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EQUILIBRIUM STABILITY OF S%&AINED EPITAXIAL LAYERS
ON A RIGID SUBSTRATE*

E. Grénato, MCT/Instituto de Pesquisas Espaciais - INPE, La
boratorio Associado de Sensores e Materiais - LAS, CaixaPos
tal 515, 12201 - Sao José dos Campos, SP, Brasil

J.M. Kosterlitz and S.C. Ying - Department of Physics,Brown
University, Providence, R.I. 02912 - USA

ABSTRACT - A simple theory of the equilibrium stability of
an strained epitaxial layer on a rigid substrate is presen-
ted. We generalize the Frank-van der Merwe model of a sin-
gle layer and consider N layers of adsorbate on a substrate.
Continuum elasticity theory is used to describe each layer,
but the coupling between layers is treated in a discrete
fashion. Our method interpolates between a few layers and
the thick film limit of standard dislocation theory, and in
this 1imit the standard results are obtained. In addition,
we develop a variational approach which agrees well with our
exact calculations. The advantage of our method over pre-
vious ones is that it allows to perform stability analyses
of arbitrary superlattice configurations.

1. INTRODUCTION

With the advent of the Molecular Bean Epitaxy, a
great deal of work has been devoted to the study of coheren-
tly strained layered structures. The importance of these
structures for applications as electronic devices is by now
well established.® However, there still remain some funda-
mental questions regarding the stability of these structu-
res as the thickness increases.

In this work we present a simplie theory of equi-

librium stability of a strained epitaxial layer on a rigid

* Supported in part by an ONR contract (8.C.Y.), the MRL
program at Brown University (J.M:K. and $.C.Y.) and an NSF-
CNPq contract of cooperation between Brown University and
INPE.
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substrate.? We generalize the Frank-van der Merwe® model of
a'single layer and consider N layers of gdsorbate on a su-
bstra%e. Continuum elasticity theory is used to describe
each layer, but the coupling between layers is treated 1in
a discrete fashion. The analyses is performed at zero tem-
perature but certainly the statistical mechanics treatment
of this model for finite temperatures will be a challenging
problem. Even for the case of two layers of adsorbate in the
absence of a substrate some interesting results are obtai-
ned.* The critical thickness for a given misfit fs obtai-
ned by computing the energy of a single misfit dislocation
as a function of thickness. When this'energy vanishes, the
equilibrium critical thickness is reached. Our method in-
terpolates between a few layers and the thick film Timit
of standard dislocation theory. We also develop a variational
approach which agrees well with the exact calculations and
gives the standard result in the thick film limit. The ad-
vantage of our approach over previous ones is that it allows
fo perform the stability analyses of arbitrary superlattice
conffgurations. Here, we present and discuss the main re-
sults. A detailed account of this work will be published

elsewhere.?s"
2. THE MODEL

We consider N layers of adsorbate on a substrate.
For simplicity, each overlayer is assumed to become incom-

mensurate with the substrate in one direction only. We fur-
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ther assume that each layer can be described by continuum
edasticity theory, but the coupling betwgen them is treated
in a hiscrete manner., This allows for abrupt changes in the
system in the direction normal to the substrate. A general
Hamiltonian for this system can be written in terms of the
density of each layer, described by the function

G, X ien(x) . (1)

where the reciprocal lattice vector Gn . 2r is the natural

an
periodicity of the nt--h layer.? Displacements are allowed on-

pn(X) = po Re e e

ly in the x-direction. For the case of a rigid substrate and
N identical layers, the Hamiltonian describing the system

can be written as
- K N d . N-1 .
H = —E— nz (— 6 (x) - 8)% + v E (1 - cos(en- 9n+1)+

+ h(1 - cos 6,) 1 ax . (2)

The first term in (2) describes the elastic energy
required to straiﬁ each layer, the second termdescribes the
coupling between layers and the final term is the effect of
the rigid substrate potential which acts only on the first
layer. & is proportional to the mismatch between the over-

layer and the substrate.
3. RESULTS AND DISCUSSION

To proceed with the calculation we have to mini-
mize the energy with respect to the en(x), but this will

lead to a system of coupled sine - Gordon equations which
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are somewhat intractable even when N=2. To simplify thecal-
culation without changing significantly the physics invol-
ved, we replace the cosine interaction by a periodic para-

bolic interaction V(e) defined by

b

V(o) = 1 92 R -TS0sT
2

(3)
V(e+2w) = V(e)

Although the calculations were performed using
this approximation, we do not expect the behavior will de-
pend on the particular choice of potential. Performing now
the minimisation leads to a set of linear equations of mo-
tion for 0 < 6, S m. The general solution othhe system of
differential equations has the form ei(x)= Ioagy e ij +
b K. x 3=

ij © J%. Two possibilities arise: either there is a so-

liton in ei(x) which corresponds to the removal or addition
of acolumn of atoms to the ith layer or there is not. The former
corresponds to the boundary condition ei(-L/2)=0, ei(L/2)=2n
for asystemof length L, and the1atter‘toei(-L/2)=ei(L/2) =0,

We have investigated the energy of the soliton
configurations from the registred state analyticaly for N=
1, 2, 3 and 4 and numericaly for N > 4. We find that the
configurations with lowest critical misfit always fall into
two classes. For sufficiently small h/v the onset of stabi-
lity is determined by a configuration with a soliton in ev-
ery layer corresponding to a conventional misfit disioca-
tion at the interface. For h/v > 1.2, we find that the first

layer remain essentially connensurate with the substrate,
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except for an elastic distortion in form of a twist, where

01(-L/2) = 8,(0) = 8 (L/2) = 0 and 6:(x) = -8,(-x). Each of

the remaining N-1 layers has a soliton which corresponds to

a misfit dislocation between the first and second layers.

The soliton width increases with distance from the substra-
te.
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The results of the calculation of the critical

misfit are indicated in Fig.[1]. For larger N, this method

becomes time consuming, so we have also performed a varia-

tional calculation. Using the information gleaned from the

calculations described above, we assume a soliton in each

layer centered at x=0, and in the Timit L » « the phase

en(x) is assumed to have the following variational form

en(x) = ne KpX , X <0
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In addition we make the ansatz that to minimize the energy

5
N
venby“6c= gn/antakesthe form & _= L WK/ AnBy
2
N

o

we take kn=An" , with the result that the critical misfit gi-

T [(ne1)® - n%32

: : + h/v
1 (n+1)% + n®

N N-
r n%, By = I

where AN = \ N

n
When N is large we find that the minimum value of the energy
will be reached when o=1, so that the critical misfit fi-
nally reduces to the form

s = T /ﬁ% Ln N ] (5)

L V) N

This is the same dependence as the more .conven-
tional theory of misfit dislocations.® The agreement of the
variational calculation with the exact solution is quite

good (see fig.[1]).
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