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RELATIVISTIC ELECTROMAGNETIC WAVES IN AN ELECTRON-ION PLASMA
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ABSTRACT

High power lagser beams can drive plasma particles to relativ-
istic energies. An accurate description of strong waves requires
the inclusion of ion dymamics in the analysis. The squations goverm-
ing the propagation cf relativistic electremagnetic waves in a cold
electron-ion plasma can be reduced to two equations expressing con-
servation of energv-momentum of the system. The two conservation
constants are functions of the plasma stream velocity, the wave
velocity, the wave amplitude and the electron-iom mass ratio. The
dynamic parameter, expressing electron-ion momentum conservation in
the laboratory frame, can be regarded as anm adjustable gquantity, a
suitable choice of which will yield self-consistent solutions when
other plasma parameters have been specified. Circularly polarized
electromagnetic waves and electrostatic plasma waves are used as
illustrations.

INTRODUCTION

Recently, there has been considerable interest in the subject of
strong electromagnetic waves in plasma because of its ??p%}cations'
to laser-plasma interaction and pulsar electrodynamics .

*On leave from: Institute for Space Research (INPE/CNPq), C.P. 515,
12200-S3o0 José dos Campos, SP, Brazil

{To be published in '"Laser Interaction and Related Plasma Phenomena'
Volume 6, H.Hora and G.H.Miley, eds., Plenum Press(1983))



In the presence of an intense laser field, the plasma particles
can acquire quiver oscillation energies exceeding particle rest mass
energies such that relativistic effects of particle mass variation
have to be taken into account(#), Several studies have demonstrated
that relativistic effects are of significant i gortance in such
laser-glasma phenomena a§ resonant absorption(5 s SblitoE)forma-
tion(® s self-focusing(7 s density Brofile modification( and pro-
duction of large DC magnetic fie1d (9)

In earlier works on strong traveling waves (see e.g. Ref. 10-12)
only the electron motion was considered, whereas the motion of posi-
tive ions was ignored. The results obtained thus apply to compara-
tively small laser intensities for which the ion dynamics is negli-
gible because of its large rest mass. Nevertheless, when a very in-
tense laser field is present, ions can attain considerable quiver
velocities. TFor instance, it has been suggested that the ion dyna-
mics ma¥5?e important in the later stages of the resonant absorption
process‘~’; in a recent study of the inverse Faraday effect it
was shown that the DC magnetic field induced by a circularly polar-
ized laser can be greatly reduced by the effects of ion motion.
Therefore, an accurate description of strong waves requires the in-
clusien of ion dymamics.

In the theory of relativistic electromagnetic waves in an elec~
tron-ion plasma a dynamic parameter, relating electron and ion mo-
menta, necessarily appears. In previous papers (see e.g. Ref. l4),
strong wave solutions were obtained by treating the dynamic para-
meter either as an arbitrary constant or as a plasma drift velocity.
This leads to mathematically correct, but physically misleading
solutions.

The purpoese of this paper is to elucidate the role played by
the dynamic parameter in the determination of self-consistent strong
wave solutions. It is shown that, the problem can be reduced to two
conservation relations for the energy-momentum of the system. 1In
the laboratory frame, the dypamic parameter expresses conservation of
electron-ion momenta. In addition, there is an amplitude parameter
that expresses conservation of electrowagnetic field-particle energy
density. These two parameters are functions of the plasma stream
velocity, the wave velocity, the wave amplitude and the electromn-
ion mass ratio. We will conclude that the dynamic parameter must be
regarded as an adjustable quantity, equivalent to an eigenvalue of
the system, a suitable choice of which will yield self-consistent
wave solutions when the value of the amplitude parameter and other
plasma parameters have been allocated.



CONSERVATION RELATIONS IN THE LABORATORY FRAME

Consider a cold two-fluid electron-ion plasma. The laboratory
frame is chosen to be an arbitrary frame in which a traveling wave
propagates with a constant velocity ¢2/n [where ¢ = speed of light,
n = index of refraction gnd 2 = (o,o,l)], the plasma moves with a
certain stream velocity Vg (where -¢ < Vg < c), and the sclutions
depend on space and time coordinates only through the combination
& = t -nz/c.

The governing equations written in terms of the phase 6 are the
relativistic equations of motion

v x3B
q
d T, _e (% a
(1 =-av /) g5 (V) = z, E+—¢ , 1)
the equations of continuity
dNa- n d
T " cas Mavar) O ’ 2)
and Maxwell's equations
5% dEZ
-2 ge = 4me(N, - N) ) (3>
de
36 - , (4)
- dF _dB
% E'e_ = 'Eé' s (5)
> -
~ dB _ dE T e
nz X oo =2+ éwe(hivi Neve) R (6)

3

where Yy = {1 - vazicz)_ and o = (e,i}.

Conditions describing the average particle number density and
flux can be obtained by taking the phase-average of Egs. (3) and
(6), which gives

<Ne> = 4Ni> R (7)

<NV > =<NV.> ’ (8)



where the angular bracket denotes averaging over ome period im 6.
In nonlinear theory, it is convenient to define the plasma stream
velocity as the ratio of the average particle flux to the average
number density(1¥19). 1t follows from Eqs. (7) and (8) that the
electron and jon streaming velocities are equal

- <N;¢e> <Ni¢i>

v = = . (9

<N . >
s <Ne> Ni

A sgationary plasma corresponds to the particular case in which
<Nava> = (.,

It is easy to show that 35, as defined by Eq. (9), Lorentz-
transforms like any velocity. Suppose there are two frames §' and
S, where S has a veloecity Vz relative to S'. Then, the averaged
particle flux and number densities in two frames are related by

<N¢;> = <N‘$;'> , ész> = r(<N‘vz'> - V<N'>) (10

<N> = T(<N'> = V<N'Vz'>/c2) , {(11)

2,-%

where £ = (x,y) and T = (1 - v2/c )} *. Note that phase averaging is
a Lorentz-invariant operation. Dividing Eq. (10) by Eq. (1l1) gives

ﬁél 'v;z -V
v o= (12)
¥ »
sz 1 - v /cz
sz

v, =

st ' 2
T - VVsz/c )

which indeed satisfies the Lorentz transformation for velocities.
This suggests that if in S' the plasma has a cgrtain stream velocity
Vg, then an observer in § that has a velociry V! relative to 8' will
"see" a stationary plasma with V_ = 0. Hence, the nonlipear disper-
sion relation for a streaming plasma can be obtazined from the non-
linear dispersion relation for a statiomary plasma by a Lorentz
transformation(12,13,1

The behavior of electron and ion number densities follows upon
integrating Eq. (2), giving

%
N

N " T-w Je (13)
oz

where N* = <N > (1 - av /o).
o sz



An integration of Eg. (5) gives
B =n2xE+ <B> , (14)

.+ 3 > 3
where <B> denotes the magnetostatic field. In this paper an ummag-
netized plasma is considered so <B> = 0.

A conservation relation for electron and ion momenta can be ob-
tained from the tramsverse and longitudinal components of Eq. (1),
namgly(l?),

.+
Ugr + Wi, =D, , (15)
(u;, - ny;)) +uu, - nYe) =D, s (16)

-~
where u = ywie, ¥y =m /m, and D is a constant vector. Eqs. (15) and
(16) can be combined IntS a single equation

-+ - ~ -
uy + wu = n(yi + uye)z =D (17)

Thus, the dynamic parameter i) expresses gpnsegvatigp of electron-~
ion momenta. In the absence of_a wave, Ve = vi = VS, Eq. (17) be-
comes

1+ QA - VSZ/cz)‘lﬁ i?s - n(l + (1 - VSZ/CZ)_%E =D, (18)

which shows that D is a function of 3; n and y. It will be seen
later that for large wave amplitudes D also depends on the wave in-
tensity. In linear theory, Vo = Vg + ¥, ( where ?Fadenotes small
perturbations), Eq. (17) reduces to

T. +wv_ =0 . (19)
ip ep

Hence, in this limit, ) is still given by Eq. (18) because the aver-
age values of the perturbed particle velocities are zero.

An energy conservation relation gan be obtained as follows.
A scalar product of Eq. (1) with 3&/c gives

e e > -+
mec -E*=—-—*—E'Ve , (20)
N
dy. eN.
2 i ix =
mic -a-e—=—-;—E . vi » (21)



where Eq. (13) has been applied. Adding Eqs. (20) and (21), then
making use of Eqs. (5) and (6}, it yields

dy dy
2 e 2 i_ __1
mec T +-mic 36 oo — de (E + B ) . (22)

An integration of Eq. (22) then yields a conmservation relation for
the electromagnetic field-particle energy density

2 2

E° + B 2 2 *
Br + N oY ¢ + N my;e = N meczw , (23)

vhere W is a scalar conmstant. The energy constant W can be consid-
ered an amplitude parameter that characterizes the magnitude of wave
intensity, as will be shown later. ' In the absence of a wave, Eq. (23)
reduces to

=41 - 2ehT : (24)

W must exceed the above value for a wave solution to exist.

CIRCULARLY POLARIZED ELECTROMAGNETIC WAVES

Purely tramsverse, circularly polarized electromagnetic waves
have been studied extensively (see e.g. Ref. 1, 17-19). For the case
of an ummagnetized electron-ion plasma streaming in the wave direc-
tion, the dispersion relation in the laboratory frame is

I 2 @ 2 (1 -V 2/c2)%
2 _ . pe pi s
LA +v5)7 A +uvh) w
where a aZ = 4n<Na>e2/ma and v = eE ,./m_we¢ is an invariant parameter

that measures the wave amplitude. Eq. (35) relates the wave velocity,
the plasma stream velocity, the electron-ion mass ratio and the

wave amplitude. The aim of this paper is to demonstrate that similar
dispersion relations for other stromg waves can also be obtained
through a proper treatment of the conservation parameters W and D.

ELECTROSTATIC PLASMA WAVES

As an illustration, con51der the case of electrostatic plasma
waves., For longitudinal waves, ua = (0,0,uy) and the two conser-
vation relations Eqs. (17) and (23) reduce, respectively, to



(ui - ﬁTi) + u(ue - nYe) =D R (26)

> (27)

2
1 due i W Y, Yi/u
2 1l dt

(1 - nue/ye)z

where 12 = wpezeztl - nVs/c). Bvidently, Eq. (27) indicates that an
oscillatory solution exists, with a period of oscillation given by

u

2
(1 - m Jy
P=w£- L L du , (28)
pe . W - Yo Yifv)
1

where the turning points u,,, are determined by the equation

Ye *+ v4/u = W. Note that y; is related to u, and v, through Eq.
(26). The genera} dispersion relation (28) recovers the electron
plasma result (12) 4f the ion term Yifp is dignored.

Before discussing the general solutions of Eq. (28), consider
first the phenomenon of wavebreaking which may occur for subluminous
waves and is relevant to the laser-plasma interaction(3), A condi-
tion for the occurrence of wavebreaking in the laboratory frame can
be obrained as follows. First notice from Eq. (13) that, for a
stationary plasma, a traveling wave solution exists (i.e. 0<Na<w)
only if the condition

v, < c/n (29)

is satisfied. Upon transfor?%E}on from the stationary plaswa case
to the streaming plasma case the condition (29) then becomes

v <v <c/n if vV < c/n
¢ ® S . (30)
c/n < Ve < \A if Vs > ¢/n
where
2, 2
v 1 +V T/c” = 20V fe
e _ s s
c

2, 2
ZVS/c - (]l + Vs le™)

Hence, for subluminous longitudinal waves, the electron and ion
velocities are subject to the conditions (29) and (30), whose
violation implies the occurrence of wavebreaking. A graphical dis-
play of Eq. (30) in Fig. 1 shows that, for a given wave velocity,
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Figure 1. Vériation of vc/c and 1/n with pormalized wave velocity
for Vg/c = 0.5. Shaded region indicates wavebreaking.

the range of v,/c permitted for traveling wave solutions is bounded
by the 1/n curve and the v./c curve. The shaded region represents
the domain in which wavebreaking takes place.

The problem of wavebreaking can further be clarified by examin-
ing the conservation relations in the wave frame, for which there is
no time dependence. In the wave frame, the governing equations be-
come

d )
Yaqz (o' T F ' GH
Nv 4+ Rv, =NV = constant s (32)

ee i'i oo



dE
az = 4Ny - N) (33)
The above syst?%o?f equations can be combined to give two comserva-
tion relations

2 2
meyec + miYic = 1:|1e‘CZD:l s (3&)
E2
NovdmeYeve + NovdmiYivi T Novdmecwl * (35)

Eq. (34) cgrresponds to Eq. (26) in the laboratory frame with D; =
- (1 -1/n )'%D/n. Therefore, the dynamic parameter expresses

e
0.95 D,/ (14 1L) 115

-374.8

-375.2

Figure 2. Variation of f with Ye for D) = 1.021 ( = equilibrium
value of Dy, n = 5, uw = 1/1837, Vs = 0).
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conservation of electron-ion energy in the wave frame. Eq. (35)
corresponds to Eq. (27) in the laboratory frame and can be rewritten

as
2
dy
1 e
with
' _ . 2 _ i _1 _ 2 _ 1
fiv) =-G."-D " [(me D)) 1] , 37

where 1, = zu e1(|v°|/c3)¥, Wpe] = Aﬂﬂoezfme and W, = -(1 - lfnz)%w.
Hence, the amplitude parameter expresses conservation of electro-
magnetic field-particle momentum density in the wave frame. A
typical plot of f as a function of Yy, is displayed in Fig. 2,

1

0.8

06

w/w,

04

0.2

Figure 3. Variation of w/o

with va/c for indicated values of
Vs/e; n= 0.

P



which shows that oscillatory solutions exist only if W, lies in the

interval !

W . <W<W
m

min (38)

ax
where Woin = —[Dl2 - (1 + u)z]%/u and W .. = “{n - Dl)2 - 1]%/u.

it is easy to see from Fig. 2 that wavebreaking occurs if W; exceeds
Wpax. Furthermore, it shows that W) determines the amplitude of the
wave oscillations,

The general properties of electrostatic plasma waves in the
laboratory frame can be computed from Eq. (28). When evaluating a
particular solution it is necessary to decide what values should be
assigned to the two conservation parameters W and D. Our wave frame
analysis indicates that W can be considered as an amplitude para-
meter. To obtain a specific solution with given plasma stream velo-
city, wave velocity, the electron-ion mass ratio and the wave ampli-
tude, the dynamic parameter D must be adjusted accordingly so as to
tender self-consistency to the solution, Fig. 3 shows the variation
of the cut~off frequency w/w_. (where w_* = mpez + w 12 and n = Q)
with v /c (where vg = jv; - v2|, Viso geiug the turning points of v,
oscillations) for different values of plasma stream velocity. The
computations are carried out for a hydrogen plasma (p = 1/1837).

In Fig. 4, the variation of the self-consistent dynamic parameter D
with u, (where u, = l“l - u2]) for a stationmary plasma is displayved
for different values of n. It confirms that the dymamic parameter
is a function of wave amplitude. Note that for small wave ampli-
tudes, D stays very close to the value given by Eq. (18).

CONSERVATION RELATIONS IN THE SPACE-INDEPENDENT FRAME

For superluminous electromagnetic waves the analysis can be
simplified by referring to the space-independent frame which has a
velocity ncz with respect to the laboratory frame. The basic equa-

tions in this frame are

-4
d(YaVa) q

o>

dr o E ’ <39

s}
Ne = Ni = N = constant ) (40)
=
E = constant = O , (41)
daF
- e

T énNe(vi - ve) =0 . (42)

The above system of equations can be combined to yield two conser-

11
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vation relations

v o+ v, = 5 {(43)
DeYe¥e T B3Y3V3 ~ B Yy ’
E2 2 2W
a0 t Yes + Nm Yy c = Nmec 2 . (44)

Eg. (43) corresponds to Eq. (l17) in the laboratory frame. Upon
transforming to the laboratory frame, the transverse components of
Eq. (43) gives Eq. (15) with D = D,, while the longltudlnal compo-
nent of Eq. (43) gives Eq. (16? with Dy, = (1 - n )"D Hence the
dynamic parameter expresses conservation of electronwlon‘momentum in
the space-independent frame. Eq. (44) corresponds to Eq. (25) in
the laboratory frame and can be rewritten as

2
1 due
E‘ETZ] R FTA ’ (43
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where 19 = mpezt, “522 = anezlme and Wp = (1 - nZ)%W. Therefore,
the amplitude paraméter expresses conservation of electromagnetic
field-particle energy density in the space-independent frame. For
the special case of ﬁg = Dyz, Wy must exceed [Dy% + (1 + u)z]kfu for
a solution to exist(18), An elegant formulation of the energy-
momentum conservation relations in terms of the Maxwell's stress
tensor in the space-independent frame can be found in Ref. 21.

The two energy-momentum relations (43) and (45) can be used to
study all possible wave solutions. As in the case of electrostatic
%1asma oscillations, a proper handling of the conservation constants,

o and Wy, is essential for obtaining self-consistent solutions.

The case of circularly polarized electromagnetic waves serves
to demoustrate the correct behavior of the two conservation con-
stants. For simplidity,*consider the plasma to be statiomnary in the
laboratory frame (i.e., Vg = 0). For circularly polarized wavesé e
and y; are constants given, in the space-independent frame, by(l

214 2.2\ %
v =(1 + vz) - =(1 +u%y ) (46)

l - n 1 - n

where v = eEmaX/m we as defined. in Eq. (25). Substitution of Eq.
(46) into Eqs. (ég) and (45), respectively, yields

B, = -n(t - DA + BT ua +BEE @)

W, = v2/2 + (1 - nz)-%[(l + \;2)}i + (1 + ﬁzvz)%/p] . (48)

Note that 32; = 0 and (dge/drz)z = vz for circularly pelarized waves.
Egqs. (47) and (48) show clearly that the energy-momentum conservation
parameters are functions of the wave velocity, the wave amplitude and
the electron-ion mass ratio. In addition, from Eqs. (47) and (48)
one obtains the following relation

2 )
32 = pyn(v7/2 - Wz)z s (49)

which shows explicitly that for a given amplitude parameter W, there
is only one value of the dynamic parameter 32 that satisfies Self-
consistent solutions.

CONCLUSION

It has been shown that the equations governing the propagation
of relativistic electromagnetic waves in an electron-ion plasma can



be reduced to two energy-momentum conservation relations. The two
conservation constants, the amplitude parameter and the dynamic
parameter, respectively, are functions of the plasma stream velocity,
the wave velocity, the electron-ion mass ratiec and the wave in-
tensity. In order to obtain self-comsistent sclutions the dymamic
parameter must be chosen appropriately when other parameters have
been specified.
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organize the sessions in such a way that the exchange of new ideas can be
encouraged in the spirit of a true workshop.

Sincerely, ‘
/)m//f?jm(j
George H. Miley

Co~Workshop Director
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University of lllinois at Urbana-Champaign

Fusion Studies Laboratory

NUCLEAR ENGINEERING PROGRAM
24 Nuclear Engineering Loborotory
103 5. Goedwin Avenue

Urbanao, illinais 1801

{217) 3333772

July 16, 1982

Nelgon de Jesus Parada, Director General
AT

12200 - Sao Jose dos Campos - SP

Brazil

Dear Dr. Parada:

The abstract titled "Relativistic Electromagnetic Waves in an
Electron-Ton Plasma" submitted to the Sixth Workshop on Laser Interaction
and Related Plasma Phenomena has been received. It has been assigned Log
No. 163A, which should be used for identificafion in any further
correspondence. Notification of the decision of the program committee on
this will be sent to you approximately 1 August. Your interest in the
workshop is appreciated.

Sincerely,

George H. Miley
Workshop Director
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Sao Jose dos Campos, July 07, 1582

Ref.: 30,100,000.1055-82

Proi. George d, Miley

Fusion Studies Laboratory
University of Illinois

214 Buclear Ekugineering lLaboratory
103 Souti Soodwin Avenue

Uroena, Illinois 61301

usa

Dear Prof. Miley:

I smw subnitiang a papex by Abreham C.-L. Chian of our
Institute entitled “Relativietic Electromegnetic Waves in an Election-Ion
Plasma” to be presested in the Sixth International Workshop or Leser
Interactiom and Related Phepomen: to be held in Monterey in October 1982,

9ith beat regards

Yours sincerely,

otiginal assinado por
NELSON DE JESUS PARADA
Nelason «d2 Jeszus Parada

Direcior Cuneral

Mail correspondence to:

INPE

C.P, 515

12200 ~ Sao Jos@é dos Campos ~ SP
Brazil

ACLC/xl



RELATIVISTIC ELECTROMAGNETIC WAVES IN AN ELECTRON-ION PLASMA
Abraham C.-L. Chian

Instituto de Pesquisas Espaciais - INPE
Conselho Nacional de Desenvolvimento Cientifico e Tecnologico - CNPq
C.P. 515 - 12200 Sao Jose dos Campos, SP, Brazil

Strong electromagnetic waves capable of driving plasma
particles to relativistic energies are of considerable interest due
to applications for laser fusion. Recent works'’? have demonstrated
the importance of including ion dynamics in the theoretical analysis
of relativistic waves. In the model of electron-ion plasma a dynamic
parameter, relating electron and ion velocities, necessarily appears.
Previous authors obtained relativistic wave solutions by considering
the dynamic parameter either as an arbitrary constant or as a drift
velocity of the plasma. This leads to mathematically correct,
nonetheless unphysical, solutions.

The purpose of this paper is to elucidate the role
played by the dynamic parameter in the determination of gelf-
consistent relativistic wave solutions. By relating the momentum
conservation equatiom in the space-independent frame to that in the
laboratory frame, it is shown that the dynamic parameter is a
function not only of the plasma stream velocity as considered by
previous authors, but also of the wave velocity, the wave amplitude
and the electron-ion mass ratio. It is concluded that the dynemic
parameter must be regarded as an adjustable quantity, equivalent to
an eigenvalue of the system, a suitable choice of which will yield
self-consistent solutions when the values of other parameters have
been allocated. The relevance of this result to laser fusion will be
discussed.

REFERENCES
' A.C.-L. Chian, Phys. Rev. A 24, 2773 (1981),

2 A.C.-L. Chian, Plasma Phys. 24, 19 (1982).



