where the thrust is applied can vary in the orbit
of the space vehicle, but it is always inside the sphere of
influence (SOI) [35] of the secondary body. In the present
research, the Sphere of Hill [35] is used to define the sphere
of influence of the body by:

a(l=¢) \ rpu\113
RHH‘L:<1+ecosv><§> ' ®)

Next, computationally made color maps (Figs. 2, 3, 5,
6, 9, 10) show the energy variation (Eq. 4) of the space
vehicle, with respect to M, as a function of the angles that
define the direction and the application position of the thrust.
In total, 2,277,910 points were obtained for each map. To
give a more complete view of the results, Tables 1, 2 and 3
show the largest energy variations (AE,,,) and the related
information for each simulation. They show the values of
a0,V ., already defined, and R, the distance between the
secondary body and the space vehicle at the moment of the
application of the thrust.

Figure 2 measures how much the energy variations
increase with the magnitude of the thrust, which can be seen
from the values of the color scales for ¢ = 0.1, v = 0° (at
the initial time ¢ = 0) and y = 270°. Note the increase in
the largest magnitude from Fig. 2a—f, from 1.94 to 8.35 c.u.
(darker red region, in approximately —45° < a < 45°

and 0° < 6 < 2°), with a gradual increase between the

@ Springer
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Fig.2 Energy variations, in canonical units (c.u.), for the situation where e = 0.1, v = 0°(¢ = 0), = 270° and 6V in the range from 0.1 to 2.0
c.u

@ Springer



Journal of the Brazilian Society of Mechanical Sciences and Engineering (2021) 43:186 Page70f27 186

0.3 .

03
0.25 }
02 02 ’
~ . =
g = 3 46 S
2015 o 3 0. 3
fed [l ~—
Ll w
< g
0.1 .
0.05 ! :
0 0 .
4 12 -10 -8 6 4 2 0 -14 -12 -10 -8 -6 4 2 0
o (deg) o (deg)
(a) 8Vv=0.1cu. (b) V=103cu.
0.25 0.25
- : 45
-~ —_
= ; > S
2 0.1 2 S 015 445 O
=y ~ i L
u <
<
0.05f 0.0
0 0 y
20 15 10 5 0 20 -15 -10 5 0
. (deg) o (deg)
(¢) 8V=0.5c.u (d) sv=1.0c.u.
0.25 0.25
=] = 7 3
£ 015 L 2 015 s
> w @ L
< <]
0.05 0.05
% T m " 5 % 15 -10 5 0
o (deg) o (deg)
(e) sv=15cu. (f) sVv=20cu.
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Table 1 Information about sV(cw) AE,, (cu) a(deg)forf=0° AE,, (cu) a(deg) 6O(deg) V., (cu) R(cu)

AE, fore=0.1,v=0°and for O=0°

w = 270°
0.1 1.9248 -9.0 1.9401 -7.0 0.1392  1.5577 0.0057
0.3 2.4384 -13.0 2.4996 —-10.0 0.1732  1.8745 0.0060
0.5 2.9611 -16.0 3.0757 —11.0  0.1849 2.1602 0.0061
1.0 4.3881 -18.0 4.6375 —13.0 02086 2.7981 0.0063
1.5 6.0203 -19.0 6.3945 —14.0 02086 3.3922 0.0063
2.0 7.8651 -19.0 8.3535 —-150 0.2086 3.9573 0.0063

Table 2 Information about v(deg) AE,,, (cu.) o (deg) for 8=0° AE , (cu) a(deg) O(deg) V., (cu) R(cu)

AE,_, fore =0.1,y =270° and for O=0°

6V=05cu
0 29611 —-16.0 3.0757 —11.0 0.1849 2.1602 0.0061
90 3.0262 —-17.0 3.1241 —14.0 0.1274 1.9148 0.0058
180 2.9385 —-22.0 3.0457 —19.0 0.1145 1.8697 0.0059
270 2.8480 -21.0 2.9740 —-17.0 0.1672 2.1034 0.0062

Table 3 Information about e AE,, (cu) a(deg)forf=0° AE,, (cu) a(deg) O(deg) Vo, (cu) R(cu)

AE,,, forv =0,y =270° and for O=0°

6V=03cu
0 2.3618 -17.0 2.4216 -14.0 0.1352 1.7254 0.0059
0.1 2.4384 -13.0 2.4996 -10.0 0.1732 1.8745 0.0060
03  2.6180 -5.0 2.6793 =20 0.2949 2.2938 0.0062
0.5 2.9804 4.0 3.0384 6.0 0.5832 2.8622 0.0065

intermediate values of 6V. Also note that, the lowest val-
ues of energy variation occur for approximately the same
geometry (a > 45°and 6 < 0°), but the magnitude decreases,
reaching negative values of AE in case Fig. 2f, i.e., largest
loss (darker blue region). This is of course expected, since
thrusts with larger magnitudes can provide more energy to
the space vehicle. But, even expected, the results presented
here are important to quantify these increases, which is diffi-
cult to estimate without performing the computational stud-
ies made here. The dynamics involved is very complex, due
to the modification of the geometry during the maneuver,
and it is necessary to consider each case in detail.

It is also noted a strong division in the plots at the line
0=0°. The larger variations of energy are obtained for posi-
tive values for 8, with emphasis in the locations near zero.
Note the concentration of red regions (larger variations of
energy) above this line, with blue regions (smaller variations
of energy) dominating the locations below this line.

Physically it means that, to maximize the energy gains,
the thrust needs to be applied after the passage of the space
vehicle by the periapsis, such that it can get more effects
from the gravitational part of the maneuver, so increas-
ing the variations of energy in the geometry considered in
Fig. 2 (w = 270°). In these circumstances, the thrust applied
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changes the orbit of the spacecraft and the new periapsis can
make the space vehicle to pass closer to the secondary body,
increasing the variation coming from gravity effects.

In general, the lines of fixed variations of energy are near
vertical, with a small inclination to the left for increasing
values of 6. Therefore, to get the same variation of energy,
it is necessary to decrease @ when 6 is increased. This is
an interesting observation, because the application point of
the thrust may have some constraints due to the direction
of the velocity vector desired for the space vehicle after the
maneuver, or even to avoid a maneuver during the periapsis
passage, not to disturb observations made at the closest
approach. Therefore, this compromise between a and 8 may
help to find the best solution considering all those aspects.

Looking at the results relative to the thrust direction, it is
noticeable that the regions of the largest variations of energy
are usually located in the interval of @ between —45° and 0°.
Since our goal is to increase the energy of the space vehicle,
it is necessary to increase the effects of the gravity of M, in
the orbit of the space vehicle. To do that, the direction of the
thrust needs to point to M,, to bring the space vehicle closer
to it, so a should be negative. The exact values of @ can
be seen in Table 1, which shows the cases with the largest
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energy variations taken from Fig. 2, for each magnitude of
the thrust.

Another effect that is noticeable is the reduction of energy
when the thrust is applied against the movement of the space
vehicle (a >90° ora < —90°). Note the concentration of red
regions inside the interval —90° < a < 90°. For lower val-
ues of 6V the effects are smaller, and red or yellow regions
are everywhere in the plots. For instance, for 6V = 0.1, the
energy variations are between approximately 1.4 and 1.6
c.u. for @ < —90° and a > 90°, and for 6V = 0.3 the energy
variations are between approximately 1.0 and 1.6 c.u. for the
same extreme values of @, when considering positive values
of 6 in both cases.

For higher values, the color blue dominates the regions
of thrusts applied against the motion of the space vehicle.
Even negative values are reached, when the magnitude of the
thrust is 0.3 c.u. or larger, which means that the combina-
tion of the modification of the geometry of the passage and
the energy coming from the thrust can decrease the energy
of the space vehicle, even if the passage occurs behind M,.
Figure 3 shows the energy variations with a closer view in
the largest energy gains region.

There are some other aspects that can be observed in
Table 1 and Figs. 2 and 3. For the initial conditions studied
here, the best location for the application of the thrust moves
away from the periapsis, while the magnitude of the larg-
est variations increases inside the interval 0.1 < 6V < 1.0
c.u. It means that it is better to wait some more time after
that passage of the space vehicle by the periapsis to apply
the thrust. Above magnitudes of the thrust of 1.0 c.u., there
is a stabilization, and the position of the application point
of the thrust remains constant for the maneuvers of largest
gains. These facts can be seen from the values of 8, which
increase from 0.1392° to 0.2086° and then stay constant in
this value. Another observation comes from the values of
R, which increases from 0.0057 to 0.0063 c.u. and then stay
constant in this value. It is also noticeable that increasing
the magnitude of the thrust makes the absolute value of the
deviation angle for the largest energy variation to increase
(see values of a). It happens because when the maneuver is
applied later, it needs a larger rotation angle to change the
trajectory of the space vehicle to move it closer to M,, to get
stronger effects from the gravity.

It is also observed that the search for the application point
of the thrust (case 6 # 0°) gives trajectories with directions
for the application of the thrust that are closer to zero, in
the order of 1072, It means that the search using one more
parameter can find geometries that use a little bit more of the
energy directly transferred to the space vehicle by the thrust.

The energy gains obtained from the combination of the
impulsive maneuver and the passage by M, are also observed
from the values of the inertial velocity of the space vehicle
after the maneuver (V). When increasing the magnitude of

the thrust by 0.2 c.u. (from 0.1 to 0.3 c.u.), the correspond-
ing increase in the velocity of the space vehicle after the
maneuver is 0.3168 c.u. (1.8745-1.5577 c.u.), which indi-
cates an extra gain of 0.1168 c.u. with respect to the appli-
cation of the impulse This fact happens for all the increases
in the magnitude of the thrust. Looking in the largest range,
the increase in the magnitude of the thrust of 1.9 c.u. (from
0.1 to 2.0 c.u.) gives an increase in the velocity of the space
vehicle after the maneuver of 2.3996 c.u. (3.9573-1.5577
c.u.), an extra gain of 0.4996 c.u. Those numbers emphasize
the importance of the combined maneuver studied here.

Table 1 also shows all the details of the maneuvers with
largest variations of energy and a comparison of the maneu-
vers made with = 0° with the situation where 0 is a free
variable. The exact values of the pair (a, #) and the varia-
tions of energy are shown for both cases. It is noted that the
values of 6 are small, in the order of 0.1 and 0.2 degrees, but
they help to increase the energy variations. In fact, the small
values of 6 give a first wrong impression that this variable
is not important, but a value of § = 0.2° combined with the
initial conditions shown in Table 1, means that the thrust is
applied about 1340 km from the passage by the periapsis
(distance from point P to point Q, Fig. 1), which is not a
small value. The small range of values is just a consequence
of the choice of this variable, which is measured from the
center of mass of the system, but it is identifying locations
inside the sphere of influence of M,.

This fact is not a problem, because it is possible to use
small ranges and steps to study the effects of this variable.
The amount of the energy increase depends on the magni-
tude of the thrust, going from 0.0153 c.u. when 6V = 0.1
c.u. to 0.4884 c.u. when 6V = 2.0 c.u. The angle € also influ-
ences the values of a that gives the largest energy variation.
It is observed that o moves from — 9.0 to — 7.0 degrees when
0 goes from zero to 0.1 degrees in the situation where the
magnitude of the thrust is 6V = 0.1 c.u. The reason is that,
when 0 = 0.1° degrees, the thrust is applied after the passage
by the periapsis and this fact reduces the gains of sending the
space vehicle in the direction of M,, so the magnitude of «
is reduced to receive more energy from the thrust. This fact
also happens for other values of the magnitude of the thrust.

This example shows the importance of leaving 6 as a free
parameter to get some extra energy from the thrust. Table 1
shows that an extra gain of 0.0153 c.u. (1.9401-1.9248 c.u.)
is obtained when the thrust has a magnitude of 0.1 c.u. This
extra energy increases with the magnitude of the thrust,
reaching the value of 0.4884 c.u. (8.3535-7.8651 c.u.) when
the magnitude of the thrust is 2.0 c.u.

On the opposite side, the lower values for the energy vari-
ations, for magnitudes of the thrusts from 0.1 to 0.5 c.u.,
occur in the region of 8 < 0°. In these cases, the thrust is
applied before the passage of the space vehicle by the point P
and it changes the geometry of the close approach to reduce
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the gains of energy from the gravity part of the maneuver.
For 6V = 1.0 c.u. and 6V = 2.0 c.u., there are also smaller
variations of energy for different values of 6 and extreme
values of a. Note the blue regions at the borders of the plots,
due to the retrograde thrust, as explained before. The mag-
nitude of the velocity when the space vehicle is leaving M,
and the distance vehicle-M, are also shown in Table 1. They
show the influence of the variables in the escape velocity and
that the thrust is applied inside the sphere of influence of M,,
which is 0.1434 (fore = 0.1 and v = 0°).

Another observation about @ is shown in the maps of
Fig. 18, in “Appendix 2.” It shows the differences between
the energy variations shown in Fig. 2 and the energy varia-
tions obtained with the same conditions used in Fig. 2 and
0 = 0°. A positive difference means that to apply the impulse
with a nonzero 6 is the best option to increase the energy
variation of the space vehicle. If the difference is negative,
0 = 0° is the best option for increasing AE. From Fig. 18b—,
the white region at the edges of the graph is conditions with
0 = 0° that results in captures or collisions of the space vehi-
cle by the secondary body, making comparisons impossi-
ble and allowing € # 0° to be the best option, when it does
not result in a capture or collision. For 6V = 0.3 (Fig. 18b)
onward, 8 > 0°is always better in terms of increasing energy
variations, when compared with & = 0°. For solutions using
up to 6V = 0.5, AE is larger than AE,_. for « < —90° and
a > 90°. For 6V = 1.0, the largest differences occur when 6
is around 0° and 2°. Note that the magnitude of the impulse
influences directly the analysis of the effects of 6.

Considering now the problem of quantifying how much
the impulsive maneuver contributed to the energy gain
process, we compute the energy variation given by the
maneuver by applying the maneuver in a point far from M,
(AE,4.,), outside its sphere of influence (after the closest
approach) and in the direction of the spacecraft’s move-
ment, to get maximum energy from the impulse. Figure 4
shows this rate for the conditions shown in Fig. 2. Since we
have a =0=0, there is a single value for each 6V, which, if
subtracted from the magnitude available in the color maps
shown in Fig. 2, give us the extra energy gain due to the
thrust. For example, for 6V = 2.0, AE4., = 7.2 c.u,, i.e.,
Considering that AE,,, = 8.35 c.u. (Fig. 2f), we know that
the application of the impulse inside the sphere of influence
of M, (and not in a distant point after the close approach)
give us an extra gain of energy of approximately 1.15 c.u.,
for the initial conditions adopted.

Analyzing the trajectories in some more detail, we veri-
fied that there are some occurrences of captures and col-
lisions, as presented in Sect. 3.1. Except when 6V = 0.1
c.u., when the effects of the thrust is not large enough to
cause captures, the captures and collisions occurred for the
extreme values of @ and 6. In the color maps, they appear as
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Fig.4 Energy variation (AE,,) as function of 6V, fore = 0.1, v =0°
and y = 270°, for the pure gravity Swing-By maneuver and with the
impulse applied outside the SOI of M,

a thin white region (for example, in Fig. 2e), or they do not
even appear, because they are in the borders of the maps.
The eccentricities of the orbits of the primaries also have

an important role in the maneuver. The velocity of M, rela-
tive to the center of mass (V,), which is constant in the cir-
cular system, is now variable and it depends on the true
anomaly v of M, in its orbit around of the center of mass of
the system. If v = 0°, M, is in the periapsis of its orbit around
of the center of mass of the system, and V, is maximum.
On the other side, if v = 180°, M, is at the apoapsis of its
orbit around of the center of mass of the system, and V, is
minimum. This is a very important point, because the energy
variation is dependent on V,, as shown in Eq. 6 (obtained
from [36]), for 8 = 0°.
AE=L(v2 —v2 v sin(B-6+w)

2 co+ 00— o=

+2V, V., sin(B— 6+ O +y)), )

where V_ and V are the approach and departure veloci-
ties of the spacecraft with respect to M, , respectively; f is
the angle between \72 and the line connecting the primaries;
6 is the deflection angle of the first part of the maneuver, and
O the total deflection angle of the maneuver, which depends
on the parameters of the impulse.

Based on these facts, the effects of the eccentricity and
the true anomaly in the results are verified in the present
research. Figure 5 shows the energy variation obtained from
trajectories with e = 0.1,y = 270° and 6V = 0.5 c.u., for
true anomalies of M, equal to 0°, 90°, 180° and 270°. Note
that the energy variation is in the same color scale for all
figures, to facilitate the comparisons.

The best energy variations are obtained when v = 0° and
they are larger than the same value measured when v = 180°.
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Fig.5 Energy variations, in canonical units (c.u.), for the situation where e = 0.1, y = 270° and 6V = 0.5c.u

This can be seen from the darker red and light blue regions
comparing the two cases. The reason is the largest velocity
of the secondary body with respect to the main body. In
fact, without the presence of the thrust, the expected results
would be that the variations of energy would be maximum
when v = 0° and minimum for v = 180°. The application of
the thrust changes the geometry and destroys this sequence
in some cases. In the present example, the largest AE,
occurs at v = 90° (see Fig. 7 and Table 2), but the darker red
and light blue regions of the figures show that this sequence
is followed in the majority of the cases.

The angle 6 also plays an important role in this condi-
tion, and the magnitudes of the largest energy variations
are functions of this variable. In all conditions studied here,
the thrusts are applied after the passage of the space vehicle
by the periapsis, allowing the space vehicle to receive as

much energy as possible from the gravity of the body. Fig-
ure 6 shows the energy variations with a closer view in the
region of largest energy gains. Note that, for all values of
v, the largest variations of energy occur for negative values
of a, because thus geometry sends the space vehicle to the
direction of M, to take more advantage of the effect of its
gravity, which is working in favor of energy gains in this
geometry. Figure 6 also shows that 0 is positive, i.e., the
thrust is always applied after the passage of the space vehicle
by the periapsis of its orbit and toward the secondary body.
This configuration allows the space vehicle to take more
advantage of the effect of the gravity of M,.

Table 2 shows the same details available in Table 1,
but now for the situation where the true anomaly is var-
ied according to Fig. 5. The analysis is done for ¢ = 0.1,
w =270°, 6V =0.5 c.u. and the particular cases
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Fig. 7 Largest energy variation as function of the true anomaly (v) for
e=0.1,6V =0.5c.u and y = 270°
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v =0°,90°,180° and 270°. The highest value of the energy
variation occurs when v = 90°. This behavior is due to the
influence of the thrust. When considering the pure gravity
maneuver, the larger variations of energy occur when the
secondary body is in the periapsis of its orbit (v = 0°) [37].
We confirm these data in Fig. 7, when we test the complete
range of v, for the conditions e = 0.1, 6V = 0.5 c.u. and
yw = 270°. We call the largest energy variation “AE,..” The
escape velocity and the distance between the space vehicle
and M, at the time of the application of the thrust are also
presented in Table 2.

It is also observed from those results (Table 2, Figs. 5,
7) that the largest energy variation is dependent on the true
anomaly. It is higher for y = 270°, when v = 90°, followed
by v =0° v = 180° and v = 270°, respectively. The differ-
ences are of the order of 0.1 c.u., about 3.5% of the total
variations. It means that extra gains of energy are obtained
from the best position of M, at the moment of the closest
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approach, if this choice does not impact in other constraints
of the mission. The same sequence of true anomalies is fol-
lowed when the position of the application point () is fixed
in zero or optimized, but the magnitudes of the variations
of energy are higher when this location is optimized. They
are about 0.1 c.u. higher, which corresponds to about 3.5%.

This search for the best values also decreases the angle
between the thrust and the direction of motion, getting more
energy from the thrust, as explained before. Those results are
obtained from the numerical computation of this complex
dynamics, and it is not possible to make predictions based
on simple models. This is one of the main reasons to make
numerical studies of this type.

The comparison between the energy variations shown
in Fig. 5 and the energy variations obtained with the same
conditions of Fig. 5, but with 8 = 0°, is shown in the maps
available in Fig. 19, “Appendix 2.” We see there that, for the
cases analyzed, the application of the impulse in the vicinity
of the periapsis (6 # 0°) is recommended when the direc-
tion of the impulse (a) tends to values smaller than — 90° or
greater than 90°, and with —90° < a < 90° and € in a nar-
row region approximately between 0° and 1°. The difference
AE — AE,_ . reaches around 1.5 c.u.

About the extra energy gain obtained due to the applica-
tion of the thrust, for the conditions shown in Fig. 5, we
have the AE ., in Fig. 8, forv = 0°, AE 4., = 2.668 c.u.; for
v =90°%AE, ., = 2.505c.u;forv = 180°, AE ;.. = 2.31c.u.
and for v = 270°, AE ;.. = 2.479 c.u. These values can be
applied to the magnitudes of the maps available in Fig. 5,
thus calculating the extra gain.

For a more complete and comprehensive analysis, we
combine different values of true anomaly (v) and y. For
each combination, we performed several combinations of a
and 0 to compute the energy variations. From this, we take

AEuﬂcr(C'u')

“o 90 180 270 360
v (deg)

Fig.8 Energy variations (AE ) as function of v, for e=0.1,
w = 270° and 6V = 0.5 c.u., for the pure gravity Swing-By maneuver

and with the impulse applied outside the SOI of M,

the best values of @ and 6 for the largest energy variation
and generated the three maps shown in Fig. 9, for e = 0.1
and 6V = 0.5.

Note that y has a stronger influence on the energy vari-
ations compared to the true anomaly, since the curves are
closer to vertical (Fig. 9a). The largest gains tend to occur for
y approximately between 270° and 360°, with a largest value
of AE,,, =3.27 cu., occurring for y = 300°, v = 175°,
a=—11°and @ = 0.11°. In the region of 270° < y < 360°,
a varies approximately between -25° and 6°, with the best
values, in terms of larger energy variations, occurring for
negative a (Fig. 9b). This is expected, since this region cor-
responds to gains of energy, therefore sending the spacecraft
in the direction of the secondary body can help to increase
the energy gains due to the gravity.

To summarize these results and to simplify the analysis,
we show AE, . and their respective direction () and point
of application () of the thrust as a function of y, for v equal
to 0°, 90°, 180° and 270°, 6V =0.1,0.3,0.5,1.0 c.u. and
eccentricity equals to 0.1 (Fig. 10).

Several observations can be made from those results.
The first one is that Fig. 7 consolidates these results for
oV = 0.5 c.u. Another observation is that the largest energy
variations follow approximately the behavior expected for
the unpowered Swing-Bys for lower values of the thrust
(see in particular the situation where the thrust is 0.1 c.u.).
For 6V = 0.1 c.u., there is a large gain of energy around
w =270°, a large loss around y =90° and near zero varia-
tions for y=0° and 180° [18], for the values of v analyzed in
Figs. 5 and 6. Larger values for the thrust change the dynam-
ics, and the higher values for the variations of energy are
then located near y =315° with the lower variations occur-
ring for y =180° (see in particular the situations where the
thrust is 1.0 c.u.). For instance, in Fig. 10a, for 6V = 1.0
c.u, the pink curve on the AE,_,, plot shows AE, = 5.07
c.u. fory=315°and AE_,, = 1.85 c.u. for y=180°, as the
extreme values of the curve. This is a new and important
result, which can be obtained only by the computational
simulations presented here and has a direct impact in mis-
sion planning.

Regarding the effects of the magnitude of the thrust in the
variations of energy, for all values of the true anomaly, the
largest variations in energy are always obtained using the
largest thrust of 1.0 c.u. In those large values, all the varia-
tions of energy are positive, even for geometries where the
gravity part of the maneuver removes energy from the space
vehicle (y in the range 0° — 180°). But, for lower values of
the magnitude of the thrust, which are more practical from
the engineering point of view, there are overlaps in the lines
of variations of energy. It means that there is an important
effect coming from the approach angle and, depending on
the value of this angle, it is possible to get larger variations
of energy from lower values of the thrust. It happens because
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AE_ . (in degrees), when e = 0.1and 6V = 0.5

the geometry made a better use of the combination of impul-
sive maneuver and close approach.

Analyzing the results with respect to the direction and
location of the thrust, different behaviors are noted depend-
ing if the approach angle is smaller or larger than 180°. This
happens because the goal of the maneuvers studied here is
to maximize the energy gains, and the geometry to receive
more energy from the gravitational part of the maneuver
occurs for angles of approach larger than 180°. This is the
best range to get increases in energy. The complete range
0 — 360°is studied here because other constraints of the mis-
sion may limit those values, so it is interesting to know the
complete results.

For y = 180°, the deviation angle is always negative, in
the range 0° to —20°, to send the space vehicle to the direc-
tion of the secondary body to increase the gains from the
gravity part of the maneuver. For angles of approach smaller
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than 180°, there are oscillations of positive and negative
values, depending on the geometry of the approach and the
magnitude of the thrust. The maneuver tries to minimize
the loss of energy from the gravity of the Swing-By. There
is also the effect of the larger magnitudes of the thrust, that
dominates the scenario and changes the results expected
based on the pure gravity maneuver.

Looking at the results for the location of the thrust, it is
noted that, for angles of approach larger than 180°, there are
usually smaller positive values. It means that the impulsive
maneuver is made after the passage by the periapsis, to get
stronger effects from the gravitational part of the maneuver.
This is done because the maneuver is giving energy to the
space vehicle. For angles of approach smaller than 180°,
there are usually larger negative values. It means that the
impulsive maneuver is applied before the passage of the
space vehicle by the periapsis, to change the geometry of
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Fig. 10 Largest energy variations, directions and thrust locations for e = 0.1

approach to reduce the removal of energy coming from the
gravity effects. Exceptions are found for very large impulsive
maneuvers, where the thrust dominates the scenario. Those
behaviors are similar for all the true anomalies studied here,
just with some differences in the magnitudes.

Next, we derived empirical equations based on the com-
putational simulations made here to describe the curves
shown in Fig. 10. These equations were obtained from the
fitting function of the numerical program and can be used
to make a fast calculation of the energy variations and to
show the general behavior of the variables as a function of
the parameters of the maneuver. The equation given by a
6-order polynomial is close enough to the curve, regard-
less of the number of points evaluated. In this case, it can
be applied to a system with mass parameter similar to the
one of the Earth—-Moon system (¢ = 0.01214), V__ = 1.0
c.u. and e = (.1. After fixing these values, the equations are

written as a function of the variables related to the approach
angle (), true anomaly (v) and magnitude of the thrust
applied (6V). When n = 1, we have the equation related to
Fig. 10a, for v = 0°. For n = 2, the equation represents the
results shown in Fig. 10b, for v = 90°. For n = 3, the equa-
tion is valid for Fig. 10c, when v = 180° and n = 4 consid-
ers the case shown in Fig. 10d, with v = 270°. Note that all
the coefficients are functions of the magnitude of the thrust
(Eq. 9, “Appendix 17), so this variable is still present in the
equations.

AE = aw’ + by’ + eyt +dy’ + e’ + Ly + g,
(N
The coefficients of the empirical equations for each case
are shown in Eq. 9 and Table 4 of “Appendix 1.” The range
of applications of the equations is limited to 4 = 0.01214,
Vo_=1.0 c.u. and e = 0.1, but the idea is to show an
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example of the possibility of obtaining equations of this
type. In terms of practical applications, the mass parameter
and the eccentricity of the primaries are known for a given
mission and adequate equations can be obtained in a similar
form. From the preliminary mission analysis, the value of
the velocity of approach is also obtained. Equation 7 is valid
for any situation. It is just necessary to obtain the corrected
coefficients for the equation, which can be done easily after
having those three parameters. It means that it is easy to get
results of this type for missions to other systems, like the
planets Mars and Mercury.

The complete map of solutions of AE,,,, like fore = 0.1
in Fig. 9, was also made for e = 0.05 and ¢ = 0.2 (Figs. 11,
12), since the true anomaly has a strong component that
depends on the eccentricity of the system.

360
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(cu)
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v (deg)
2
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90

0 90 180
¥ (deg)

(a) AEuax(cu)

270

50
3 180
N

360

0

360
0
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-5
-10
90
0 -15
90 270 360

The first observation occurs in the energy variation
(Figs. 11a, 12a). Note that, for e = 0.05, the curve tends to
be close to vertical, with smooth waves, and, for e = 0.2,
these waves are more prominent, showing a more significant
effect of the true anomaly. This is expected, since larger
eccentricities tend to increase the effects of the location of
the spacecraft in its orbit. Figure 9a shows an intermedi-
ate behavior with respect to Figs. 11a and 12a. The dark
red region, where the largest variations of energy occur,
remains approximately between 270° < y < 360° in both
cases. For e = 0.05, the largest AE,,,, is 3.26 c.u., occur-
ring for y =300°, v =182°, ¢ = —10° and 6 = 0.102°.
For e = 0.2, the largest AE,,, is 3.28 c.u., for y = 304°,
v =183°, a = —14°and § = 0.101°. It is also observed, in
Fig. 11b, i.e., for e = 0.05, that a is positive for y around

360

270

a (deg)

90
0
0 90 180 270 360
1 (deg)
(b) a (deg)

t (deg)

180

¥ (deg)

(c) 6 (deg)

Fig. 11 a Largest energy variations, AE_,, (in canonical units), b respective values of a for AE,

AE_,, (in degrees) when e = 0.05 and 6V = 0.5
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Fig. 12 a Largest energy variations, AE,

max

AE_,, (in degrees) when e = 0.2 and 6V = 0.5

180° and all values used for v, and « is also positive for
the region of y < 55° and y > 335°. As the eccentricity
increases, these limits become irregular but, in general, a
large region around y ~ 50°to y ~ 335° has negative values
for a, with a majority of values approximately between -50°
and 0°. Those results are in accordance with reference [19]
that showed, for a circular case, that the best direction of the
impulse is around a ~ —20°.

The energy variations obtained using different eccentrici-
ties for the primaries, y = 270°, 6V = 0.3, as function a and
6 are also studied (Fig. 13). For all the cases, M, is at the
periapsis around M, during the closest approach.

Figure 14 shows the energy variations with a closer view
of the largest energy gains region.

(in canonical units), b respective values of a for AE,

nax (in degrees) and c¢ respective values of 6 for

From the general characteristics of elliptical orbits, it is
known that the increase in the eccentricity reduces the dis-
tance between the primaries when the secondary body is
at the periapsis and that it increases this distance when the
space vehicle is at the apoapsis.

Note that the regions with the highest values for the
energy variations are larger for e = 0.5. In this case, the pri-
maries are closer and V;, is larger, which works in favor of the
energy gains. These gains are not small, reaching values of
0.0780 c.u. (3.22%) when the eccentricity is in the range 0.0
to 0.1; and 0.6168 c.u. (25.4%), when the eccentricity goes
from 0.0 to 0.5. This is of course expected, but the quantifi-
cations of those results are not easy to estimate without the
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Fig. 13 Energy variations, in canonical units (c.u.), forv = 0°(t = 0), = 270°and 6V = 0.3 c.u

computational simulations made here. The AE, . and their
respective data are shown in Table 3.

From a general observation of the results, it is clear that
the energy variations are proportional to the magnitude of
the thrust. It is also visible that applying the thrust at a point
different from the periapsis of the orbit increases the energy
gains.

Figure 15 shows the energy variations for the maneuver
made with the impulse applied outside the sphere of influ-
ence of M, (AE.,). The differences between the values of
AE shown in the color maps of Figs. 13 and 14 and the val-
ues of AE .., for the same initial conditions, gives the extra
energy given by the thrust.

For most of the conditions, there are trajectories result-
ing in captures or collisions. The combination of choices
for the thrust magnitude, direction and point of application
of the thrust can generate optimum results, which are not

@ Springer

predictable from the analytical model [18, 36, 37], due to
the complexity of the dynamics involved.

Some other aspects can be observed in Table 3 and
Figs. 13 and 14. The location of the application of the
thrust moves away from the periapsis with the increase in
the eccentricity, from 8 = 0.1352° to # = 0.5832°, when the
eccentricity goes from 0.0 to 0.5, a large modification. It
means that it is better to wait to apply the thrust to get more
effects from the Swing-By when the eccentricity is 0.5. This
effect increases with the eccentricity, since the velocity of
M, around the main body is larger. It is also noticeable that,
when 6 # 0°, the directions of the application of the thrust
(a) are closer to zero by a few degrees compared to the
case where 6 = 0°, with the exception of the extreme case
e = (.5, It happens because the search for the best solutions
using one more parameter can find geometries that use a
little bit more of the energy directly transferred to the space



Journal of the Brazilian Society of Mechanical Sciences and Engineering

(2021) 43:186

Page 190f27 186

2.42

5 3
kel (3)
@ w
|
o (deg)
(a)e=0
2 3
£ o
@ w
<1

o (deg)
(¢c)e=03

03

02 :
> -
g 3
T 015 BN
@ w
S|
0.1
0.05
___--—'-—.—-' ’
0 :
4 2 A0 8 5 4 2 0
o (deg)
(b)e=01
=) -
2 3
= KA
L
<

o (deg)
(d) e=05

Fig. 14 Closer view of the energy variations, in canonical units (c.u.), for v = 0°(t = 0), y = 270° and 6V = 0.3 c.u. Note the different scales for
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Fig. 15 Energy variation (AE..) as function of e, for v =0°,
w =270° and 6V = 0.3 c.u., for the a pure Swing-By maneuver fol-
lowed by an impulse applied outside the SOI of M,

vehicle by the thrust. The complete map of the comparison
of Fig. 13 with AE,_. is shown in Fig. 20, “Appendix 2.”
It is also noticeable that the larger eccentricities decrease
the value of the angle that defines the direction of the
impulse («). It happens because the impulse is applied later,
as just mentioned, so it tries to get more energy from the
thrust. It already most of the possible energy from the grav-
ity part of the maneuver, since it has passed by the periapsis.
The extra energy gains obtained from larger eccentricities
are also observed from the values of the inertial velocity of
the space vehicle after the maneuver (V. ) for a given mag-
nitude of the thrust. When increasing the eccentricity from
0.0 to 0.1, there is an increase in the velocity of the space
vehicle after the maneuver of 0.1491 c.u. (1.8745-1.5577
c.u.). This extra velocity goes up to 1.1368 c.u., when the
eccentricity is 0.5. These increases show the importance of
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considering the eccentricity of the primaries in the maneu-
vers studied here.

Next, the effect of the eccentricity in AE,,, is shown in
Fig. 16. The direction and thrust location are also shown.
The analysis was performed for eccentricities varying from
0.01 t0 0.7, v = 0° and yw = 270° (because it is the region of
largest energy gain due to gravity) and different values of the
thrust. The results confirm the observations made based on
Table 3, but now for a large range of eccentricities.

The empirical equation for AE,,,, is valid for a sys-
tem with mass parameter similar to the Earth—-Moon
(p=0.01214), V,_ =10 c.u., v=0° and y = 270° and
variable eccentricity and magnitude of thrust are shown in
Eq. 8. The coefficients are available in Table 4, in “Appendix
1.” The same comments made for Eq. 7 apply here. The idea
is to show an example of an equation of this type. It is valid
for any system of primaries, if the coefficients are correctly
obtained for a specific situation, like missions to Mars or
Mercury.

AE,,. = ase’ + bse + cs. ®)

3.1 Captures and collisions

There are situations where, during the maneuver, the space
vehicle is captured or it collides with the secondary body
[38]. It usually occurs for extreme values of @, when the
space vehicle is decelerated and sent toward M,. It is con-
sidered “capture” when the space vehicle remains around
the body until the final integration time, i.e., approximately
3.57 years, since we adopted in the present research an inte-
gration time limit of five times the canonical unit of time,

—4V=0.1
V=03
— V=05

—éV=1.0

0.1 0.2 0.3 0.4 0.5 0.6 0.7
Eccentricity

Fig. 16 Largest energy variations and the respective direction and
thrust location for y =270°, v =0° and different values for the
eccentricity

@ Springer

and 1 c.u. time ~260.89 days. The analysis was done for
v =0° w =270° and different magnitudes for the thrust.
Note that the amount of captures, in general, decreases with
the eccentricity. It happens because more eccentric systems
have smaller periapsis distance for the primaries and larger
periapsis velocity of M,, which consequently increases the
perturbations of M| in the orbit of the space vehicle around
M,, making more difficult to keep it captured around M,.

The numerical results also show that there is an increase
in the number of captures with the magnitude of the thrust,
because larger thrusts combined with geometries that favors
the deceleration of the spacecraft can provide more energy
to the space vehicle to reduce its velocity to be captured by
M,. As an example, for 6V = 0.1 c.u., there are no captures,
while for 6V = 1.0 c.u. the number of captures can go up to
1800, depending on the eccentricity of the primaries. This
value is equivalent to approximately 0.08% of the total of
2,277,910 simulations for this case.

We consider a “collision” when the space vehicle hit the
surface of M,. The analysis was made comparing the dis-
tances between the space vehicle and M, with the radius
of M,. The study was done for the same conditions used in
Fig. 16. It is clear that collisions are more frequent when
compared to captures. It is also noticeable that the number
of collisions increases with the eccentricity, in general reach-
ing values just over 16,000 for a thrust equal to 1.0 c.u.,
equivalent to 0.7% of the total of simulations. It happens
because the larger perturbations present in eccentric systems
due to the shortest distance between the bodies and the high-
est velocity of M, contributes to make the space vehicle to
collide with M,. Note, in Fig. 17b, that collisions occurred
in all cases of eccentricities and thrusts studied, opposite to
captures, which are not present in some situations.

The number of captures shown in Fig. 17a decreases
with the eccentricity, but there is a peak value in 6V = 1.0
and e = 0.4 and, after this value, the number of captures
decreases. The number of collisions increases in the same
region for the same configurations of a and 8 and then we
see that some of the captures are transformed in collisions.
This fact explains the reduction in the number of captures
with the eccentricity after the peak.

4 Conclusions

A numerical study of the PSBM in an elliptical system was
realized to get results that are not limited by the values of the
variables involved, like the eccentricity of the primaries and
the magnitude of the thrust used in the maneuver.

The results show the best direction and thrust location
in a PSBM. If it is considered a pure gravity maneuver, the
largest variations of energy occur when the secondary body
is at the periapsis of its orbit around the larger primary, due



Journal of the Brazilian Society of Mechanical Sciences and Engineering (2021) 43:186 Page210f27 186
2000 18000
1800
16000
1600
14000
, 1400 2
S L

£ 1200 — V=01 2 12000
2 S — V=01
o — S\ /= (3]
S V=03 5 10000 — V=03
B 1o | ==%=05 & — V=05
2 V=10 € 8000 §V=1.0
€ 800 3 :
>
z 6000

600

400 | 4000

200 2000

0 : ol— ) : . . .
0 0.05 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0 005 01 0.2 03 0.4 05 0.6 0.7
Eccentricity Eccentricity
(a) (b)

Fig. 17 a Captures and b collisions, for v = 0°, y = 270° and different magnitudes of the thrust

to the strong effect of the gravity of the secondary body.
However, if we apply the thrust in a non-tangential direc-
tion and not in the periapsis of the orbit of the space vehicle,
the maneuver can generate larger variations of energy. The
reason is the combination of the effects of the impulsive
maneuver, which gives energy directly to the space vehicle,
with the indirect effects of changing the geometry of the
close approach. The magnitude of the thrust is varied as a
free parameter, to understand better the implications of this
variable.

The impulsive maneuver modifies the orbit immediately,
resulting in new values for the approach angle and peri-
apsis distance, so resulting in different geometries that can
increase the energy gains. It was also noted that the position
of the application point of the thrust moves away from the
periapsis as its magnitude increases, in the interval going
from 0.1 to 1.0 c.u., with stabilization after that point.

Empirical equations were obtained based on the numeri-
cal results obtained here for some particular cases, which
can give a fast calculation of the energy variations as a func-
tion of the parameters of the maneuver. Equations similar
to the ones developed here can be found for any system of
primaries and approach velocity, just by adjusting the param-
eters of the equations.

The eccentricity of the primaries has direct effects in
the results, considering the variations of the velocity of M,
around M, which is no longer constant. Our simulations var-
ied this eccentricity in a large range, to see the effects of this
important parameter. The variations of energy are directly
dependent on this velocity. The results also showed that
there are several situations that results in captures or escapes
of the space vehicle. The number of captures decreases with
the eccentricity, while the number of collisions increases,
because eccentric systems are more perturbed.

In this way, this study identified the best geometry of
the thrust to be applied to the space vehicle as a function
of the initial parameters that describe its trajectory. This
study was done for a system with parameters similar to the
Earth-Moon and different initial conditions, for the purpose
of studying the effects of these parameters. However, it is
known that this is a maneuver that can be applied to actual
systems, since the pure gravity maneuver version has already
been used in missions with positive results.

The use of this powered maneuver is an important option
when the energy obtained from the pure gravity Swing-By
is not large enough to satisfy the mission requirements.
For potential applications, there are several systems with
large eccentricities in the Solar System that can be used for
actual applications. As examples, Mars has an eccentricity
of 0.093 around the Sun, while Mercury has an eccentricity
of 0.2056. Both systems are far from circular and have been
considered many times for pure gravity Swing-By maneu-
vers. They can also be used for powered maneuvers, like the
ones shown here, with small adaptations.

Appendix 1: Coefficients of the empirical
equations of AE, .,

Coef, = 2,08V’ + 2g6V® + 256V + 2,6V + z,6V°
+ 256V + 2,6V + 2,6V? + 2,6V + z,. 9)

See Table 4.
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Table 4 Coefficients of Eq. 2, forn = 1,2, 3,4 and coefficients of Eq. 3, forn =5

Zm 210 29 28 27 26 5 24 i3 2 2

Coef,

a, - - —6.13e—15 9.29¢e—14 —5.63e—13 1.74e—12 —2.85e—12 2.3e-12 —4.52e—13 5.85e—14
b, - - 4.64e—12 —7.08e—11 4.3e—10 —1.32e-9 2.09¢e-9 —1.52e-9 22le-11 —8.26e—12
C - - —7.89e—10 1.25¢-8 —7.68e—8 2.27e-7 —3.0de-7 7.97e-8 2.44e-7 —2.69¢-8
d, - - —1.22e-7 1.68e-6 —9.86e—6  3.39e-5 —7.83e-5 1.18e—4 —1.08e—4 1.2e-5

e - - 3.6le-5 —5.28e—4  0.0032 —0.01 0.02 -0.023 0.015 —0.002

fi - - —0.0013 0.019 -0.114 0.371 -0.716 0.832 —0.537 0.036

8 - - - - - - - 0.299 3.874 0.231

a, - 3.64e—15 —5.84e—14 3.92e—13 —1.31e—12 2.18e—12 —1.12e—12 —1.48e—12 1.98e—12 —1.42e-13
b, - —1.25e-12 2.0le-11 —1.26e—10 3.42e-10 —13e—-10 —1.49¢-9 3.48e-9 —2.8e-9 2.2e—10
I - —9.02e—10 1.49¢e-8 —1.05e-7 4.22e-7 —1.11e-6 2.02e—6 —2.38e—6 1.47e-6 —1.24e-7
d, - 4.89¢—7 —8.05e—6  5.52e-5 —2.07e—4 4.74e—4 —Te—4 6.67e—4 —3.52e—-4  3.08e-5
e, - —6.69¢e—-5 0.0011 —0.0075 0.028 —0.061 0.085 -0.074 0.036 —0.003

b - 0.0017 -0.027 0.188 —-0.702 1.572 —-2.229 2.02 —1.025 0.075

8 - - - - - - - 0.397 4.046 0.086

as - 1.54e—14 —2.48e—13 1.63e—12 —5.58e—12 1.04e—11 —le—11 3.6e—12 5.35e-13 —1.54e-14
by - —1.5e-11 2.4le-10 —1.58e-9  5.35¢-9 —-9.85e-9 9.0le-9 —2.5¢-9 —1.11e-9 7.07e-11
3 - 5.14e-9 —8.24e—-8  5.35e-7 —1.79e—6  3.19e-6 —2.63e—6  2.63e-7 7.31e-7 —5.81e-8
dy - —7.26e—-7 1.15e-5 —7.3%-5 24e—4 —3.94e—4 2.39e—4 1.35¢e—4 —2.03e—4 1.77e-5
e - 3.84e-5 —6e—4 0.004 —0.011 0.014 0.004 —-0.029 0.023 —0.002

f - —-9.57e—-4 0.015 —0.088 0.242 0.219 —-0.378 1.055 —-0.778 0.055

83 - - - - - - - 0.513 4.275 0.213

a, - 3.53e—-15 —6.56e—14 4.98e—13 —197e-12 43le-12 —-49le—12 2.2e-12 3.09e—13 2.87e—14
b, - —1.62e—12 3.47e-11 —2.92e—-10 1.23e-9 —2.75¢e-9 2.93e-9 —6.79e—10 —-9.51e—10 2.88e—11
Cy - —5.06e—10 5.15e-9 —1.33e-8 —1.78¢—8 9.13e-8 9.61e—8 —6.42e-7 7.14e-7 —4.47e-8
d, - 3.65e—7 —5.46e—6  3.35e-5 —1.1le-4 2.28e—4 —3.27e—4 342e-4 —2.12e—-4 1.6le-5
ey - —5.39% -5 8.5¢—4 —0.006 0.02 —0.041 0.056 -0.05 0.025 —0.002
fa - 0.002 —0.025 0.167 —0.608 1.336 —1.867 1.678 —0.847 0.051

84 - - - - - - - 0.394 4.041 0.362

as —-0.072 1.289 —-9.732 40.46 —101 154.4 —141.3 72.53 -17.59 6.514

bs - —0.048 0.814 -5.619 20.5 —42.47 49.82 —31.82 6.392 —1.234
Cs - - - - - - - 0.477 2.799 1.619

Appendix 2: Maps of the differences
between AE and AE,_,,. (in canonical units-
cu.)

See Figs. 18, 19 and 20.
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