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The Hénon map [1] is a well-known two-dimensional
discrete-time system given by

zt+1 = c − z2
t

+ dwt,

wt+1 = zt, (1)

wherezt , wt represent dynamical variables,c, d are parame-
ters, andt = 0, 1, 2, . . . is the discrete time. It was proposed
in 1976 as a model to the Poincaré section of the Lorenz sys-
tem [2] governed by three autonomous nonlinear ordinary
first-order differential equations.

In some previous investigations some forms of modula-
tion were applied on the parameters of the Hénon map. For
example, in Ref. [3] a low-dissipative Hénon map (d = 0.9)
with coexisting period-1 and period-3 orbits was considered,
and a harmonic modulation was applied on the parameterc.
It was shown that, depending on the modulation, the period-
3 branch can be expanded, retracted, or even suppressed. In
Ref. [4] the parameterc is perturbed by a parametric modula-
tion based on deterministic pseudorandom dynamics, while
the parameterd is kept fixed in0.3. This time it was shown
that the dynamics can be aperiodic and not chaotic,i.e., ape-
riodic with a negative largest Lyapunov exponent.

In this paper we modulate both parameters in Eqs. (1), by
using the solutions of another Hénon map. With this aim, we
make

c = e + fxt, d = e + fyt, (2)

wheree, f are constant parameters, andxt , yt are a solution
of another Hénon map given by

xt+1 = a − x2
t

+ byt,

yt+1 = xt. (3)

The result of the use of the modulation (2) in Eq. (1) is
the four-dimensional system given by

xt+1 = a − x2
t

+ byt,

yt+1 = xt,

zt+1 = (e + fxt) − z2
t

+ (e + fyt)wt,

wt+1 = zt, (4)

which can be regarded as a coupling of two maps of the
plane: the Hénon map defined by the two first equations
in (4), or by Eqs. (3), and the modulated Hénon map, de-
fined by the two last equations in (4). Note that the two
first equations do not depend on the two last equations. In
other words, we have in (4) an unidirectional coupling of two
Hénon maps, namely a master-slave system. The purpose in
this paper is to verify possible modifications in the basins of
attraction of the Hénon map (3), by virtue of the imposed
modulation.

Figure 1 – Basins of attraction of the Hénon map (3), fora = 1.2

and b = −0.3. Shown are the initial conditions that lead the
system to period-1 (blue), period-3 (red), and to infinity (white).

Figure 1 shows the basins of attraction of the period-1 or-
bit in blue, period-3 orbit in red, and the divergence orbit in
white, for the Hénon map witha = 1.2 andb = −0.3. In
this and further plots, a mesh of750 × 750 initial conditions
was considered. Regarding bounded solutions, the Hénon
map exhibits two dynamic equilibrium states, period-1 and
period-3 for the parametersa = 1.2, b = −0.3. This coexis-
tence of more than one attractor has been detected in various
fields including, by instance, optics [5] and biology [6], and
is called multistability. Recent studies have shown that this
phenomenon is a characteristic feature of nonlinear systems,
that may be properly explored in more different systems. For



instance, multistability may be induced or suppressed, and
the emergence may be controlled and limited.

Figure 2 – Basins of attraction of the modulated Hénon map.
Shown are the initial conditions that lead the system (a) to
period-2 (green), (b) to period-3 (red), and to infinity (white).

Figure 2 is relative to the basins of attraction of the modu-
lated Hénon map, fore = 0.25 andf = 0.2. In Fig. 2(a), the
Hénon map was initialized at(x0, y0) = (0.1, 0.2), point P in
Fig. 1, corresponding to a period-1 orbit and, consequently,
to a fixed-point modulation. In Fig. 2(b) the Hénon map was
initialized at(x0, y0) = (−0.9, 1.0), point Q in Fig. 1, now
corresponding to a period-3 orbit, or a period-3 modulation.
Therefore, from plots in Fig. 2 we observe the following
phenomena:

• when we choose the initial condition in such way that
the orbit of the Hénon map is a period-1 orbit, the mod-
ulated Hénon map oscillates in a period-2 orbit, and

• when the initial condition leads the Hénon map to a
period-3 orbit, the modulated Hénon map oscillates also
in a period-3 orbit.

Hence, we conclude that the procedure of modulation annihi-
lates the multistability, and stabilizes the system in onlyone

periodic orbit.
In this paper we have investigated the effect caused by

using the output of a periodic Hénon map to modulate the
parameters of another Hénon map. We have shown numeri-
cally that multistability may be annihilated by the procedure.
Two cases were considered:(i) in the first, we have used a
period-1 solution of a multistable Hénon map as the modu-
lation, obtaining a solitary period-2 orbit in the modulated
Hénon map;(ii) in the second case, we have used a period-3
solution of the same multistable Hénon map as the modula-
tion, this time obtaining a solitary period-3 orbit in the mod-
ulated Hénon map.
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