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A VARITATICNAL PRINCIPLE FOR THE PLASHA CENTRIFUGE
G.0. Ludwig

Surowry: A variational principle is derived which describes the stationary state
of L plasma column In g plasea centrifuge. Starting with the fluid equations

in o rotatina freme the theory 15 developed usina the method of irreversible
thercodynamics. This formutation easily loads to an cxpression for the densily
iratribution of the f-species at sedimentation equilibrium, taking into acceunt
the etfect of the electric and magnetic forces. Assuming stationary boundary
conditions and rinid rotation nonequilibriuc States the condition for
therimdynapic stahility inteqrated over the volume of the system reduces, under
cortain restrictions, to the principle of minimum entropy production in the
stationary state. This principle yields a variational -problem which is
vquivalent to the original problem pesed by the stationary fluid eguations. The
variational method is useful in achieving approximate solutions that give the
electric prtential and current distributions in the rotating plasma column
consistent with an assumed plasaa deasity profile,

1 Introduction

Rotation in a fully ionized plasma column is induced by crossed electric
and magnetic fields. This concept led to the developmenl of vacuum-arc
centrifuges [3,4,6,9) in which it was shown that isotopic enrichment well in
excess of those measured earlier in gas discharge centrifuges [2,8,10] can be
attained. The advantaée of a fully ionized plasma centrifuge over their .
partially jonized counterpart is that the former is not limited to values of
the rotational velocity below the Alfven ¢ritical velscity [1]. In the device
under consideration a highly ionized'p1asma consisting of the'Lathode material
is created by an arc discharge and propagates into a vacuum, streaming along
the maqnetic field lines. As a result of ambipolar diffusionacross the magnetic
field Tines a self-comsistent electric field is established ip the cylindrical
plasma column, This $nward dirccted radial electric field, crossed with the
axial magnetic field, determines the rotation frequency of the plasma, to
tuwest erder. The negative radial pressure gradient and ihe centrifugal radial
force, cro§59d with the axial magnetic field, produce an azimuthal driftof the
positive ions in the direction npposite to the electromignetic drift,
Accordingly, the azimuthal velocity of the jons is somewhat slawer than the

£~ B/B8° value. On the other hand, the diamagnetic drift of the electrons adds
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to the electromagnetic drift. Thus a net azimuthal current flows in the
direction opposite to the plasma rotaticn, The resulting inwavd directed
Lorenls force balances the out'-.-m-rd forces and confines the plasma column. An
interesting situation takes place for sufficiently Iarge'valucsnf the rotation
velocity; the radial electric field in the retating frame points oubtward and
the negatively charged plasma column can be electrostatically confined. Due to
collisions between fons an azinuthal {riclional force arises which, craossed
.with the axial magnetic field, produces an inwdrd directed radial drift of the
fons with smaller m/Z value and ar outward Jdrift of the iens with larger o/f.
Finally, a situation is reached in which the colun rotates as a rigid rotor
and each 3on species attains a condition of dynamical equilibrima between
sedimentation, diffusion and nlectromagnetic forces. Slow radinl diffusiop of
the plasma column, constrained by charge neutrality, proceeds a3 a result of
electron-ion collisions,
The above physical account basically describes the centrifuge process in
a fully ionized plasma column. Oue ta the complexities of the processes at the
cathode region, the amalysis of the pTasma centrifuge is usually restricted to
the quasi-equitibrium stéadynstate in which the plasma column isuncoupled from
the cathode. Tuo problems must be addressed in this analysis: the density
distribution of the various ion species in sedimentation equilibrium, that is,
the elementary separation factor that ran be achieved in the plasma coluinn; and
the profiles of the various plasma parameters, particularly of the self-
consistent radia]zelectric field., In this work an analyticatl. model for the
quasi-equilibrium steady-state of the plasma centrifuqe is presentod using the

method of irreversible thermodynamics,

2 Analytical model

In a2 reference frame rotating with the constant angular velocity 9 the
one-fluid equations that describe a plasma with several components are

o -
. * T e 1 - ol
.“u(pmc,u)/dt-rv {:_\mc“u Y .¥ I(_‘,
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pm{i)-l:'filt Pt el ) = —‘!p-?-:T‘-?pngXﬁ'+pm‘.f'( ]ﬁx}tlz.’?)vuf'{j 'x([§°+§) .
aU/atent Tl (Map) Vel = -v-&i-'f.-?:vﬁujc.[E'+‘J'x(i§°+§)].
The sivcies a is conveniently described by the.concentration c&: qswljpm and
the diftusion momentum fqv:nlqi(ﬁ;—ﬁ'], vhich satisfy
(L U
The mass conscrvation equations for each species add up to
ipm/3t+V'[an')= g,
where Vi ts the total mass densi_ty. The primed qﬁantities are picasured 1n the
rotating frame, so that U - Gl is the velocity of the center of mass in
the inertial treme, The clectric field transforms from one frame to the other
according to
£ B (0r) «(B,48)
where B, denotes the external magnetic field and B the internal field. The
current density j‘ is given by-the sum of the convection current density U’
and the ronductien current density jc::g(ea/ma)ﬁa.
The local entropy density S satisfies the entropy balance equation
15/3taV+(SU') = -v-ﬁs+u,
where js is the entropy flux, jiven in terms of the heat flux a and the
thermodynamic potentials per unit mass of each species My by
js = qu{{i_ﬁ“u-{u);
and o ﬁs the rate of production of entropy, given in terms of Lhe independent

thermadynamic fluxes and forces for a compound system of & components by
£-1
) .-._)l' i 3 t L] Y -—.' - _1:?"."'
o qevT +ai|[“ ()(L_t KRJ T Hisvu'z0,

.l

Ihe thermodynamic force X, associated with diffusion phenomena, is defined by
Xm0t /T)-(e /m TR+l x(B,48)3).

The ions and electrons in a plasma comprise ideal mixtures, for which the

following thermodynamic relation is valid

TVl /T) = (KT/m J[n> vn +p”'Vpe(5T/2)9T 711,
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The pressure p and the temperature T satisfy the ideal gas law p - nkl, where
n=rn is the particle density, and U= 3p/2 is the internal cnergy density.

A bastc inequality in the present formulation is the condition for

intrinsic thermadynamic stabibity of a fluid mixture which may be written as

3 A Ymfaan)? 3
;E(T]EE"jn(fLJ - é?{hﬁﬂ ?{{le) <0.

A<sune that the plasma colunn has reached a state of wechanical
couilibrivm with spall velocity gradients. In this state the coluwn rotates as
g8 rigit body and not only the acceleration vanishes but also the viscous
stress tensor o may be neglected. With the rigid rotor assumplion (3'1?0,

u'=0) the fluid equations in the rotating frame become

pmaca/at:z-V-F“ (dum/dt'fﬁ),

OTT-Vp+9mV(|§X?I?/2)+pf'+jcx{§0+g),

GU/at;:-V-ﬁ+5C-g',
and the rate of production of entropy is given by

£-1 o
U"-(]’YJ’T +{-1)1Ia'(xa')(£)"‘0’
where xl_‘ o -[V{UNIT)_EGE I‘lmaT] .

Using standard procedures {51, it can be shown that at mechanical

eguilibrium

. 9‘1 ,
Tn:-‘_} ..thl } Y

]
C‘ (I'.
1 2 10

with the independent thermodynamic forces given by (for =1, 2, ..., 2-1}

(B8 -
[sz F1+i_ip;__[_2] [Lngﬂ;—;f]

The diffusion momentum F{ =n.m (ﬁ&-ﬁ;) is defined with respect toan arbitrary
. Te0 o

t-1 I
;SR R _m.
A 12316 o) c J[kv kT [I'nm

. . - - .
reference velocity given by G; =xaau;, where a,;, a;, ... a2 are the normalized
’ {1 ¢

weights (Eau= 1). On a long enough time scale one can consider the situationof

a fully ionized plasma mixture in which the jon companents are in sedimentation

equilibrium but not the clectrons (the subscripts =1, 2, ... ?2-1 indicate ivn
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corponents and the subscript a=2 indicates the electron qas). For an ion
mixture in isothermal and sedimentation equiltibrium the vanishing oi the
therncdynamic fe.ces that act on the ions gives an explicit expression for

17 i > i el 4 ~f T } ; = T -T"\"
(’J.}p,f which can be substituted into the relation (v“u)p,T {(x qu)n“ n,-

One then obtains an expression that relates the densities of two ion specios

at esch pasition
Vrﬁu?ﬁT-~1— (n , )[”’F +§-ffé—+3)
kT 4 v

m

e o VE']
(e, e}fJ

From this expression the separation factor can be calculated if the other
releyant pTasma parameters are known. [t must be pointed out that for a plasma
(ions and electrons) in thermodynamic equitibrium the conduction current
strictly vanishes. However, due to the smallness of the mass ratio me/mi. one
may assume that only the ion species are in sedimentation equilibrium on the
time scale under considération.

Hsing the conservation laws for diffusing components in 2 rotating frame
the condition for intrinsic stability may be rearranged in the form

v {-é;l{;] Hnﬁcuﬁé éi(ﬁﬁﬂ*a'é%[v%]* z%:f ét(? 'Yi)"'é'%ﬁ;SU'
Assuming quasi-stationéry conditions for the electremagnetic fieid the last
term in the above equation may be neglected. The e1ectromagnefic field
variabics are self-consistently deternined by Maxwell's equations.neglecting
the disnlacement current and introducing the electrostatic potential ¢' so
that £’ = -ve'. Integrating the stability condition over the volume of the

system and assuming stationary boundary conditions at the surface, one finds

thal

- n
Iy 'b“[ T]+ X f "3t e i-Jd r<0,
which has the general form
fv(§31»ax1/3t)dsrgo,

whereas the entropy production rate is aiven by



3= %Ji'xi‘;o. - ' :
The total entropy production P in the system is5 the velume inteqral of o,

Taking tne differential with respect to time

Ly 3. g, [ St er

it v i1 ot vy ot °
Hence, as long as the change of the entropy production is due to the rate of
change of the thermodynamic forces, it will be neqgative. If the following
condibjpns sre satisfied: (1) Tinear phenomenglionical relations; (2) consiant
phennmenoloqical transport coefficients; (3) Onsager reciprocal relations
(valid for a weakly maqnetized plasma), then it can be easily shows that [5]

aP/at:ZIU(;;Zﬁi-ai(’i/nt)dirsO.
The inequalities P=0 and 3P/0t<0 imply the diminishing of the total entropy
production unti} the stationazry state is reached (Prigogine's principle of
minimum entropy production). Therefore, the rigid-rotor equilibria for a
weakly magnetized plasma with constant transport coefricients canbe determined
by the solution of the variational problem &P= 0 with fixedboundary conditions.
Conversely, it can be shown that the variational principle §P=( leads to the
solution of the filuid equatiens in the stationary state [5].

ruch simplificatioen can be introduced in the descriptioﬁ of the plasma
equilibrium of this fully ionized plasma composed of several components if one
considers the essentialy inertialess character of the electrons, In the 1imit
me-O. the entropy production rale beromes

To- T(ﬁ+5ijC/29}'VT- t }jc -['E'+(me/e }{Vue)T]‘),O,
where jcz:—e?e/me. Using Spitzer's notation the constitutive rejations for 3
woakly magnetized plasma are written

3(: = n-l[E'+fl!le/9){§?ue)-l-]4n?7.
g = —B[f'+(me;’e)(Vue)T]-fVT.

vhere n is the resistivity, x the thermal conductivity, « the Scebeck

coefficient and R, according to Onsager's relations, is given by p=aT+bkT/2¢n.
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In the relation (Vpe)T= (Vue)p’T+vp/men, the agradient of the pressure p can be
expressed in terms of the mechanical and electromagnetic forcesby the condition
of mechanical equilibfium. which, for a quasi-neutral plasma (p= 0), becomes

vp - pr'"\'.’{ Ifﬁx;1212}+_jcx(§u+ﬁ).

The explicit contribution of the Hall electric field 3CK(§O+E]/en in the
expression of o vanishes, that is, this term corresponds to a nondissipative
transport effect. However, at mechanical equilibrium the influence of the Hall
field in the entropy production rate is implicitly present in the Vp term,
Thus to determine 3c ore has to solve the equation

EC-ECX(§D+§)Ienn:=E*}n+a?T,
where £* is a generalized clectric field defined by

E*=E'+(pm/en)v(|§xF]2/2)'+(kT/e)n;‘Vne.

In the low-beta approximation one can neglect the magnetic induction generated
b, the plasma ([8]<<|B,|). Introducing the unit vector b,=B,/|B,| one obtains

3o = (E*/neavT) b boa14(8,/enn)? 17 (B, | /enn) (B*/nsavT )b, -

~[1+(Bu/enn)a]“[(E*/n+avT)x5a]x60.

A=suming that only clectric conduction takes place but no temperature
gradient exists the expression for o becomes {with f:='f*o50)

TU=36°-€*= [E:lzhw[h(Bo/enn)a]-lI-E'Ilzfn-“,o. '

In iLhis case the variational principle assumes the form of Steenbeck's
minimum brincip]e n.

:Sjv{|f:|2+[1+(80/ennf]'1IEIIZJd’r=0.

The assumption of constant transport coefficient is justifiable in this case,
because the resistivity is basically a function of the temperature T, The
variational principle can be used to compute the clectrostatic potential
distribution in the plasma column consistent with an assumed particle density
distribution. Application of this scheme to a cylindrical discharge is the
purpose of the next section, To conclude this sect%on consider the virial

theorcm in the inertial frame, Within the rigid-rotor approxtmation (U = fxr)
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and assuming negliaible viscosity effects (7=0) in a low-beta plasma (6 0)
this theorem can be written in the form

Ivdlrfpm,%:*-l:|2+3p+f:3Ea/2+_r>‘-(}X‘énh = i}ssz“'-;'(Dﬂ'C,,Ez12)-;'CD‘€E>)
where the brackets indicate average values (steady-state values} over a large
tiwe interval. The virial theorem relates the values of the angular retation
frequency and the voltage drop in the plasma column., The voltage drop, or the
clectrostatic potential distribution for that matter, is computed using the
variational principle, consistently with a prescribed density profile. Finaily,
the value of @ and the calculated electrostatic poiential profile can be used

to compute the separation factors for each ion species.

3 Application to the plasma centrifuge

In this section the variational principle derived in the previous
section is utilized to compute the ﬁrofi]es of the self-consistent radial
alectric field and azimuthal current density in the quasi-equilibrium steady-
state of the plasma centrifuge. Only a brief outline of the method is presented
with application to a simple case. Consider a cylindrical rotating plasma in
a uniform magnetic field in the axial direction. A1l equilibrium quantities

depend on r only. For this type of equilibrium, Steenbeck's minimum principle

beconies
dn

Tor. {8,)277? d¢‘ 0m kT e)?
(BT 8 - g o

The boundary conditions on ¢’ are $'(0) = D, o'{rgl=¢,= $o-s1B,rs/2. Now assume
a fully ionized plasma formed by electrons of density N and a dilute binary
mirture of ions so that n,<<n;. Assuming, furthermore, tlhat moum, , one has (in
the limit me*{]) Py “ MMy By the condition of quasi-neutrality,

pe (n121+n222-ne}e-30, it follows that R =n,Z, and n = n1+n2+ne-"n(1+21)

Substitution in the minimum principie gives

I I:1 [(hzl)en n ]?]-l[ad_{ o 2?,;%1‘_;_.4.33&]“&]] rdr-0,
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where n_ is the electron density normalized to some reference value. Now
Z,8,1+Z; Jenm@ v ., where R =eB /m and T . is the electron-ion collision
time. For typical parameters in the plasma centrifuge {6] this is a larqe
number, that is, the electrons are strongly magnetized. This 3s inconsistent
with the simplified form that was assumed for the constitutive relations and
the present calculation is strictly valid only in the weakly magnetized plasma
regime. However, since it is intented as an iTlustrative example of the method,
the strongly magnetized plasma approximation will be adopted in the following.

One expects the conclusions to be approximately valid if the proper value of

the perpendicular resistivity is used. With the assumption Qerei>>1, one
obtains (with x=rir.} '

e¢ :|-Q ra . : =

Accnrd1ng to the Rayleigh-Ritz method, the electrostatic potential can
be approximated by the poTynomial expansion

ed' /XT= (o’ /kT)[xh e, x‘“(x—n]

and the var}ational procedure leads to a set of linear equations for Ci (i=1,

2, ..., n). If the electron density has a Gaussian profile such that

~ mlﬂ r? Ef:)
"e'exp[[ztnz KT kT ‘”{] E"p

the equations are homogeneous, c, =¢, =...5C 3 0 and the electrostatic

potential profile is exactly paraboiic ¢'=¢,r?/ri, In this case the conduction
current density and the entropy production rate vanish and one has 2 situation
of thermodynamic equilibrium with electrostatic confinement, In general, this
is not the case and the electrostatic density ﬁrofile is modified by the
current. Anyhow, the calculated profiles can be substituted in the virial

theorem leading to in equation which relates the angular rotation frequency

and the plasma parameters, For a rotating'cylindrical discharge

4

v
Inotomﬂfr‘+3p+e,Ei/2+oﬁ8,r’+(jc)OB,r]rdr= rodp- e Ll/e) .
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For a very low-beta plasma one may neglect pressure effects, Hence

N[ orrsarl Jtree g2r2m,) of e k228, prersf *(5.3 rrd
Q= Jo ~-plr TJ [ rée, r/ o ro+ 0 €, r/ grars 0 Jc or {].
As an example, consider the simple case of electrostatic confinement (jc'rﬂ)

viith E :-2¢ur/rﬁ and g -hepdo/ri. It follows that

I‘" Stb
-zt [‘“’[ """‘} } 248, -

One verifies that electrostatic confinement is possible if Q=59 /2riB
(E;; -Er/4) and a = 2ru(e¢0/kT)"”. For this equilibrium the angular rotation
frequeicy decreases for Targe values of the external induction, This simple
case illustrates the usefulness of the variational method in achieving
solutions to the problem of guasi-equilibrium in the plasma centrifuge. In
general, one has to consider the effects of finite diamagnetic currents and
plasma pressure, Furthermore, to describe coerrectly the plasma centrifuge
problem the minimum principle has to be extended to include flow terms in the
axial direction and the strongly magnetized plasma constitutive relations must
be used. One expects to deal with this last aspect devining a loca) potential
[11) appropriate to the centrifuge problem. Full application of the method

will be presented elsewhere.
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