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In 1890,Lord Kelvin , t  6 1, indicaEed that the stabi l i ty or insËabi l i ty

of Èhe eçrilibrirr sÈate of a system siËhouE dLssipative or gyroscopic forces

Ís rct changed by the introduction of damping"This need noË be true when dis-

slpative forces are 4plied to other Ëhan non-gyroscopic,conservative dystems

In  fac tnZ ieg le r , lT  ,9 ,9  l ,p roved ËhaÈ a  er iË Íca l  load  o f  a  non-conserva t ive

sysËem can be decreased by adding daping.Further sËudies on this subjecË have

been done by  Bo lo t in , [  1  l ,Her rmann, l4 l ,Hagedorn , lS  7 ,and oËhers .

Is our purpose to show this effecË in Ë,he mechanical model of fíg.1-

I t  consists áf Ëwo r igid wighËless bars of equaL Length 0,carrying concentra-

ted masse" *L.= t2 = t  at  Ëhe endpoinËs and connected by a Linear torsional

spring.The Lower endpoinË of Ëhe lÍnkage is kept fixed and angular.motion is

resisted by another Ëorsional spr ing.Fr icËion is presenË in .  t i re system at

Ëhe pivots.

AfÈer a suí. table change of varÍables,the dl f ferent ial  equat ions of

motíon,which can be derived using Lagrange equat ions,are:

(  1 )  2xr t  +  y r rcos(x -y )  +  (  y ' )  2s tn (x -y )

( 2 )  x r r c o s ( x - y )  *  y "  -  ( x ' ) 2 s i n ( x - y )

(  ) ' =  d

d t

3) l1çtt .'t' 
ttt

(4 )  x r r  +  y r r  -

br )x '  -  b2y '  +  (2  - ) ,  ) x  -  (L  - r  ) r  =  o

b2y ' -x *y=o

+ (b1+ br)x '

-  b2* '  +  b rY '

x( t )  =  y ( t )  =  O Ís  Ëhe on ly  t Íme índependent  so lu t ion  o f  (1 )  and (2 )

since (2) ímpl ies x = y and then (1) impl ies x =O.

ïn order to study the stabi l i ty of  this equi l ibr ium state,which we shal l

denote by Xo,we consÍder the var iat ional probl-em of ( t )  and (2) with respect

t o X :
o

a  (b t

b2* t

ï r le ínvesLigate solut ions of the var iaËional problem in Ëhe form x, = âlêot,
a f

Y = ã2ê"-.This leads to Ëhe homogeneous sysLem of al-gebraic equat ions:
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(s)

(6 )

I

t

2o2 +(b1+  b2)  o  *  2 -  r  I r t  +  [

o ' -o r r -11a t  +  1ç2+aro

o'  -  oro + t r  -  L lar= o

+ 1  1 .2  =  O

and Ëo the characËerist ic equat ion:

q)  o4  + (b l  +5b2)o i  + (6+ara r -  2 r )o2  * (b1  +b2)6*1=o

I f  b r=  bZ =  O, (no  damping) , the  four  roo ts  o f  (7 )  a re

(8)  oJ=t I r - r+

These roots are pure ímaginary for ). Less than the critical 1oal ^: = ,

taking on the values * i  at  iL. ïhus, Xo is neuËral ly stable for t r  on the in-

terval  lO,2).  For ^ t  I :  two of the roots have posit ive real parË,rhen Xo is

l inearl-y unstable, i t  ís Ëhen possible to prove that X_ is nonl inearty unstable
- u u otor ì ,  > ì . . .  For ì .  < I ; ,  Ëhe nonLinear sËabi l i ty or insËabi l i ty of  xo can

not be decided by Ëhe nature of the sol-ut ions of the var iat ional equat ions as
was poÍnted out by Liapunov, l  5 ] , I t  has noË been deEermined i f  Xo i .s asympto-
t ical- l -y sËable or not,  ln this case.

I'Ihen the damping coefficients are not simulËaneously zero,application

of the RouËh-HurwiEz criËerion shows thaË Ëhere exisÉs a cri.tical load trc ,
def ined by

" 2  
n

b i  +6b |bz+b ;  b 'bo
\ ) /  ^ c - -  -  T

v  t 1- bl + 6bLb2 + 5b; 2

such Êhat the real parts of the four roots of {7) are negat ive í f  } ,  < tr .
At 1 = trc,  Ëhe real parts of two of the roots vanish.becoming posit ive for

tr  )  t r" .  Hence,Xo is asympËotical l -y stable for ) ,< ì ."  and nonl inearly unstable
for tr  )  ì .c- At ì .  = ì ,"  the soLut ion xo ís l inearly neutral ly sËab1e

Appl-ying the argument theorem of analyt ic funct ions, iL is possible

to prove that two of the rooËs of (7)r1et us say oj  and 6o have negat ive real
parts for every ì,

The behavíor of Ëhe real and irnaginary parts of the roots as funcgions
of ì .  is displayed in f igures 2a,brc and 1a,b,c for some representaËive values
of b, and b,

I

12



riTe have Lhen seen ËhaE

ïn the dmPéd caserand when b, =

equal- to 2 and i resPectivelY'are

(  11)

Ëhe crit ical force is l ' l  = 2 when br=br= O

O,Ëhe cr i t ica l  load and d1( Ic)  'which are

Índependent  of  b 'whi le  for  b,  I  O'  ì 'c

depends on the raEio as well as on

The comPlex frequencY

the magni tudes of  the dmping coef f ic ients

b 1 * b 2

(1o)  o l ( rc ) - i r r to= i  
Çf r%

depends only on the rat io of the damping coeff Íc ients

rn the l ímit ing case of vanishing danping' Í .e when bt and bz

Ëend simultaneously to zerorthe results corresponding to the undarnped model

can noc be obtained unless f  i Ín (  bL lbz) = oo âs bt 'bt  *  o '

Differentiatíng ì'^ wíËh ÇÊspect Ëo b, and equating to zero'!ìIe have:
ì,c

t 2
,  b l  + 4b1(rbL'-

-- Lqr r l-.=..-_

" L " 2 1  |

a)  bz

-6"fr+5b7)2

z:fi? - 4üb?) + loaral + 25biâ
I  =o

(b i

A root of Ëhis equat ion is b '  = o' Ïn addit ion we have determined

n u m e r i c a l l y t h a t i t a l s o h a s t w o p o s i t i v e r e a l r o o t s , l e t u s s a y o z r ( o r ) a n d

b22(b1), for f Íxed b, in the intervaL O < bl  <5, '  l '= L ' t144L-g

F o r f í x e d b , i n L h i s i n L e r v a l , } ' . h a s a r e l a t i v e m a r c i u r r m a t b 2 l ( b 1 )

and a relaËive ninirnui  ar brr(br),(Table i ) . r t i "  behavlor is í l ] -usËrated in

f í g . 4 f o r w h i c h w e h a v e c h o s e n a n a r b i t r a r y v a 1 u e o f b , i " - ' . . b t <

At any poinË (bt,bZ) with b, 1n the interval  (O b1) and

b21(b1)  <  b2  <ozz(br ) ,  r ie  ãampi . ,g  nãs  a  desËab iL iz ing  e f fec t  s ince  ì ' "  i s

a monotone decreasing funcËion of b, and therefore Ëhe crítical- force can be

lowered by incrementing the danping in the upper joint of the mecanical model

A s a c o n s e q u e n c e o f Ë h e d i s c o n t i n u i t y o f t h e c r i t i c a l f o r c e . i n Ë h e

l , i j n í t c a s e o f v a n i s h i n g d a n p i n g , t h e a n a l y s i s o f t h e d e s t a b i l i z i n g e f f e c t o f

s r n a l - ] - d a n p í n g r e q u i r e s a s p e c i a l Ë r e a t m e n t l ^ I e h a v e f o u n d n u m e r i c a l l y t h a t .

as b, Ëends Eo zero,so does b21(b1) I" loreoveÏ,  
lbrr ,bl)  

/ 'db1 '  which can be

found by i rnpl Íc i t  di f ferent iat ion of Ëhe lef t  hand side of equat ion (11) and

eval-uaLed numerícal lyrLends gs 2sae too'



4

(L2)

BY equat Íng Ic  Eo 2rone obta ins:

2  1  - n
o.s  b2 |  s  ar rz ,+  z(  1  b í  -  3  )bz  +  u{  1  =  Q

A solut ion of this equat ion is b, = O'and Ëhe quadrat ic

factor yields two other roots when solved for b,  in terms of brThose

rwo roots,which we shal l -  denote by brr(bl  and bro(b1) '  ( f ig '  5 )  '

are real and posíËúve provided O < b, < b! = -  L .2 t6o6\ .

a n d t h e r e f o r e ( 1 2 ) h a s t h r e e r e a l r o o t s i n a n i n Ë e r v a l w h i c h i s

conËained in  the  inËerva l  where  , (11)  has  two pos i t i ve  reaL roo ts '

- o
On O ( bl  (  ol- ,  b. ' (b.)  ís a monotane increasing funct ion and 

. i ts

l i n i Ë , a s w e l l a s Ë h e l . i m i t o f i t s d e r i v a L i v e w i Ë h r e s p e c t t o b l '

i s  z e r o  a s  b ,  t e n d s  Ë o  z e r o ' B y  R o l l - e t s  t h e o r e m '  O  <  b 2 1 ( b 1 )  < b 2 1 ( ' b ì

on the interval  where they are both def ined'  (TabLe I)  '

T h í s i n d i c a t e s t h a t i f i n . t h e . u n d a r í p e d e a s e ' X o í s p r o v e n

t o b e n o n l i n e a r l y s t a b l e f o r o < I < 2 t h e n , b y e h o o s i n g t h e d a m p i n g

c o e f f i c i e n t s  i n  t h e  r a n g e s  O  (  O ,  ' O ï  a n d  b r r ( b 1 )  < b z  < b 2 4 ( b L )  '

the  c r i t í ca l  fo rce  decreasesr i .e , ,  t r .  a  2 .Thus  damping  can des tab íL íze

t h e s y s t e m . T h a t i s t h e c r i t í c a ] . f o r c e c a n b e ] - o w e r e d i n t h e p r e s e n c e

of  damping .  on  Lhe o ther  hand,  i f  O <  bZ 'bZ5(br ) ' then  I "  >  f ' !  and

darnping has a st"abLLízíng effect in that region'

Z ieg le r r [  1 -O ] rhas  shown tha t  th is  phenomenon can a lso  be

f o u n d i n a m o d e l c o n s i s t Í n g o f a d í s k m o u n t e d i n a s h a f Ë r o t a t i n g w i t h

a n g u l a r v e l o c i t y t , l , w h e n o n l y i n t e r n a l d a m p i n g i s c o n s i d e r e d . H e p o í n t s

out  ËhaL there  ex is t  d í f fe rences  be tween the  c r i t i ca l  ve loc iÈy  pred ic ted

b y t h e t h e o r y a n d Ë h e e x p e r í m e n l a l m e s s u r e s w h í c h d o n o ! r e f l e c Ë t h e

destab i l i z Ïng  e t fecË.He so lves  the  d isc repancy  by  eons ider ing  exËerna l

f r Íc t ion .Anogher  poss ib l -e  expranat ion  has  been g iven by  D imenEberg , [  2  f '

w h o c o n j e c t u r e s t h a t i n a m o Ï e r e a ] . i s t i c m o d e l , h y s t e r e s i s e f f e c t s s h o u ] - d



considered. Other examples

found ín ZLegLer, [  1O ] .

Herrmannr[ -4 Jrhas

of destabi l iz ing effect of  dmping can

sËudied the desËabÍlizing phenomenon

in a mechanical model like Ëhe one in fig. L .rwiËh m, = -h, 12 = *,

f inding IË = , .5 -  J7 and

(Lt) ^ c -

b ,  b .
- L Z
+

2

+ uf ,  +.53 btbz + + al

2(bï ,+7b'bz+Aal)

r.
( 14) 

I'd -

Assuming b, (  1,  L = L,Zrand def ining the cr iËical  force
L '

for s:naLl dmping as

aal+t3bfz+4b| ,

z (b Ï+Tb  bz+6b :2 )

he neglected b,h. /  Z ana considered the rat io r ' , /  f l  as a funcËion of-  
L  Z ' ,  C '  C

(3=  br /  b " .  The fo rces  ra t io  i s  sËr ic t l -y  less  than onerexcefË when- L ' , Z

ís= Pï = 4 + 5 f i  where i t  ís equal to 1. In this way he coneluded ËhaË
.  . :

Ëhe presence of damping has a destabí l iz ing effecE which Ís el iminated

on ly  a t  thaË parË icu la r  vaLue p* . fh ís  i s  ín  cont rad ic t Íon  wíËh our

iesul- t  thátr  damping has a stabiLÍz ' ing effect on an open reglon of

ühe b , -b^  p lane insËead o f  on ly  on  a  s t ra igh t  l Íne .To see thaL Her rmannts
L  Z ' . ' . . .

conclusíon is erroneous for (11) we consider the rat io f ,^/  f , t' "c  t

t 1
(ggr rmannrs  funcËions  ) , -  and I ï  ) , insËead o f  F , /  l " l  ana  do  noË neg lec t' - c  

d t  
- - c

l l
b,b^ compared to F,.  t r{e numerical ly determine thaË ).  /  t r*  has the

L Z - d ' - c t ' - c

va lue  4 /  (  7  -  z {21  *  .959 a t  b ,  =  o , Í t  inc reases 'Ëo a  re ' la t l ve

maximumrdecreases wiLh increasing b2 rp to a point,  where i t  reaches a

relaËíve miniuurm and f inal lyr increasesral l  this provided O < bl  < L.L26,

i .e . rÈhe sarne  Ëype o f  behav io r  our  func t ion  1^  has ,  ( f ig .  6  ) .- - c

'i?..-\

: .



t r r l i th in this intervatr there are three di f ferenË values of.  brr let  us

say brrrb 
Z2rb2j , all of them depending on b' where the ratio ì../

takes on Èhe val-ue L.Furthermore, b^ and b, are differentiable

funct ions of bn and 1im bZL = Lim bZ2 = O as b, tends Ëo zero. In

Table I I  are given some numerical  values of br.  , i=1,2rJ f .or smal l  b '

as welL as the inverses of the derivaEives of b '  and b, with respect

to br; i t  fo lLows from those numerical  resuLts that both inverses

approach Ëhe cournon vaLue F*.

These resu l ts  ean aLso be  found ana ly t i ca l l y .F i rs t ,  i t

musË be noËed thaE bLb/ 2 can not be neglected when À" is compared

with I !  s ince theír  di f ference is equaL to

utr"

( ls) . ìc - rl = | uru, - ( i - 2./i)

( 16)

r ê 2
t b "  -Fb^1 --  I  '  Z -

-"2 ( b i + 7 b t b z * - - 2 t

=Èbrbz+(Fa-r : )

and boLh terms can have the same order of magnitude when b, and b,

ì€
are smal l  and b, -  p br.Moreover, i f  i t  negLectedrone is missled

to the resuLt A, = Ëa*whiLe thÍs is only the f i rst  order approxímation

to two di f ferent posi t ive real rooËs of

ì  -  ì u  =  O' - c  - - c

In order Ëo f ind a better

b L = . c o s o ( ( e )  ;  b Z = 6 s i n o ( ( e )  ( e ì 0 )

in  . (16)  us Íng  i t s  express ion  .  (15)  .AssumÍng o(  i s  aË leas t  tw ice

conËinuousLy di f ferentíabl-e with respecË to erwe appl-y perturbaLion

techniques to solve the equatíon

approximaEionr let  us set

- 2  í c . osoú -ds inoC)2
]e ' s i nc ( coso ( - (1 . s - Jz1  

t ' i  
I  i , - o

(cos?x + Jcos o( sinoG + 6sinft,  )
( 17)



I;{hen e = O, we have

*
coE o((O) = f3

The derívat ive of the lefÈ hand side of (17)

to  €  aË €  =  O ís  zero .D i f fe ren t ia t ing  tw ice  w i th

wi th

r e s P e c tre spec t

to e and seLt ing  e

en-t)

- .  Orwe obtain

J ê  ) ?
I  s ino((o) + P"cos oC(o) 1-<.- io)

1  .o "20 {  1o ;  +  Tcoso ( (O) ' s inc ( (o )  +  6s in2<(o )  l

+  s i n o ( ( O ) ' c o s a ( ( O )  =  0 ,

p^ (  5-  2J^[  1 + <Ë>') '
<. ' io) - ol r 2

1  +  (p  ) -
v ' r l É

t (P ' ) '+7P+61

(  18 )

(  1e)

( 20)

(2L)

(22)

+ 2
(  2 ,12  +  r l  ( (3 )  -F )ç

7(3 + 6) (3*

ì
r ã

{.Sol = j
x r 4

[  1  +  ( P ) - ] '

d + .881945

and Ëherefore

b l  *  c o s f  c o t
-W 

+ .o l . ;s4se+ o(  e  2)  
l

b2 =,  s i r , ;  .o t - lpx + .o85g45e + o(  , ' )  ]

The angle def ined by the tÌ,ío curves gíven parametrically in

ç2L.ZZ).conrains the l ine A, = í{A* showing Ëhat the double root p"

sp l i t s  in  tword i f fe renË ones ,  thusr the  des tab í l i z ing  e f fec t  desappears

not only at bl  = Ëbrrïut  whenever b, and b, are Ín that angleror

more preciseLyrin the cuspidal region def ined by bZt and brr.
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Captions for f igures

Figure 1 MechanicaL modeL.

Figure 2a Real-  part  of  the solut ion o( l)  of  (T),vs the

b l _  = . L , b r = O

Figure 2b Imaginary parr of  Ëhe solur ion d(tr)  of  ( f ) ,vs

bL = 'L 'b r=o '

FÍ.gure 2c ReaL and imaginary paf,ts of the solution o(1")

to  f igures  2a ,b  ;  b l  =  ,L ,b ,  =  O

Fígure 5a Same as Figure 2a wíËh b1 = .L,bz -  .2

Figure <b Sarne as Higure 2b with bl  = .L,b, = .2

Fígq!:e qc Same as Figure 2c with b1 = .L,b, = .2

Figure 4 Cir t ícal  force 1".  vs. b2. bt  = L.LZ6

FÍgure 5 Locus in Ëhe bt-bZ pLane where tr" = ì,f, = 2

Figure 6 The raËio 1"./ri , tr" and l! rro* reference 4,

force l ,

the force l ,

of  (7) correspondíng

b1=1125
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Fígure 1
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1 2 4 ,  1

ffiJu*
=  Q .

+  2 x - V -  À s i n ( x - y )  =  Q

1 f

(B )

(s l

2X' ,  +  y ' ,eos(x_y)

x " c o s I x - y )  +  y , '
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