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KELWN| Ít L€STAETLIZING €FFECT OF SflALL O11p115(*l

ÂESTRACT:

I
In 1890, Lord K€lv1n, [4], conJectur€d thôt th€ st.btllty or ln3tablltty

of th€ sguítlbrÍum st€te of ! sy.tem wlthout dl'Elp€tlvs forceg ls not chêng€d by the
lntroductl.n of dômplng. Th18 n.ed not b€ tru' uhen dl8'rpAtlv€ forcea ôre ôpprl€d to
other than conasrv.tlve 3y3teÍn9. rn thls pap6r we etudy the corr€spondlng ph€nom€non
for flr8t order syEtams or Zn ordlnary dt.fferentlal 6guêtÍons, shorrlng that, lf th€
destôblllzlng Effect occurE, then, undÊr surt€bls condr,trons, on€ can flncr ô formura
gÍvtng the leadlng t'rfl of ôn ëssymptotrê expênsÍon of the crrtÍcol force ôs a
functíon of the dômpÍng coBffÍelents.

SOITE RESULTS ON POLYNOI1TALS
' 

Lét  Q(t ,  6,  z)  be ths 2n-th degre€ polynomial
2n

,  X  e - Í À , ô ) z r ,  n r z
rr0

wlth 16Ël co€ffÍclents a"(1, ô!, 0 . r a 2n, dÍffBr€ntlôbte functÍons of thê ra6l
parêmeter À and the E-dlmenslonol rEal vgctor

ô .  ( ô r ,  . . . ,  ô s l  ô k  r o ,  1  r k  J g .

Let us Euppogê th6t

u 2 3 _ 1 í À , ô ) . 0 ,  t r J { n

ênd let

P(À,  z)  -  Q(À,  0,  z)  .  . !^  arr tÀ,  grz2J
J-o

tlg observ€ th€ foll,owlng fêctE about the roots of pn, zt I

Rl, If zo(t) ls any solutLon branch of ths equ€t1on
( r )  p ( À ,  z l  r  o .

then, Bo ar€ -zonl, ão(l) and -:o(À). Ìherafor€, Íf zer-o iE not a golutlon of
(11' then' Elther arl its roots .r" put" lmogÍnary or ther€ ts ôt laast one hrlth
posÍ t Íve r€al  part .

R2' rf thsre exrsts e valua r, of À such th6t 61r th' Borutr,ons branchEs of (l)
ôre pur€ lmaglnary for  l .  lu  rnd sn€ of . them, let  us sêy zo(À1, has posi t Íve real
pêrt for À > Àr, tlren zo(Àrl I i a root of êt l€ãst order two. WB shrlt dsnots tt by

zoÍ  l , )  .  tor  (À) for  I  < À ônd zo(Àu) 
. .

(*) Partlal rssults of thls p6per u€rs pre_publlshêd 1n [3].
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L€t us 6a!uÍ13' th€ rbove msntlon€d Iu and zo(tr) sxlst' sncr that 1n

addl t lon,  zo(Àt 1s a Blmpte root  of  (1)  for  À < lu '  Then thBrE sxlsts 6 solut lon

branch of  
Q(À, 9,  . )  '  o

. Ín 6 nelghborhood of ô ' U and llved I < lu' gtven Dy

w l t h  P tÀ ,  z

evoluatsd at

Subs

thosB hlghBr

ï  r - r rJ  4 i - , t  o ÍÀ)z j  I
J=c  

' - í  
j  

c k

, ï r l t - t ' ' t  
a .  ro{ l l2J- l

such ô root wlll be pure lmaglnary for somB tro t tr' tf' kBêPtng only flrst

order terms, ÀA ls a solut lon of  th€ equat lon

. Í  n  .

i . l  ,1.,- ' ,r  âL rr- '  ' tu 'r- ' l  ô* '  o
k '11  k ' l  

. -1 - . . ' -  - . . , . ^ '
Ws now ôssum€ that such ìd exlsts and seÊk ê formula giving an approxlmate

value of 1t. In order to do thls' we observe that neglectlng teríflE of ordsr hlghBr

Q, oo( t r '  ô )  '  -  !

th6n four ln Bquat lon ( l ) '  on€ obtalns

t  : [' 'l 't^' - à' I
.  o r l  ô  l 2 )

r  t l  L' 
*-=r I J'

{r r,l I o
o

, 1 1 1  ' f r ! + A ( À - L u ) t 6

Â . 8 ( l - t r u J . R z t t - À u ) 2

I lr-rrt ff, z3 'z:-z

whgn

r  o Í l À  -  I

OJ
o

u l l

l O  t

( Negatlve

ÂPFLICAï]

LeNna: ut

the real

} " K É

sat ls f l t

H t '

H . r  T l

( 4 )

whBre

wlth

A .

i l, Ì
, 1
ì i
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I
I

i
I
I

I
I
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- ' i '

Ì
I

,irr 
tr-t' t -rt Jurr"rlJ-a

I t-rrr * t, ,3'
,.-z Jio

ï ltr-rt Í-rtJ"rrt'rlJ a

J 'z

"  o ( l r  -  l u ï ) ,  a n oP ( À ,  z o ( l ) )

td (À Ì  to
6) sgnaz
-L - -
2"4 '  t "4

'7. - oooP t^-^u''
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h,l th p(1, zo(t)Ì  -  gf lÀ-Àui2) t f  tuo , s. Ìr ìe derlvarlv", 
* uno 

}. o."
s v o l u r t s d a t  À . t .

; U
substltutlng ro ln (3! by (4r, expandlng in powers of I _ À., ênd nEglectlng

thos€ hlgh€a th6n on6, one obtalns the deslred formulô 
ll

rd * t ,  'Èt 
* ir [  r ! ,  

' -" ' ,& z:-r ' Í r- .2 lo*t2 
r

wÍ th  .

5 ' 1  no ., ;  I  i  rr-ur-ur rftr-, ojr-f e*rta
k . l i  J l l  

q q k  -  
o

t *ir[rirt- 'rr ff z:-r ']r-2 ] e* r '

' *i,1 ,i,,-'rr { ,;q zr-t }1-2. zrr -r )#zJ -r r,rlJ -e^.,r-rr r j -z lfir -rrll-E1J o*r
íf (l)o ,J 0 6nd

â",
'  : r i l -  ô u

à "  ì- ^ u - m  1 f  ú ) o . 0 .

(Negatrve powers or rr,o "nouro uiT'n"ff."ir.; K"irrl"r""r,.
Â9PLICATION TO OROINARY OIFFERENTIAL EOUATIOÍ{S
Lemma: Let A(À, ôl be a 2n x 2n real matrlx, n . ?, diffgroncloblg functlon of
thE rEar param€ter r  and the s-dÍmengíonar r€ar vactor  6 -  Íôr ,  . . . ,  ô")  ôt  a 0.
I I k ó s, euch that Íts charôcterlstlc polynomlal

o(À,  ô ,  z )  .  
' i  

aon ,  ô ,z r
sat ls f lEs 

l ' l

H r s  l l m  a - ,  ,  .  g  I  r  J  È  n
"  ô ->o  ' J - r

HZ, There exlats À, guch that êvery solutlon.bronch z(Àl of the eguêtlon

P Í I ,  z )  .  F , , ( 1 . 0 ,  z )  r  0

1s pure lmag:nary for  À r  Àu snd there Exlsts zoÍ l )  such that
Re{zo(À)}  > 0 for  À > Àr.  

- .

H3t Ther€ ExÍsts ÀO . 
\ 

eatlsfyÍng equatÍon (3)

H4t The root  oo(À0, 9)  .  i t r r (À) ot  Q(À0, ! ,  z)  .  0 such. that  oo(À0, Q) ,  zo(ÀO)
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, 2 J l t o
J

i

Slnce the. l

bs ô double root) ,1
L

EXAIPLE: l
Let us coi

l

It consists of tt' 'c

e q u o ! l e n g h t i , <

m -  ' m -  ' m  a t  I c
t . i

connÉcted bY a 111

lowBr sndpolnt of

and angular motlol

torslonal sprlng'

plvots, and th€ t'l

a followr forca ê

rod.

After a

whlch côn be deri

(8ì  2x" + Y

(S t  x " cos (x

À
Ì  r '  .  :

dt

X ' ( >-o

o f  ( 8 ! ,  ( 9 )  s l ' n c

The cot

2x" . ,,

'  
x r  +  y

Invsst

Y ' ô z a z t '  o n €

,  ^ 2
i- zz

, 2
L z

Wlth charactBr:

Í 1 0 )  z  '

lE slÍÍple ônd

[ '

L

thsn t

Tl  Ths solut ton

í71

,lrl,-"'ur, "J-t 
] [ ,ir,-t,' ,fi,r-t

2J-1 I
ü ) l

,!r,rr-r,,-t, 
turr-r r 'J-' ] [ r i, 

(-t)J *FJ

Let oddltÍon 1t1. p,2n+lts * *2n be a diffgrsntlable functlon such thêt

N ( I ,  ô ,  x )  .  o Í 1 X i )  ,

X _  r  X ( t ,  À ,  0 !  o f

x ' ( t l  .  A { À ,  ô ) x  +  N [ À ,  ô .  X ]

when I  
.  0,  ls  nButrêl Ìy  stable for  À t  l .  ônd unstôbl€ for  I  > Àr.

Í2,  ThB solut lon Xa .  X(t ,  l ,  ô)  of  t7 l  when ô , r  0,  1s l ÍnEar ly unstabls for

À ,  Àa,  and therefore,  X 1s destâbl l ized by the lntroduct lon of  ô.

T3,  lO ts g iven by formula (5)

T4t  There ls  Hopf b l furcat lon of  Xl  at  À .  ld.

Proof :

BBÍng the vêr l€t Íonal  Equêt lon of  (7ì ,

! '  ' A n ,  g ) I ,

thE propert l .Bs of  
\  

fo l low.by def lnr . t lon.  According to th€ preceedlng theory,  Àa

l s  a l so  g l ven  by  ( 5 ) .

In ordEr to show the l lnear tnstobt l l ty  of  Xt  for  I  > À0,  we set  z 'u+lv

1n (6) and separate real and lmaglnary parts, dÍffsrentÍate wlth respect to À at

I  '  lO ,  t ha t  1s ,  u  -  0 ,  v .  ü )  6nd  equa te  t o  ze ro ,  1 .e . ,

n g*a . r* o tli',^t . 
,io 

,-r,, lfrt ,2J . o

-2k d Ei zÍÀ) + p d rgrz(À) .  
, t rr-uJ f f r l - t  ,21-7 r  0

t I s

K !

n
l

J ' r

n
, f ,

J ' r

(2J -  1){ - t }J"r r - ,  , , r2Jt2

J ( -1) l  or ,  ,2J-1

r f 9

z .  ( l )
J
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81nc€ the d€tErmlnôlt of th€ syslsr! ls # . C X2 > 0, (otherrlas D would
bE o double root), T- ônd T_ follor{.z q

E)0IPLE: I

Let us conslder the doubls peddulum shor,in ln the flgure below

ft conslsts of two rlgíd rrg{ghtless bôrÉ of
equal lenght Í . carrylng concantrët€d m€ssgs

al . .2 . m at louer and upFer hlng ls Ënd
connectêd by a 11ns6r torsl.onal sprÍng. The

lower endpoint of thê. llnkage ie hept flxed
and angular motÍon la r33lstéd by ônother

torslonal sprlng. Fríctlon 1.6 pr€sent àt the
plvots, and the. whole system ls subJ€cted to

a followr force ôpplled at thB fres sndpoint anil, all :way.s tangentisl to th€ upper
roo.

ch thôt

u
tstable for

_{,.

eory, lO

i  t ru+lv

À a t

Í s )

ì  r '

' Aftsr a sirltôble change of vôríãbl€8, ths dlffsr€ntlal equatÍons of Ínotl.on,
whlch con be derÍvEd uslng Lagrangê aguôtlons, ore!

{ 8 )  2 x "  +  y ' ç o s ( x - y ) .  ( y ' ) 2 s 1 n ( x - y )  t  ( ô ,  r  ô 2 ) x ,  - ô r y ,  + Z x - y - À s Í n ( x - y )  - 0

.  x " c o s Í x - y )  +  y "  -  ( x , ) Z a Í n ( x - y ì  -  ô r x ,  . 6 r y ,  - _ x .  V  r  0

. 9 .
dt

) ( o ' { x ( t ,  t '  0 ] ,  y ( t ,  t ,  ! ) )  "  0  l s  t h€  on t y  t tme  l ndepgndsn t  so l u t l on
o f  ( 8 ) ,  ( 9 )  e l . n c e  ( 9 )  l m p l l e s  x .  y  a n d  t h s n  ( 0 1  l m p l í e g  x . 0 .

The correspondlng varlatlonal problem ie

? x n  +  y i .  Í ô 1 .  ô r ) x '  -  6 r y '  +  Í 2  -  À ) x  -  ( 1  -  l ) y  r  0

x " + y o  -  6 r x ,  +  6 r y '  - x + y  .  0 .

. InvsgtlgatÍng solutÍons of the varlôtÍonal problem ln the form x . êl€zt,
y 'azezt ,  one obtôlns the homogenÈous system of  a lggbaalc €quat lons:

- 7

l z z z ,  ( ô ,  +  ô r ) 2 .  z  -  t l a r ,  l z z  -  6 r z ,  À  -  r l  o 2 .  .  o

1 . 2  -  6 r . -  r ]  6 r ,  i - . 2  .  6 2 .  .  r  ]  ô z ,  o
t{1th characteristlc Equatlon

( f 0 )  , 4 .  ( ô r . 5 6 r ) 2 3 .  ( 6 + ô 1 6 r - 2 À ) z Z  r  Í ô r + g r 1 ,  +  I  r  0

I f  ô .  0,  (no damplng),  thE four roota of  (10) arE

z r ( À )  .  t l - ì - 3 t r r í I T - 2 i - í I T 4 l - j +  J - 0 ,  1 , 2 , s

,it;
:

r , : '

' . ,  
i ì  ,  

" i t:1 :r



V

' 26 '

ThgsE roots €rE purs lmaginory for' I less thon the crltlcal load Àu '2'

tsking on the valugg !1 et lt' Íhus' 4 
ls neutrally atable for- I on the

lntervsl io, í). For À > lr' two of thã. rootg have posltlve real part' then 4

os llnearly unstable. rt ls then poeslble'to Provs thôt \ 
ld no4lÍnsarly unstable

for I > trr.

l ^ , h É n t h e d a m p l n g c o e i f l c l e n t a 6 1 9 n o t s l m u } t a n e o u s l y z g n o , . a P p t l c s t l o n o f t h 6

Routh-Humttz orlt€rlon shows thôt th'r€ silsts a crltlcar road lË , deflned by

2
t

1
' l

ô

6

t .

such that tho rear parts of the four roots of (10) are nsgatlve lf f t fã ^:

i-. ^1, the real perts of two of thê roots vanlsh' b.comlng positlve +o" À t trã'

H€nce \ 
Ís asymPtotlcally stable fo" t t tâ ênd nonllnB6rÌy unstable for

f  > f j  Ï  nt  À '  lã  the solut lon X ís l Ínear lv neutra l ly  stable '

Applylng the argument theorem of analytlc fu'nctlons' lt ls posslble to Prove

that two of the roots have negatlv* r€ôr part for every r. strêlghtfort'ônd

calculatlons also show that the complex frequency 13' ôt À ' Àã '

( 1 r )  r â . ,

A p p I y l n g  t h s  t h e o r Y  d e v e l o P € d

( 3 Ì  1 s  1 n  t h l s  c a s e

- [ o r ' sô r J r  ' [ zô r '

a n d  u s l n g  ( 5 ) ,  w €  o b t a l n

t
r .  " f zo

'  oôrô, ' ô1 .. I o.e
+ 6ôrô, 5ôi

g).rm
l . n  t h l s  p 6 p e r ,  o n B  f l n d s  t h ô t  B q u a t l o n

, -+
r 4 ô 2 - i  r  [ t r  -  s t '  -  1 ]  ( ô 1  '  5 ô 2 )  '  o

rtoo{d,

Oi .  se rOr  '  O i

ô l  +  sô rô ,  r s6 !

w h l c h  d l f f e r s  f r o m  I â  Í n  ( 1 1 )  o n l y  l n  t e r m s  o f  s e c o n d  o r d e r  l n  ô ' " ô z '

F u r t h B r m o r e ,  ô P p l y l ' n g  t h s  p r s c e € d { n g  t e c h n l q u e  o n B  h ô s

. -  dz (À) l  
t " :  o " t  o ï ; ' l l ' o ' ' , -u fã  I  = , r ' o

n"  sã i3 l r " iã  "  
@[or ror .eôr rJ '

u ì o  t n " t " + o " " ,  x r  b l f u r c a t e s  l n t o  a  p E r Í o d l c  s o l u t l o n  o f  ( 8 ) '  ( 9 )  a t

À ' I ã .  A n  B x t E n B e  s t u d y  o n  t h l s  a o l u t l o n  c a n  b s  f o u n d : ' n  [ z l



.câl lOèd À u  ' 2 '
À on th€

t€El pêrt, thBn X
{t

ld noíllln€ãrly unstablE

ero, ôppltcêtÍon of the

uo fã , defrned by

y B l f  f . À â  A t

g posltlve for I > Àf;.

cly unstoble fór

/  s tôblB.

; ls posslble to prove

:ralghtforíênd'u,

d 8  t h a t  e q u a t l o n

6 1 . 5 ô Z l ' 0

r n d  o r d â r  1 n  ô r , ô r .
r 3

. sô ; l
____- > 0
l l ô z ( ô r + 3 ô 2 l l '

. o n  o f  ( 8 1 ,  ( 9 1  a t

rno rn [z]

l .
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