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The interaction of electromagnetic filamentation instability and electrostatic
Langmuir parametric instabilities (parametric decay instability and oscillating
two-stream instability) driven by an intense laser in a plasma is examined. Near
the critical layer of an underdense plasma, where the incident laser frequency
is close to the local plasma frequency, coupling of unstable electromagnetic and
electrostatic modes may occur. The transition from purely electromagnetic and
purely electrostatic instabilities to hybrid instabilities is analysed using the
generalized Zakharov equations.

1. Introduction

In laser—plasma interaction plasma parametric instabilities play an im-
portant role. A rich variety of parametric processes can compete to determine
the dynamics of the laser-plasma coupling (Chen 1974 ; Lashmore-Davies 1981 ;
Bobin 1985; Kruer 1288).

The electromagnetic filamentation instability (FI), also known as the self-
focusing instability, refers to the growth of zero-frequency density per-
turbations and the corresponding modulation of the incident laser light in the
plane orthogonal to the propagation vector of the incident wave. The classical
FI wave-vector kinematics is shown in figure 1 (Bingham & Lashmore-Davies
1976, 1979 ; Lashmore-Davies 1981). (&,, k,) is the electromagnetic pump wave,
which interacts with low-frequency density perturbations (w, £ k) to induce a
Stokes electromagnetic wave (w_,k,—k) and an anti-Stokes electromagnetic
wave (w,,k,+K), where k is perpendicular to k,. The basic features of FI are
that o = k*/k% <€ 1 and there is pure growth (Re (w) = 0); thus the Stokes and
anti-Stokes electromagnetic waves have the same frequency as the pump wave.
In laser-irradiated targets FI takes place throughout the underdense plasma,
including the neighbourhood of the critical layer n,. = wim, g /¢*, as shown in
figure 2.

+ Permanent address: National Institute for Space Research-INPE, P.O. Box 515,
12227010 Sio José dos Campos—SP, Brazil.

1 Present address: Instituto de Fisica, Universidade Federal do Rio Grande do Sul, Caixa
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Fraure 2. Typical density profile for laser—plasma interactions,

Near the critical layer, the laser pump can excite two types of electrostatic
Langmuir parametric instabilities: parametric decay instability (PDI) and
oscillating two-stream instability (OTSI) (Lashmore-Davies 1975, 1981), as
shown in figures 2 and 3. In PDI (the top triplet of figure 3), an electromagnetic
pump wave (w,,k,) decays into a propagating ion-acoustic wave (v,k) and a
Stokes Langmuir wave {«w_, k,—k); this instability is convective (Re (w) + 0)
and there is down-conversion {w_ < w,}. In OTSI (both triplets of figure 3) the
pump electromagnetic wave interacts with low-frequency density perturbations
(o, £k) to induce a Stokes Langmuir wave (w_,k,—k) and an anti-Stokes
Langmuir wave (w,,k, +k}. This instability is purely growing; thus the Stokes
and anti-Stokes Langmuir waves have the same frequency as the pump wave.
In general, for both PDI and OTSI, « > 1. Note that in this paper Langmuir
parametric instabilities refer to the electrostatic parametric processes driven by
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FiourE 3. Geometry of wave-vector matching conditions for electrostatic Langmuir
parametric instabilities; « = ¥*/k2 » 1.

an electromagnetic pump wave, in contrast to the usual Langmuir parametric
instabilities driven by a Langmuir pump wave.

The objective of this paper is to study the coupling of FI, PDI and OTSI in
the vicinity of n,,, where the three parametric processes can compete with and
influence each other. The filamentation instability and Langmuir parametric
instabilities are purely electromagnetic and purely electrostatic respectively
only if the intensity of the laser pump is relatively small. For strong laser
pumps, hybrid (coupled electromagnetic—electrostatic) instabilities can be
excited near the critical layer. It will be shown that, even for relatively weak
laser pumps, coupling of unstable electromagnetic and electrostatic modes can
take place for a certain range of plasma parameters. A proper understanding of
this coupling is essential for obtaining the dynamical behaviour of laser—plasma
interactions when the pump frequency o, approaches the local plasma
frequency o, = (rn,¢*/m, €t

The paper is structured as follows. In §2 the fundamental equations are
discussed, and the nonlinear dispersion relation describing the coupling of FI,
PDI and OTSI is derived. In §3 the nonlinear dispersion relation is analysed.
In §4 our conclusions are presented.
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2. Fundamental equations

The coupled wave equations describing the nonlinear interaction of high-
frequency electromagnetic/electrostatic waves, close to the plasma frequency,
with low-frequency density fluctuations are the generalized Zakharov equations
(Kuznetsov 1974 Thornhill & ter Haar 1978 ; Akimoto 1988 ; Rizzato & Chian
1992; Li & Li 1993):

2
(02 + 0l +c2V X V x ~ 303, (V.)]E=—§:£nE, (1)

0
@ =V = 32 VKB, (@)

where vy = (kg T /m, g = (kyT,/m)E, ¢ is the velocity of light and the
angular brackets denote the fast time average. The set of generalized Zakharov
equations (1) and (2) was used by Akimoto (1988) and Rizzato & Chian (1992)
to study the nonlinear generation of high-frequency electromagnetic and
Langmuir waves by a Langmuir pump wave, via ponderomotive coupling with
low-frequency density fluctuations. This formalism is a refinement of that in
previous works by Chian & Alves (1988) and Chian (1991). In this paper we
show that this set of equations can also describe the nonlinear coupling of
electromagnetic filamentation instability and electrostatic Langmuir para-
metric instabilities, driven by an electromagnetic pump wave.

A high-frequency travelling electromagnetic pump wave E, (v,, K,), incident
from left to right along the x axis with linear polarization along the ¥ axis,
interacts with low-frequency density fluctuations to emit secondary high-
frequency waves 6E(w;,k;) with wave vectors lying in the (x,y) plane. The
pump obeys the dispersion relation

Wl = wh + o2, (3)
The induced high-frequency modes have frequency close to w,; hence
0E,; = dEe ' +ec., (4)

with @ydE| > {0,6E|. The wave vector k of the low-frequency density
fluctuations iz assumed to be parallel to the y axis, with arbitrary magnitude.
The characteristic wave-vector geometry is displayed in figure 4. It is evident
from the figure that, depending on the ratio «, the secondary high-frequency
modes may be predominantly electromagnetic (o <€ 1), electrostatic (a » 1) or
hybrid (a = O(1)).

Fourier analysis of (1) and (2) yields

4
[— 2w, 0, —8,—c%k x k x + 34, k (k.)]0E(k) = H{—;:—’ifn(kl)Eo (k—k,)dk,, (5)
0

2

2
den = fne" J~[E0 (k—Kk,) .¢E(—k,)*+E,(k,—k}*.8E(k,)] dk,, (6)
]
where 6, = wj—o}, d; = 07+ 0%, 0% = ¢k 4%, and n(k) = #(—K)* is the k-Fourier
component of the density fluctuations »(r, #) and éE(k) the k-Fourier component
of the high-frequency perturbed field JE(r, ¢).
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FIGURE 4. Geometry of wave-veetor matching conditions for hybrid parametric
instabilities; &« = k2/k% = O(1).

Now we split the high-frequency field into its electromagnetic and
electrostatic components:
JE = 6E,+E,, (7)

where 8E; (¢E;) is parallel (perpendicular) to k. By taking account that
VxVxE; =0 and V.E, =0, we obtain

_ % nik,) _
JE (k) = Siw, 0,4 6. 508, k2,[ s E,(k—k,)cosfdk,, (8}
@& wly)
SE (k) = S0, 5¢+3w—62k2_[ n E,(k—k )sinfdk,, (9)

where & is the angle between k and the wave vectors of the secondary high-
frequency waves. If we write the pump electric field as

Eo (k) = a{kx _ko) a(ky) S(kz)EOSF’
it follows from (8) and (9) that

dgn(k) = [cos? 0 (A, +A¥)+&in® 0 (Ay+A%)]n(k), (10)
R B {
where A= g me By 0,40, — Bk Tk (a1
L2, .2 R
Ap= ke, wiy By 1 (12)

2mem, 20w, 0,+8,— Ak +K)*

If we assume harmonic solutions for the density fluctnations, the set of
coupled wave equations (8)—(10} yields the nonlinear dispersion relation

0 —wh = wiw, W(

dpco88  Opsin? 6“)

w'—8 -8

(13)

PLA 51
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with 6‘LE%:%= (ekﬁ};—gkz—l)z thy, — 0y, (14)
op = “’2;:’3 = 7}:;—; R 0p— 3y, (15)

= % (17)

€= ’;i;’ = % (18)

where o, is the linear (unperturbed) frequency of the induced Langmuir waves,
tp is the linear frequency of the induced electromagnetic modes, §; is an
electrostatic detuning factor that measures the linear frequency shift of the
induced Langmuir waves, &, is an electromagnetic detuning factor that
measures the linear frequency shift of the induced electromagnetic waves, and
W measures the pump intensity.

If we now normalize frequencies as w — w/7, and redefine the pump intensity
as W W e {w,/m) W, we can finally write the nonlinear dispersion relation in
a non-dimensional and convenient form

s ae_ i & el+a)-1 1
@ ﬂa_ﬂw1+o¢|:wg—(e(l+a)——l)2'wz—az]’ (19)

where we have further introduced f=ciki/y® (recall that & = k2/kZ). The
relation {19} will hereinafter be referred to as the hybrid dispersion relation. In
deriving (13) and (19), the following modes have been taken into consideration
in the interaction (see figure 4): laser pump wave E (w,k,), low-frequency
density waves n{w, +k), Stokes and anti-Stokes electromagnetic waves
SEp{w;, Ko F k), and Stokes and anti-Stokes Langmuir waves 6E (w4, k, F k).

3. Analysis of the nonlinear dispersion relation

Before analyzing the hybrid instabilities involving the coupling of unstable
electromagnetic and electrostatic modes, let us treat some limiting cases where
the instabilities are decoupled into purely electromagnetic or electrostatic
modes.

3.1. Purely electromagnetic case (o € 1)
The purely electromagnetic case arises when the wave vectors of the secondary
high-frequency wave are almost parallel to the & axis, which implies « < 1 (see

figure 1), In this case we can discard the electrostatic contribution to the hybrid
dispersion relation; (19) then reduces to

oW

wr—fo = —x,
s o —ab

(20}
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Now noting that secondary electromagnetic waves have wavenumbers larger
than k, (i.e. [k, Fk| > {kyl), and consequently larger unperturbed frequencies
than w, as well (i.e. % (K, F k) = 0} +¢*(ki+k?) > w}), we conclude that the
interaction process cannot be of the decay type. Then, on writing »» = +T" (I" real)
to search for purely growing modes, we have from (20)

oW

FHfe= oy

(21)
Equation (21) yields a threshold condition (I'=0), W = a, owing to finite
detuning, and has a real root for

a< W, (22)

which shows that the instability is purely electromagnetic (i.e. « <€ 1) only when
W <1, namely the weak pump regime. This case corresponds to the
electromagnetic filamentation instability, FI (Bingham & Lashmore-Davies
1976, 1979; Lashmore-Davies 1981).

3.2. Purely electrostatic case (@ » 1)

In the region of large « (o » 1) the wave vectors of the secondary high-
frequency waves are almost parallel to the y axis (see figure 3). In this case the
electromagnetic contribution to the hybrid dispersion relation may be
discarded. Hence (19) reduces to

g T e —1
W' — o = ﬂaW[wz_(m_ 1)2]. (23)
The resulting electrostatic system turns out to be more complex than the purely
electromagnetic case because we can now identify two possible situations as the
factor a is varied. Indeed it can be verified that there is a critical value a, such
that for « > a,, the unperturbed frequency of the secondary Langmuir wave is
larger than w,, while for « < ¢, it is smaller. This critical quantity a,, may be
evaluated from the condition 8, = 0= (6., —1)* = 0, which yields

@ | -

Cpp 2 —, (24)
a quantity much greater than unity for plasmas of non-relativistic tem-
peratures. If « > a,. the interaction dynamics is similar to the purely
electromagnetic case of §3.1. There is no possibility of decay in this case, and
what we have is a purely growing low-frequency density mode whose unstable
as are located in the range
V+1
aw<a<W:. 25)

We can see that the range may be either narrow or wide, depending on the
pump intensity. This case corresponds to the Langmuir oscillating two-stream
instability, O'TSI (Lashmore-Davies 1975, 1981).

When o < a,,, the instability reduces to the Langmuir parametric decay
instability, PDI (Lashmore-Davies 1975, 1981). In the weak pump regime the

3-2
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peak of the instability is located at the resonance defined by (6oeq, — 1) —
Basen = 0, corresponding to the acoustic wave (left-hand side of (23)) and
the Langmuir wave (the denominator of the right-hand side of (23)) being
driven at their natural frequencies, which can be seen to yield large values of
%peac Only when f§ < 1, which is something that can always occur for large
enough values of k,, or specifically when
62 w2
c—fc—zg—% <1

If, on the other hand, £ is too large (i.e. # = 0(1)) then the instability would
have its peak located at too small values of a,,, for the electrostatic—
electromagnetic decoupling to be operative. This particular case has not been
analysed before, and it should be emphasized that here hybrid modes are
generated even in the weak-pump regime. The instability width of these
unstable modes can be estimated to be proportional to W for the weak-pump
regime. The range is expected to grow as W gets larger. This observation allows
us to conclude that the conditions for the parametric decay instability to be
purely electrostatic {or entirely situated at large values of &) are # <1 and
W<l

In figure 5 we plot the frequency of the various unstable modes in the weak
pump regime for § < 1, taking W = 0-05, § = 01 and ¢ = 0-01. The three basic
unstable modes are clearly seen : mode {3} is the purely growing electromagnetic
filamentation instability (FI); mode {2+ 4} is the electrostatic parametric decay
instability (PDI}), which appears as the result of the fusion of modes {2} and {4};
and mode {5} is the purely growing electrostatic oscillating two-stream



Coupling of instabilities 69

0-16 T T T T
()

012 —

T 008

004 [ .

012 T T T
8
610 |-

0-08

T 006 |- /

004 |- !

002 L

0 04 08 1-2 1-6 20

FicURE 6. Growth rates for the parametric decay instahility for W = 0-1 and g = 0:05 {a)
and £ = 1-0 (b): —--, uncoupled dispersion relation; , hybrid dispersion relation.

instability (OTSI). From the figure we can see that the various unstable modes
occur in quite distinet regions along the o axis.

As a general rule, we can conclude that the necessary conditions to decouple
electromagnetic modes from electrostatic ones are W < 1 and # < 1. If these
conditions are not satisfied then mode-mixing will occur in some regions of «
space. Let us now proceed with our investigation to determine the basic
characteristics of these hybrid modes.

3.3. Hybrid case fa = (1)}

First let us consider the behaviour of the PDI mode in the weak-pump regime.
For small § (i.e. # < 1) this mode is nearly electrostatic. For large # (ie. £ 1)
the mode becomes hybrid. In figure 6 we plot the growth rate as a function of
a for W=01 and =005 (a) and 8= 1-0 (3). For small f the hybrid and
uncoupled dispersion relations yield practically the same growth rate, as shown
in figure 6(e), where the full and dotted lines representing them are
indistinguishable. For large values of # the purely electrostatic desecription of
PDI becomes inaccurate, since the PDI mode then turns into a hybrid mode,
as evidenced in figure 6(b).
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The other factor that may couple the various instabilities is the pump
intensity W. Let us begin to study its effect by exammmg the behaviour of
purely growing unstable modes. We write « = ¢I" in (19) to obtain

. _ a? e(l+a)—1 1
r +ﬁ“"ﬂwl+a[(e(1+a)—1)2+rz+a2+rﬂ]‘ (26)

If « is much smaller than unity, we recover the case of electromagnetic
filamentation instahility as before. However, for larger o the situation may
change. The effect of the electrostatic term in (26) is to cause the function
defined by the right-hand side to curve downwards on approaching ' = 0. It
may happen that owing to this curvature, two mutual intersections of the right-
and left-hand sides, R(T") and L{T"?), become possible, similarly to what can be
ohserved in figure 6 of Rizzato & Chian (1992). The existence condition for
this situation is closely related to the intensity of the pump power. Indeed,
noting that for small values of I, R{I'*} decreases monotonically with « and
|R(T'%}/da| decreases with I'?, one can readily derive the critical existence
condition for the simultaneous presence of two roots as

L(T*)|recg = BT\ ey

dR(I?) -0
ar* r“-o_ ‘
which yields the critical values
e~ 1—e, (27)
W, x% > 1. (28)

These critical values are to be interpreted as yielding a, and W, such that if W
is larger than W, then there will be some value of , larger than a,., for which
the two roots simultaneously appear. The larger of the two roots is an extension
of the one corresponding to the electromagnetic filamentation mode already
present for & < 1, but the smaller represents a new unstable mode that does not
oceur either for smal]er a or for smaller W, We should point out that this second
purely growing mode is always hybrid because it appears only for a 2 a, = G{1).

The transition from uncoupled modes to hybrid modes as the pump intensity
increases is illustrated in figure 7. For small W, FI and PDI remain essentially
purely electromagnetic and electrostatic respectively. As the pump amplitude
gets larger, the unstable range of these modes in & space also gets larger;
moreover, the FI and PDI modes turn into hybrid modes and eventually merge
with each other. Note that the OTSI mode, which cccurs for large , does not
appear in figure 7 becanse of the scale adopted. Qur numerical solutions indicate
that OTSI remains essentially uncoupled even for large pump intensities.

In figure 8 an overview of the strong pump instabilities is presented for
=10, ¢=001 and W = 2x 10°, which is larger than the respective critical
intensity W, = 2 x 10 In the region of very small « it is possible to see the
purely growing FI mode {3}, while for a closer to a, = (1) the second purely
growing {4} mode does appear. These two modes meets at a terminal point J,
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where the instability is converted into PDI {5}. The parametric deeay
instability extends up to o, where it vanishes. Above a,, the only remaining
unstable mode is OTSI {6}. Besides these modes, a new convective instability
{1+2} is present for values of « that are not too large. It can be shown
numerically that this instability is always hybrid. It appears only in the strong-
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FiaUrE 8. Overview of the hybrid instabilities for W = 2 x 10%, and § = 1-0:
imaginary parts of the frequencies of the unstable modes; ————, real parts.

3

pump regime ; the same applies to mode {4} and point J. For smaller W the point
J is absent, and there is no direct connection between PDI and the purely
growing unstable modes {3} and {4}.

4. Final remarks

In this paper we have analysed the nonlinear coupling of electromagnetic
filamentation instability and electrostatic Langmuir parametric instabilities
induced by a powerful laser in the vicinity of the critical layer of an underdense
plasma, using the generalized Zakharov equations.

Assuming the wave vector of the low-frequency density fluctuations to be
perpendicular to the wave vector of the laser pump, we have identified a great
variety of unstable modes as the normalized wave vector o of the low-frequency
density fluctuations is varied. By classifying the unstable modes as pure or
hybrid, we have shown that when the intensity of the pump wave W and the
factor 8 are both much smaller than unity, all the unstable modes are pure,
either of the electromagnetic or electrostatic type. In this weak-pump regime
the unstable modes have heen shown to be electromagnetic and purely growing
for a €1 (FI), electrostatic and convective for 1 € a < a, (PDI), and
electrostatic and purely growing for a > o, » t (OTSI).

In the case of a weak pump with larger § such that § = (1), we have shown
that the formerly purely electrostatic parametric decay instability (PDI) is
converted into a hybrid instability involving both electrostatic and electro-
magnetic effects.

Finally, in the strong-pump regime we have shown that, in addition to the
widening of the unstable range in & space of the previously identified modes,
some new instabilities may be excited. In this regard, we have examined the
appearance of new instabilities for o = O(1), of both the purely growing and
convective types. In particular, we have shown that, for strong laser intensities,
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filamentation and Langmuir parametric decay instabilities can turn into hybrid
instabilities, resulting in nonlinear coupling between these two instabilities near
the critical layer.

The authors wish to acknowledge the hospitality of DAMTP of the University
of Cambridge and support from FAPESP (Chian), CAPES and FAPERGS

(Rizzato). Special thanks are given to Mr Cldudio M. Rizzato for assistance with
the figures.
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