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LETTER TO THE EDITOR

Frustrated XY model with unequal ferromagnetic and
antiferromagnetic bonds
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Abstract. We show that the recent numerical results in this model can be understood in terms
of the global phase diagram for coupled XY models.

We consider classical XY spins S = (cos 0,sin ) interacting via the following
Hamiltonian:

H= 21, cos(8, — 6,) 1)

(rr')
where the sum is restricted to nearest-neighbour sites of a square lattice. Here J,,, = —J
(J > 0) on horizontal bonds, J,, = —J andJ,, = Jn on alternating columns of the square

lattice.

If n = 1 this is the fully frustrated XY model studied by Villain (1975) in the context
of the spin glass problem. It can also be realised physically by a Josephson junction array
in a transverse magnetic field with half a flux quantum per plaquette which has motivated
recent interest in this model (Teitel and Jayaprakash 1983). This model has been studied
both analytically (Halsey 1985, Granato and Kosterlitz 1985, Choi and Doniach 1985,
Yosefin and Domany 1985) as well as numerically (Teitel and Jayaprakash 1983, Berge
et al 1985). The ground state possesses a discrete symmetry Z, in addition to the
underlying symmetry U(1). Although the result of these papers is not conclusive,
there are indications from numerical simulations that a single transition occurs with
simultaneous Ising and XY-like behaviour. However, one cannot exclude the possibility
of a first-order transition especially in view of the analysisin4 — & dimensions (Mukamel
1975).

For n # 1 and >0 each plaquette is still equally frustrated and the ground state is
doubly degenerate but the numerical work of Berge et al (1985) reveals a double
transition with an Ising followed by an XY-like transition as the temperature is increased
(figure 1). The Ising transition temperature vanishes at the critical value 7, = 1.

In this Letter we show that the numerical results for  # 1 can be understood in terms
of the phase diagram of coupled XY models which have been studied before.

To proceed with the analysis we obtain a Landau-Ginzburg-Wilson free energy by
considering continuous spins and introducing a weighting factor
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Figure 1. Phase diagram for the frustrated XY model (Berge et al 1985). The nature of the
phase transition at P is not determined.

in the partition function. Equation (1) is then rewritten into a Fourier transform and
expanded about the modes corresponding to the lowest eigenvalues of the Fourier-
transformed coupling matrix J(g, q'). The resulting free energy in the coordinate space
is given by

2 2

d 0
oy = [ [ axdy (il + inlual +ea 3w | +30 )= v,
1 0 ’ 9 ’ ) 2 2
‘2_xW2 ‘25'/’2 +3u' (|l |* + |yal)
+ oy yal? + 1y Plyal? cos2(6, - 0,)) @
where
__MQy | _MQ)
V7 kT ‘ 27 kT
1 a2 1 32 i
12~ 2kT6q2 (Q) L f1,2 2kTaq Mq)

Aq) = —J{(1 — n) cos q, + 2[cos? g, + 1(1 + n)? cos qy]m}
andvo < 0;u’,u">0.

Y, = |y exp(i6,) and ¥, = |y,| exp(i6,) measures fluctuations about the modes
0Q: = (0,0) and Q, = (0, 7) corresponding to the two minimum eigenvalues A(Q,) and
A(Q,). The mode (0, ) ceases to be a minimum at 7, ~ 0.3 and (2) reduces to the free
energy of a single complex field with an expected XY transition. The exact result n, = 3
found in the ground-state analysis of Berge et al (1985) is not obtained here because
these modes do not satisfy the constraint |S|2 = 1. This constraint, however is believed
to be irrelevant to the critical behaviour.
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In two dimensions we assume the phase transition occurs well below the mean-field
critical temperature. Amplitude fluctuations in vy, and y, are irrelevant so |¥1]? and
|,|? are well approximated by their mean-field values. A straightforward minimisation
shows that for the action of equation (2) the corresponding values are

_ ry+r; N ry—r; 3)
4w +v—-u") 4o-u")

Considering only phase fluctuations we then generalise (2) to a lattice Hamiltonian
of the form:

H/kT= - A, cos(6, — 0,) — > B, cos(¢, — ¢,) —h 2, cos 26, — @,)
(rr') {rr'y r

iy 2f* =

with A, ¢ = |Y1]%1, Apiy = |11, Brae = |yal%e; and B, .5 = |ya|f>.

In general the couplingsin (4) are all different and this Hamiltonian describes coupled
anisotropic XY models. They depend, in a rather complicated way, on 7 but their exact
form is of no interest here. In the isotropic case when A, = a and B, = 3, this model
has been analysed in some detail in the plane a X 8 (Granato and Kosterlitz 1985). The
analysis is based on an electrodynamic representation for the partition function given

by
Z= (H S%) (l‘R[ M(ER) N(ER)) exp[A(M, N, 5)] )

where

AM,N, S) = nr > M(R)G(R — R)M(R') + np 2, N(R)G(R — R)N(R")
R,R’ R,R'
+21g > M(R)G(R — R)N(R') +2i 2, 2, 8(r)8(r — R)
R,R' r R

X (M(R) - NR) + ZZLE2D'S 50 Ger - )5 ©)

m(ap —g*) 77
The primes on the summations of the three integer fields indicate they are subject to the
neutrality condition

; M(R) = % N(R) = 2, 8(r) = 0.

The large-distance behaviour of G(R, R) and 6(r) is given by
G(R — R') =In(IR — R'|/a)

and 6(r) = tan y/x. The renormalisation-group analysis leads to the schematic phase
diagram shown in figure 2. In the case of anisotropic coupled XY models an electro-
dynamic representation with effective couplings

et = 3(A iz + Arr+)5) and e =Bz + Bn+y)

is obtained if the anisotropy is sufficiently small. For 1 = 1 we have isotropic couplings
A, = B,, and the fully frustrated XY model has the line of initial points a = Bshownin
figure 2. Thus in this case the phase transition has the peculiar Ising- and X Y-like
character. For 7 = 1 we obtain a.¢ — B < 1 — 7 and a double transition is expected
with an Ising transition followed by an XY transition as the temperature is increased.
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Figure 2. Phase diagram for coupled XY models. The manner in which lines merge at P and

the nature of the phase transition at this point has not been conclusively determined. The
high-temperature phase is denoted by HTP.

Thus we expect that close to 1 = 1, the fully frustrated XY model can be represented as
coupled XY models with o # B. A,, and B,, vary slowly with 7 for > 1in contrast with
the region n <1 and this gives rise to the asymmetry between these two regions in the
phase diagram shown in figure 1. One can see that the & = f line in the phase diagram
given in figure 2 plays the same role as = 1 in the model (1), for in this case it is known
that this model possess a ‘gauge’ symmetry in addition to the continuous and discrete
symmetries mentioned before (Halsey 1985, Yosefin and Domany 1985).
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