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AN ASYMPTOTIC FORMULA FOR THE DISTANCE BETWEEN
SOME TRANSITION CURVES OF THE QUASI-PERIODIC

MATHIEU'S EQUATION

LEON SINAY"

Abstract. In this work we deternüne explicit formrrlas which give the asyrlptotic distance betwee.
transition cllrves )*(t), bifrrrcating from À : n1,2,À: nt2u2, nr a positive integer, in the À - e plane,
along which there exist borrnded sohttions of the qrrasi-period.ic Ìvlathierr's 

"q,r,riio.,õ + (À * e (cosú * cosoü))c : 0.

Key words: qua"si-periodic, Mathieu's equation, Floquet theory, perturbation
methods.

AMS subject classifi cation:34, 34D,848,34D0g, 34D 10,34E1 0

1. Introduction. Mathieu's equation

ô+(À*ecos t ) r :0 , / \ -\ / -

generally associated with the problern of stability of marry physical phenomena, is a
well knowrr subject on whiclt there exists a vast literature [1],[z],[3]. The properties of
its solutions can easily be described applying Floquet's theor-y'and,'i1 particuiar, those
of the transition curves À : À(e) which separate regiorrs in the À - e plane where all the
solutions are bounded from those where there is at Ìeast an unbounded one. A rather
simple modification of (1), in which cosr.;Í, a., irrational, is added to tÌre driving term,
leads to the quasi-periodic Mathieu's equation

(2 ) r  +  (À  *  e  ( cos Í  *  cos  w t ) ) r : 0 .

In a recent article of this journal[4], Zounes and Rand discuss the transition curves of
(2), giving some analytical as well as numerical results. The purpose of the present
work is to give an explicit, asymptotic formula for the distance between the curves
corresponding to the normalized solutions which bifurcate from the points ì : rn2 and
À : m2a2 ,rn ) 1 integer, when € : 0. Here we employ a combirration of power series
and Fourier series, a method already utilized by Levy and Keller for the Mathieu,s
equation[5], reducing the problem of solving the differential equation to a sequence of
linear algebraic ones, a devise whicÌr allows us to explicitly find tÌre asymptotic distance
between the curves.

2. Power series-Fourier series solution. When r : 0, the solutions of (2)
t ' i th period2trlm and2rfmu))rn a posit ive integer, satisfying r(0) :1,t(0) :0 aná
r(0) : 0'r(0) : 1, are cosmt (sinrnú) and cosmr.rú (sin m,.Í) provided À takes on,
respectively. the r,'alues À : Ào : m2 and À - Ào : m2u2. The goal of our investigation
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:. to determine curves À : À(e) on whicÌr (2) posseses llorurded solutions arrd
ciistance between them. To that end,we shall consider first the ca-se Ào : rn2. In
to find an asymptotic solution of (2), we use the regular perturbation method[6], set

4t):  l r j1t1e",
rr.:o
oo

À: IÀ*r" , ) f  : r t , r .
tt=o

Here, the superscript * will differentiate the even from the odd solutions. Substituting
c(ú) and À in (2) by (3), collecting pov/ers of e and equating their coefficients to zero
we obtain:

i f ,+n/rf, :  0,
1 L

tj + rn2 xf : - 
I 

^ï"*-j - (cos ú * cosr,..rú) r+._t.
j : 1

Let

uót(Ú) : cos rnÚ,

rt (ú) : sin rnú'

Several properties of the solutions of (5) can easily be deduced from the structure of
the equation itself, namely:

1. Being Àr+ constant in the first term of the right-hand-side, the corresponding
particuiar solution is of the saÌne type the rf,-, are. i.e., it is a sum of the sarne
harmonic functions which define cf,-, but with, possibly different coefficients.

2. The product of c;+-, by cosú + cosr..'} adds and subtracts 1 and ar to the har-
monics of rf-r,but not both at the same time. For example, the product

' 
(cosú*cost.rú) cf, contains terrrs of the form cos(m* })t and cos(rn !u)t,
and therefore so does the solution rf . It is also ilÌustrative to see what hap

. pens when 17. : 2, i.e., with the product of zf . Irr this case, the additions
attd subtractiotts ltave two main effects, olr orre halrd orre has cos(rn * 1 * a.r)ú
(cos(rn - 1 t a.')ú), on the other hand, cos(m * w Lr..,)ú (cos(rn - u ! w)t).
Applying this reasoning recursively, it follows that zj(Í) is a sum of terms of
two different forms: cospt and cos(qo *l), p,q,IeZ. Although the subtractions
may generate negative coefficients of a;, one can always make them positive,
changing I by -1. Evidently that proper care of the signum must be taken in

. the case of r;(t).
3. It follows from the discussion in the previous item, that the integers p, g and I

satisfy ma>c(O, m - n) < p 1 m * n,l l l  S **n,, L 1 q 1 n.

(4)

(5)
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I
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The irnmediate consequence of the properties above is tÌrat we,carÌ write

"I@ : 
Htrrorcospú . rË, ,,Ë"" 

úIk,/) cos(q&., + t)t,
(6)

r-(t) : 
Htr@) 

siupt* 
À upr 

rt (q,t) sin(qw + t)t.

since the operator on the left-hand-side of equation (a) has a non-trivial kernel, the
il::::ffi:r(5) 

tt" 'ot rurique' In order to sorve ,i,i, i'aor"r.r'inacy, we shall impose

(7)

where ó,r,6 is the Kronecker delta.
substituting rf,(t) in (5) bv (6) arrd equati'g like harrnonics, we obtain

(8) m2tiço): _ 
Ë 

^lú'_ie) _ 
*r:_,a) _ 

;ú:_, (1, 0),

(e)

(10)

[*' - ,'] a*@) : -,ì ^,*r*- i@) - *[r:_,b - t1 + ül_,tu + ry]
-*t:-r(o)óp,r - lrp:_r(l,p) * úl_,(1, _o)l ,

[*' - (q, + tlrlt]1q,t1 : - Ér,+o;=- i@,r)
j =1

T.-a l(t * t) + (7 + 7).sgn(Dla*_ri l / l)ó',
', 

P*-r(q, t -r; + o,ï,-, (q, / + r)]
_ ,

1 r^ .- 
t  Lui_r(,q _ t,t) + t*_t(a + r, l ; ]  .

(9) and using (7) we have:

( 1 1 )  À * :  - 1  f r t *  . ( , n  - 1 \  r  r . *  z  - . . r  1  .\ / "n z LJi- '@ - 1) + t ' l_r(m + r)] _ 
i[r:_r(7,n2)+ oj_,1r,

2.1. The distance between transition curves.Lpuue  L  I Ín<mthen :

?) a'iOl : t,(p)Vp > 0,
b) t | fu,D : ú;(q,I) yq if  /  > o,tIfu,t) : _tl;(q,ú Vã r't I < 0,

3
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c)  Àj  -  À; .
Proof. The Ìemma is trivially true ïor n :0 because al @) : úo @) : 6p,*,ô6F(q, l) :

t to"k,/) :OVq,l arrd Àd' :  Ào : m2.
Let us suppose it is also true up to some n: k < rrl- 1 tÌre' f.or rr, : k+ I , we have

in  (11 ) :  f r f (m+  1 )  :  ân@t  1 )  and  f rom i rem 3  i n  page  2  i l [ e , tm) :  A ;e , * rn ) ,therefore )f,+r : )**r' Ttris and the assurnptiorr, rmirrg (o), iurlríy'",1*ró): ür*r@). Inorder to prove the properties of úf*tk,l) we observe irr (10) tirat. duË t;']ir" assunrption,
t Ì t eva rea t t t o tn t r t i ca l l v sa t i s f i edwhenq+ lauc l l ) l o r t< -1 .  

l r r t Ì r ecasesq f l ,
I :0, -1 we have that the first term as well as the ler^st Íbur terrns irr tÌre right-hand-side
of (10) are zero because max(O, rn- k) : rn-k > 1 a1d the second term is zero because
óc.r : 0. If q : 1 and I > 1 or I ( -1 the results is agairr ilrunediate. It t: 0 then
tf,( l ,  -1) :0 result ing in ôf,*r( l ,0) :  ôn*r(1,0). I f  l :  _1, al l  bur the second term areautomatically zero, the right-hand-side of (10) is thus reduced to

1 .-a t ( t  t  1)  -  ( t  + r) laf  (1) ,

which proves the lemma.B
A first diff'ererrce i' the coefficie'ts appears, besides the sig, when , < 0, wÌrenrL : m' Narneìy, ft'",(0) : 0 while ü*(0) is not necessariìy zcro. It is not difficult toprove by induction that this difference propagates in tÌre values of ú and ô, from rL: rrland n : rn * I respectively. They will only affect Àf, when the'reach p: Tr.ì.- 1 (see

equation (11)) that is, when n:2m because ftï^-r(Ã-u rrr ight be. and we shal proveit is, different from úr^_{m - L).
If follows from the above reasoning and equation (11) tìrat

\ -  \ +  1  r^;," -  Àï,n: -  
r lúí",_r(^ 

- r)  -  t l ï , ,_r(rn - 1) l  .

Using equation (g) we obtain:

lr;^_o@- k) - ,ï^_4^- È)]

2[mz -  @- nA
and therefore

(  15)

thus

(16 )

Once

(r2)

Putti

(  17)
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(18)
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úi,,_r(m - 1) - úth,_r(m - 1) :

(13)

(14)

and from (8):

2 - ( * - k ) l" ;*r(1) - ú*+r(1)] .
/  I  \  t n -2n t -2(-;) r

/c: I

It also follows from (9) with n : rrl* 1 that

üã*,(1) -  ú!.*r(1) :  *r+-íg).
( * '  -  1 ) * m t " / '



ú;(0) : #t:--,,',
Once agairr, using (9)

It r, -r\k: ) 1 ) ,

: fus

1 Ê ì (j)--'I

( ; ) * ' - '
L ; I

Putting together equations (12)-(16) :

^ ;^ -  À ï^ :  -

I t
I

(rn2 - k2)'

1-:-
( Z n t  -  I ) ! z '

a-ìrich is the desired Íorrnula.
The case Ào: rrl2u2 carr be treated irr a Íbrrn r;ornpletely arralogous. We shall rrotrepeat here the procedure, Ìimiting ourselves to merely stating the final resuÌt

IE) ^;,. .- Àï^: - í :) '*- '  -- 
1

\zr2)  W
It is interesting to observe that when À0 : m2, the zero_tÌr order approximation- crresponds to a lìolì-zero d coefficients and the ú ones appear at the first order approx-::ttatiort' ltt contrapositicltt, irr this seconcl ca^se, the zero-tir or'<lel approximation is of ô:'.'pe, but the ú's are zero up to order rrt _ l.

3' Discussion of results and conclusions. we have determined formulas for:n'o types of solutions which bifurcate frorn À6 : m2 arrd À6 : m2u)2, proving thatI both ca^ses the distance from the transition curves is of order 2m ine. The methodemployed, at least for these special solutions is, from the cornputational view-point, fasta.d accurate, making unnecessary to deal with small divisors or determinants of infinitenat'rices' In fact, the recursive system of equations (8-11) r:arr be used not only for theietemination of the width of the instability regiorrs, Èut for nr:trrally Íinding asymptotic--"'rÌutions of (2) to arty <lesirecl order of opproxirrration, givilg zrlso irrsight on different:lroperties of the Fourier coefficients.
MucÌr work rernains to be done, for example, it would be clesirable to extend the:ormuÌas to tire more gerìeral form ìo: (mr +rrt2w)2f 4, rrL1,rrL2€Z
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