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Let us consider the differential equation

u® + (A+eQ(r,e,s))u = 0 (u'=du/ds) (1)

with Q(A,e,s) a real periodicvfunction of period 7.

If u,, u, is a pair of linearly independent solutions of
(1) then every other solution can be written as a linear
combination of them. In particular, those obtained from uj,
j=1,2 by shifting the variable s in.one period, that is, there
exist number§ aij‘ i,j=1,2 such thét

uj(s+n) = aj1

ul(s) T ajzuz(s)
A solution u(s) of (1) is called normal if, for some o, it

has the following property:
u{s+m) = o u(s)

1f (1) posseses a normal solution then the fact that there
is no term containing u' in the equation implies that the

associated o must satisfy

e e

*The results in this paper are part of the work done by Mr. Passa
mani Zubelli during his period of training at the LCC/CKPq.
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gt - Bbo + 1 =0 (2)

where

A = 2a,, + 2,,

A necessary condition for a normal solution u(s) of (1) ﬁo
be stable (bounded) is that [o|<1, and in view of (2) both
solutions are stable only if the roots o,, o, of the character-

istic equation (2) satisfy'thé relation
fo,] = o1 = 1
which in turn implies that:

i) if |a| > 2 then the solutions are unstable

ii) if |a] < 2 the solutions are stable.

Being A real the transition from stability to instability
occurs when [A[=2, for which o, ,=t1. It then follows that if A
and ¢ in (1) are such that a normal solution exists and |a]=2
then there must exist at least one periodic solution of the
differential equation. In this latter case the corresponding

pair (x,e) is called a transition value.

The next theorem shows that under suitable conditions
there exist two sequences A;(s) and A;(a) of transition values
for which (1) posseses periodic solutions. Haupt [2], [3]
proved, imposing less conditions, a more general result than the
one presented here, however, this seems 'to be a simpler and

straightforward proof.

Theorem: if for each positive integer n the real valued function

Q(A,e,s) in (1) is continuously differentiable with respect to
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{X,e) in open neighborhoods of (n2,0), continuous, even and
periodic with period 7 with respect to s and if Q(A,e,s) and
3Q(x,e,5)/3x converge uniformily in s to Q(n2,0,s), 3Q(n2,0,s)/2A
when (X,e)>(n2,0), then for each n there exists an open interval
I=(-n,n) = R and functions u;,u;: IxR+R, A;,A;: I1-R ,
continuously differentiable with respect to € and such that for
each € € I, u;, u; are periodic solutions of period 27 of (1)
when A:k;(s) and A=A;(e) respectively. Furthermore, AE(O):A;(O)
and u;, u; are respectively even and odd functions of s
satisfying

+ £ -
un(ﬂ,s) = co0s ns , un(D,s) = sin ns

Proof: The proof will be carried out only for the pair u;, A;.

The other case follows doing obvious modifications.

Let C[0,2n] and C2[0,2n] be the Banach spaces of continuous
and twice continuously differentiable functions u: [0,27]+R

equipped with the ncrms

lully, = max  Ju(s)] (3a)
SE[0,2n]
lull: = max  (fuls)[+]u'(s)[+]u"(s) |y (3b)
s€(0,2r] :
and let
F: €2[0,27] x R x(-2,a) + €[0,2x] (4)

be defined by

ERG, 0 el = v g {(3+eQ(r,e,s))u
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We assume that (-a,a) =R in (4) is some interval contained

in the domain of definition of Q with respect to the variable €.

Thus we seek solutions of the equation
Flu,A,e]l = 0 (5)
Clearly

FLcos ns,nz,O].= 0

for each positive integer n. Our goal is now to conveniently
modify (5) in order to use the implicit function theorem [1]. Let

us define to that end

=
"

2w
J u(s)cos ns ds=0}
0

{u € c2[0,2n]/u 1is even and

o | —

{v € tO,Zn]/v is even}

-
n

Both sets can be turned into Banach spaces using the

natural restrictions of the norms (3a,b).

Let

Gn: UxR x(-a,a) = V

be defined by
G,[i,a3e] = Flcos ns+U,n2+q,¢e] (6)
Gn satisfies
Gn[O,G,O] =0

the hypothesis made on Q guarantee that it is a continuously
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differentiable operator with respect to the-pair (U,a) and differ-
entiable with respect to e.

ts Fréchet derivative at (=0, o=0, £=0 is

DG[U,2] = 0" + n20 + & COS ns Er)

We claim that D& is an homeomorphism from UxR onto V.

Eirst of aly, if

DGLE,5] = O (8)

for some u € U'and a € R, then, multiplying (8) by cos ns, using
(7) and integrating by parts from zero to 27 results a=0, hence

U satisfies

Since u must belong to U, it can only be zero. Thus DG is

injective.

Let us see that it is also surjective. Using the technique
above and variation of parameters one obtains that the solution

of
DG[U,q] = v 5 v EV
is

= 1 27
@ == jo v(s)cos ns ds (9)

0

: 5 -
u{s) = A cos ns + J Blxr = :(S-X) e
- 0

where
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h(x) = v(x) - a cos nx , & given in (9)

=
"
= —

2w (3 ..
I cos ns J h(x) 513—%13:51 dx=
0 0

consequently U € U.

Thus, the implicit function theorem guarantees the existence
of an interval I= R, containing zero, and continuously differ-

entiable functions u*: I xR+R, o*: I+R such that
G R (e, shn’ (e} 6] 0 e €1

W Dhas B s to) =0

The theorem's thesis follows using the definition of Gn in

6l |
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