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F ina l ly ,  the ro tor  is  connected at  po ln ts  C,
gimbal by a third palr of axes.

, I ; ; r J '

. t ,  r . . , .  r f

and C^ wi th  the in terna l
a

Al t  axes a l low f ree ro tat ion.

The a im of  th is  work is  to  estab l Ísh the formulat ion of
equations expressing the inf luence of

( i )g imbaìnpt ion(g imbalsnotcons ideredmass less) ,and

( i i )  a i r  d rag ì ,

on the rotor nrotion t l
i  ,  

,  
' . . . ; ; 1 i 1

Dyadic 'ca lcu lus is  cons is tent ly  used dur ing the der ivat ion
of  equaüions,  [ {  .  ,  , ,  ,  i , ; , l ,

t '. ,t,;:

2) GYROSCOPE POSITIONING AND }4OVEMENT

To establ  ish the gyroscope pos i  t io t r  dur ing i ts  n lovenlent ,
several  coordinate systerns wi l l  be chosen:

So -  The or ig in  co inc ides wi th  the center  o f  n lass of  the gyroscope.
zo ax is  co jnc ides wi th  A,  AZ,  *o  and yo are  chosen arb i t rar i l y ,
f i xed re la t ive  to  the case.

SA -  F ixed on the external  g inrbaì ,  w i th  rA = Zo and .yO co inc id ing wi th
81 B? '

sB -  F ixed on the in terna l  g inüa l ,  w i th  yB = yA t rnd tg  co inc id ing wi th
ct cz'

SR -  F ixed  on  the  ro lo r :  zR =  zB i  x *  and  yp ' in  the  ro to r  p lane .

The gyroscope can be conducted f ronr  i ts  pos i t ion of
re ference,  So,  to  i ts  anrb i t rary  pos i t ion,  SR by nreans of :



compì etely
determi ne,

( i )

( i i )
( i i i )

Rotat ion (of

A,  Ao .
I L

Rotat lon (of

B.  B^
l ( .

Rotat ion (of

The angles
the gyroscope

respect i  veÌy ,

precess i  on

nutat i  on

sp in

( i )

I i t )

( i i i )

-  3 . -

the external ginrbal ) through angle q, around

the internal  g ' i r r rbal  )  through angle o,  around

the rotor) through ü around C, CZ,

ô,  0,  v  (known as Euler  Angìes)  determine
posi t ion at  any instant ,  Thei r  rates ; ,  d ,  ü
angular  ve loc i tes of

1Ls= 
ln

---Í )n= )s
- z ' \

:!*_._

Fig .2  -  ô ,o  and v .
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3) COORDINATT SYSTEM ÏRANSFORMTIONs

Observe that transforntat ion So -r '  S,  consists of

ì..o

the  new pos í t ion

Ss) is

of ! - !O

( i )  ro ta t ion through ô around

( i i1  ro ta t ion through o around

This way, the transformation matr i* [gl  ( i .e.  f rom SO to I

I

cos0

s inç
0

-s in0

0

cos0

íï* ï -';*Ì I-
[,,* ; .;*l l-
fcoso 

cos cosO sing
.l -s i  n0 cos{

[s inO cosr [  s inO s in$

,  ,  : . .r . i ; . ,
. ;j.;.r:ti:! ï!;i ,. 

,
- . , , . , t : ; . i r t . ; i . . i ,
i  ì  : J ' r t l : :

, .  :  j r  i r r : , 1 { l

. - :  
"  

; : : . , :' : ' ;
1 . . .  .  .

'  ' : t  l ; ; ì ; i i '
' ,  

, t  : . a "  i t .  ; . :

l t  , . . '

'  1  t ' ' 1 " " ' '
.  Ì . : ì  , . i , l l i . l. .,.....;.l:i . ,

: : - . . r l i r ! :' . , 1  
" . r ,  i ^ , , , j  i i j i'it;io$ffi'

'.lr i:ilifiiif:1 ,
. ' : ' 1 ì  ;  l

; '  ' . : : r , i  
{ i 1 ..  , i { , : ,

sinrt '  o ' ì  |
cosr) o 

I 
i ,,

0 1)

Ì

J

LBA *

In  par t icu ìar

r , r 4 j , r : í . , 1 :  ,  , :
' " i i . ' /  '  ì f "  i : r  

' '  '  '
Ì Ì , : ì t ì . ' ,  , , . . r  i

r  l i . i n .  r ; " : '
j  i r : .  

, , , . : " . .  ,
' ì _ : :  r  

"

( t ) , "  ,

(2)*B*( -s ino)
o

(coso)  2,

Transformat ion matr ix  ÍLgg ( i  .e . f rom S,  to  S^)  is
D K

s inY 0

cosV 0

01

cosV s inY 0
-s inV cosV 0

001

I cosv

J-sinv
[0

1-ì
iï Ì=

Lou =

This  way

ì
I

I
cosV

s inV
s inV
cosV

*Is
_* 

vB
,-B:iÌ{r:
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4) ANGULAR VELOCITIES

-rB/0
A.l E

ôR/B . ü

The angu lar  ve ìoc i ty  o f  SB re la t ive  t0 the case ( i .e.  Sn)-
l s

a ,

ói^  + o'  , A iB (3)

, '

(1)
: ' .

;o/o '  - (s ino) ô l ,  *

The angular

In  par t icu lar ,  subst i tu t ing  (2)  in to  (3) ,

;
:B . ,r,

rotor  re lat ive

one gets

t  9n * (coss) ó

veìoci ty of  the
I

to  SU is

ls

This way one gets

d/A = -(ô sino) is *ôR/o = üf/B *

5)  MOMENTS OF INTRTIA:

Rotor

: : ,  l .

,Ír* ( ü * ;, coso) 2B

The dyad ic  o f  i ne r t ia of  the three par ts  are:

-+
- l l

=

+

+

= Iá In io  + Io Ín !n + I [  2o 2*

I i  ( lB cosv+! ,  s inY)( Í ,  cosv+l '  s lnv)  +

Iü ( - iB s inY+ Í rcosv;( - ÍO s ' inv+!U cosY)+

16 i,  2,

R = IÀ ie iu + in !s !s *  I t  28 28 (6 )
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'  ' : . 1

t / r*zg
+-È
JB. tõxBxB+

Internal gimbal

External gimbal

f1

6) ANGULAR MOMENTUM

->
h=

Rotor

The cont r ibut ion of

Ir it

O+

*Ío

Iü 9e Ís * I t ' is

IÂ9nÍR*

(v- rq coso) l

' t '

parts  are addi t ive

I f i ioio+JA'

One has

(+ i (+ ;
lB x n dnr = I  ( lR x R drn) = I  F|  ! ' r  -  ' i
' 1 í11

This nreans that  the contr ibut ions ofal ì

zu iB)+IOir is*I t

tB(ü*i .o 'o)]

a '

( l ;  o1 *  2,  t t ;

I
:

t* = j* ' '#/o = (Ii
t -

.  l - io { . ,  s ino r . !u
l _ D

= iB ( - l i  ô  s ino) (e)



Internal gimbal

' +

f ir=ïr ' f /o--iB

External gimbaì

-7-

rf i  ô sino +!, I i  0 +rg Iü '0 coso (10)

+ i
hA=JA

. IÁ,

. d/o =,

+.A'

(r; lo in * IÀ in 9n . tÀ' ?n ?n)
iB IÀ' õ sino + 2U Ii '  ô .ott

, l
This way, the total angular monrentum can

Ë.PÍs*QÍs+R2,

where

Ir=-Iof
1a= Is9
tR= rHY

s in0

+ I,  0 coso

' i  , r

and where

I to=I*+If i+
1ts=1fi+li
I  Iy = I f i  + I [ '+

IÀ'

rÀ'

7)  EQUATIONS OF MOVTMENT (EULIR EQUAÏ IONS)

As is wel l  known, one has

where

total  angul ar nrorrrentunr

resul tant  o f  external  torques

; +
h=G

f1 =

-|'
Q =

1 :  i
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and where the symbol (+) denotes the inert ial  t ime devirat ion (d/dt),

Express ing equat ions in  a  non- iner t iar  system, say su,  **

one has:

.à^

Ë.hB**B/o*È
'  "  i  ( ta1

where the symbot (*)u denotes the t ime derivative as determined by,i ' th; ' j  " ' ; ' ' " '
observer  in  So,  that  is  -  see eq.  ( te) :

b -  
t , , - t '

-f

, ; B  
.  -  

i l  l

h-opIg*qÍg*R?B
I  ' ' ' ' '

Even though th is  is  a  s tandard 'procedure of  get t ing Euler . , - , i , ;  , ' ,  1
equat ions,  iqcst r l t i  hg:  in , :  i  : ,  !  :  i , ,  :  , ,  

' ' ' '  '  .
' . ' . ' '

. :  .  .  l .  . . r ' : i i , : i . . . , + : j . _ I

I  P * R0 - Q0 coso = Gx,' ]  ' ,  i , Ìr. , , :r: : ' , t ï , ì ,

I I - Pfr coso + RS sinoo= G.. 
" 

(ll.):l 'r;ï,;,
l :  Yg
IR*P0-Q0s inO= G-  

-o
' -zB: - ; :

or ,  a f ter  some a lgebra ,  in  .

f -

|  - I ^  0  s ino+ (1 . .  -  I_  -  I ^ )  ô  O coso+ I t  V  o  =  G
f  

-^a:." '  
Y s'  ' , I f ivt-GxB

1 
tu 

3.* 
( tr . :  Io) ó'coss sino + IË ú ô sino = nr,

l r

I  In  Y + I ,  Q cosO *  ( Ia  -  IÊ -  t ,  0  g s in '  = GrB

one gets,  th is way,  second order equat ions which are not  inrmediately ,
i  ntegrabl  e,

A nrore convenient  way is  to  express h in  the iner t ia l
systen l ,  So,  then no, i  x  l ï  ter rn  wi l l  be requi red anc l  equat ions of  mot ion
wj l l  be  d i rec t ìy  inLegrab ' le .

0f course, c lne has

{Ë)o =tLou { i ï) ,

t.
t

t .



where (fi)o ano (È),
of aqgular npnentum

Thusrsee eq.  ( l )

(Ê)o=

-9-

express col umn rnatrices composed

r ,  So and S*  respec t ive ly .
of the

, t l . )

{

cos0 cos0
coso s in0
-  s inO

After some algebra, Euler equations can

cos0 s inO

cosO s inO

cos0 - IB ô

sinrJr +

written as
.  l , '  : . r ' i l : : l  :

. r,t.t .

l l,  '  
ì  ; r * r , :

sin0 cos$l  .G. '  '
| ,a^, v

:,".. .: ,
: 1

s inO s inô.  G' v ,o

'  
I  t t '
\  t í r

s i  nO cosO)

(  t8 )

IfiV0Ig

ü*Ifi

e (

* t(tt

l; {"',
d 

{ ;
dr\

-  ro) .0

- I c t )0

sin0 +

coso +

IË

( Io  r in20  +  I ,  cos2o) coso) o nro

The above equat ions  can be ,  now,  in rmed ia te ìy  in tegra ted
and ,  s ince  they  w i l l  resu l t  i n  a  sys tem o f  l i near .equa t ion  in  ô ,ô ,ü  ,
can  a lso  be  so lved  w i th  respec t  o f  i l rese  var iab le .

B) TIME R4ÏES OF EULTR ANGLTS l,lITH EXTERNAL T S,ÂBsINT

Assuming Gxo
equat io,ns and so 1 v i ng thern

= Gyo = Gro = 0,  integrat ing the above
for  $,ôrü,  one gets,  af ter  some manipulat ions.

c,  cosS)

s ino -  ( . t  cos0 + c ,  s in0)  cosg )

ó= 
f;t., 

sinô+

ô= I
Ios i n0

, i r=  |  {
I f t  s ino

. l  cosS +c,  s in0) (s lnro  + !
I g

cosee)+cr$

{ tg

'  i " : ' . '
:  . r t . ' l

'  . . . - . ' i . '
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. l ' .2  and c ,  can  be  de termined f rom in i t ia l  cond i t ions .  l , l tho .u t  loss
general i ty,  one can assume cl  o 0.

of

' ' t  
! , ' : , . ' ,

'  

" ' - t , ' , i , : l t t i i' .  ,  : : . ,  i i . . ì , :

' .  . .  . . , 1  . . ,  
.  

t

. . ' - . - . : : :
i ' ,  ' 1 . .

. , .  :  t ' . . !

, , ,;.;, i,;i,i;r 
:rr

*+ffirm
i L  l i : ' '  , I

' ,, , ,,,*.ìit ,
.,1. rr t i 

, 
;

ì  "  , , . i  ,
' i I'r''1i

' .  :  , '  
' :  

: \ :  i / '  '
L i . i j Ì t  ì i  '  ,

! , ! ' ì i r i  , '
\.-,j 

' ?. 'ii'.i iÌ'
:  ,  .  t  t  . . '

I  
I  t l . i j i  I

.  Ì 1 1
,  i i r l . t ; u
, , r  , ,  .  1 : | i J l ; \ :

, r' ::.,ti,{ !;

9) AIR DRAG DUE TO THE ROTATING DI5K

Rotating disk produces a n,onrent duê to the air drag in
2, direction.

1í  

:  ,  ;  : ,

To est inrate ' the drag in turbulent  f low (which is  our case)r
choose 1/7 power for  veloci ty  d ist r ibut ion.

t i
Centr i fugal force g€r 'uír l . t  volutre . is p r ust [2J (rr , '  anguìar,

velocity) and the centr i fugal force act ing on a volume dr x ds x F
(6 '  comdary layer thickness) beconres pruâ ds dr 6. The shearlng stress
to forms an angle 0 wi th  the tangent ia ì  d i rect ion and i ts  rad ia l
coi lponent must balance the centr igal force. Hence

ro sin0 dr ds ,: pfrol ô dr ds

To  s ip@ =  p rn r6

Using  ana logy  r^ , i th  f lab  p la te ,  one has

ro coso - p(or)7la 1y1611/a

(U- subst i tuted by rro).  Then

ô -  r3 l5  (u /w, t l /S

0r

torque becornes

M - ,o R3 - pRror(v/r.r) l/5 R3/5 R3

' t
t.

t '

The



t l

'M -  p u2 R3 1v 1 l l5
UR

where

U t $ 8 .
,  |  .  . ;r: t  I  ;". , :  : i  i , '  ; ; ; . , ; , ,  : , i$;r.t ; , j ; Í ; , , i ,

' ; i : ;  r  
, ' . ' ' -  

' .

'  Uon Karman using the l/7 power law for the variation of, .  '

the tangentiâl velocity component through the boundary layer showed
that ,  for  a d iskwetted on both s ides,  the v iscous torque is  equal  to

zM . 0.073 p,,rt R5 (-J- 1l/5
. :  {Ra

Thus, c*, becornes

0.  146
"M 

o 
(úil/t

This  resu l t  shows good agreement  for  Rey > 3 x  105.
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