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1. BASIC INFORMATION

In the last decade, econophysics and sociophysics mod-
els have attracted the attention of physicists, due to the cur-
rent availability of great amounts of data and computing
power. The Sznajd model simulates the propagation of opin-
ions in a society, using an agent-based approach. It has
been successfully employed in modeling some properties
and scale features of both proportional and majority elec-
tions [Bernardes et al.] [Costa Filho et al.], but its stationary
states are always consensus states. Seeking to explain more
complicated behaviours in an unified way, we have modified
the bounded confidence idea, found in other opinion models
[Deffuant et al.], to allow for complex opinion interactions.

The attractor structure of the resulting model can be
solved in a mean-field approach and Monte Carlo simula-
tions in a Barabási-Albert network show great similarities
with the mean-field, for the tested cases of 3 and 4 opinions
[Timpanaro & Prado].

1.1. Model Definition

The society is modeled as a network. Each node is an
agent (person), each edge is a social connection (friendship,
marriage, acquaintances, etc.) and each node possesses an
integer between 1 and M , representing its opinion. At each
time step, a node i is chosen at random, and then a neighbour
j (another node, connected to i) is also chosen. If they agree
(i and j possess the same integer value), then a neighbour
of j, k is chosen. If σi and σk are respectively the opinions
of i and k, then k is convinced (meaning it assumes the same
value as i and j, σi) with probability pσk→σi

, or nothing hap-
pens. If instead, i and j disagree, nothing happens.

The idea is that the first step represents a conversation
between two people that know each other and they discuss
some issue. If they disagree, none manages to convince the
other. But, if they agree, they may set to convince another
person, that one of them knows, and this person is convinced

with a certain probability, that depends of its current point of
view and of the pair opinion. The reason why this probabil-
ity must depend on both opinions is that, usualy an opinion
includes prejudices about differing points of view.

The mean field version of this model is equivalent to the
model simulated in a complete network (all nodes are con-
nected to every other node). If ησ is the proportion of nodes
holding opinion σ and the network is large, then the dynam-
ics is given by the flow

η̇σ =
∑
σ′

(
η2
σησ′pσ′→σ − ηση

2
σ′pσ→σ′

)
, (1)

where one time unit corresponds to N simulation time steps
and N is the number of nodes. The phase space of this flow
is an (M − 1)-simplex (that is embedded in an M dimen-
sional space for convenience), where the vertices correspond
to consensus states and the other states are convex combina-
tions of the vertices, with coeficients ησ .

1.2. Mean-Field Results

Using linear stability analysis, we were able to find the
qualitative structure of fixed points and attractors. The sys-
tem has M(M − 1) parameters pσ→σ′ , where M is the num-
ber of opinions and the parameters are in the interval [0, 1].
These parameters can be thought as the terms of the adja-
cency matrix of a weighted graph, that will be called the
confidence rule, and denoted R, which helps to schematize
the interactions among the different opinions. We can assign
a skeleton Sk(G) to a weighted graph G, which is the di-
rected graph with the same nodes as the weighted graph, and
all the arrows that have a non-zero weight (Figure 1). We can
also assign to each group of nodes, ∆, in the confidence rule,
the manifold M∆, where only the opinions in ∆ survive. In
this way, the flow restricted toM∆ is equivalent to the model
with a confidence rule R∆, the subgraph of R induced by ∆.

The linear analysis results in [Timpanaro & Prado] can be
summed up as

• If ∆ is a set of opinions, such that Sk(R∆) is symmet-
ric, then there exists a repeller, where all the opinions in
∆ survive. For 3 opinions, this repeller is a fixed point.



Figure 1 – A confidence rule for 5 opinions and its skeleton.
Here p1→2 = 0.2, p1→4 = 0.1, p1→5 = 0.3, p3→1 = 1,
p3→2 = 0.8, p3→4 = 1, p4→3 = 0.2, p5→4 = 0.5 and pσ→σ′ = 0
otherwise.

• The manifold M∆ is an attractor, where all of its points
are fixed points iff the opinions in ∆ are non-interacting,
and every opinion not in ∆ can be convinced by at least
one opinion in it.

A phase portrait that helps to ilustrate the linear analysis re-
sults for M = 3 can be found in figure 2.

Figure 2 – Phase portrait for the mean-field model in a 3 opin-
ions case. All the weights in the skeleton are 1.

1.3. Simulations

Simulations of the model in a Barabási-Albert network
show a very similar phase portrait (Figure 3 shows the simu-
lation results of the previous mean-field case) for 3 opinions,
and the attractor structure agrees with what was found in the
mean-field analysis. The “phase space” in this case is actu-
ally a projection to the (M−1)-simplex, where the states are
described by ησ . As such, some odd phenomena are possi-
ble, as the crossing of trajectories seen in figure 3. Moreover,
the derivation of equation 1 makes it clear that the variables
in the flow are actually the expected values for the simula-
tion (in a complete network). So, to draw the trajectories, we
made an average over many simulations and the initial con-
ditions were enforced only by changing the probabilities that
a site would start with a given opinion.

Figure 3 – Phase portrait for the simulated model in the same
case as figure 2. The marks indicate the locations of the fixed
points in the mean-field model.
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