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Effect of a radiation field on electrons bound on liquid helium
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Using the image-potential model, we discuss the influence of a radiation field on the distortion of the
bound states of an electron trapped on a liquid-helium surface. It is shown that, for moderate field

strengths, the ionization energy decreases with increasing field strength.

After the first experimental work' demonstrating the ex-
istence of a potential barrier to extract electrons from liquid
helium, the interaction between electrons and a liquid-
helium surface has been the subject of intense investigation
in the last decade. ' ' The following description of the
electron trapping is now generally accepted; an electron out-
side the liquid is attracted to it by the image force arising
from the polarization of the surface, and is repelled by sur-
face barrier as a result of the exclusion principle. The elec-
tron motion perpendicular to the surface of the liquid is
thus quantized whereas along the liquid surface the trans-
port is free.

The original works2 4 on the bound states of an electron
trapped according to the above picture used a one-
dimensional hydrogenlike model for the binding potential.
Even though the agreement between this model and the
spectroscopic data on the transition energies between the
ground state and the first two excited states was reasonably
good, subsequent improvements of the energy separation
calculations had taken into account the repulsive barrier of
the surface. More recently, Hipo1ito, Felicio, and Farias,
based upon the results on the image potential of a metal-
vacuum interface, ' have produced excellent agreement
between theory and experiment with use of a modified im-

age potential model. 5 According to Refs. 4 and 5, and as-
suming that the liquid helium occupies the space z (0, the
potential energy of the electron is given by

1

//r j= /-+ —'A(r) + V(z) y,
2m c

(2)

where p = (t/i) r)/riz, A (t) =A singlet is the vector potential
for the microwave beam in the dipole approximation, and
V(z) is given by Eq. (1).

To solve Eq. (2), we perform a unitary transforma-
tion, " ' namely,

~isf t) p//I~iv)( t)/t~ (3)

plane electromagnetic wave of frequency co, linearly polar-
ized along the normal to the liquid-helium surface (i.e. ,
along the z direction). The radiation is also assumed to be
nonresonant with the zero-field system; i.e. , we assume that
the radiation frequency is smaller than the field-free binding
energy. As the energies of our problem are of the order of
Z2e2/2ao (or 6.6&&10 4 eV), we shall then assume a long
wavelength radiation beam such as to a 10- to 50-GHz rni-
crowave. In the absence of the microwave field the electron
trapping is assumed to be described by the image potential
model of Eq. (1). Furthermore, we assume that the mi-
crowave field acts only on the electrons, having therefore
no effect on the liquid-helium properties; i.e., we assume
that both e and Vo are not changed by the presence of the
microwave, Accordingly, in the presence of the radiation,
the electron motion is described by the solution to the one-
dimensional Schrodinger equation (Z & 0)

V(z) =
Vo, z(0

Zp 2

z &0,
where

e "', eAg(t) = — J Ck'A(r') = cos(ar)
mc mc 0)

(4a)

where Vo is the repulsive barrier potential, Z is the strength
of the image potential, namely, Z =(e —1)/4(a+1), where
e is the dielectric constant, and P is the position of the
center of mass of the induced charge. For liquid helium,
e = 1.057 23, Vo= 1 eV, and the value of p found in Ref. 5
was 1.01 A. This value of p is in very good agreement with
the estimates of Grimes, Brown, Burns, and Ziepfel4 (i.e.,

p =1.04 A) using their experimental data.
In this paper, we extend the works of Refs. 4 and 5 by re-

porting on the effects of a radiation field on the bound
states of electrons bound to the surface of liquid helium.
The same problem has recently been studied by Jensen'
who show that this one-dimensional system is probably one
of the best systems for the investigation of quantum sto-
chasticity. The radiation beam is described by a classical
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Equation (5) shows that in the presence of a laser field, the
electron motion may be alternatively described by the
Schrodinger equation for an electron moving in a potential
whose center of force appears to be oscillating with the fre-
quency cu and amplitude eA/mcco, namely, the dressed po-
tential V(z —5(t)). Since we are assuming that the radia-
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tion field acts only upon the electron outside the surface, the explicit expression for the dressed potential is then

Vo, z (0
V(z —8(r)) = Ze

z &0
[(z +p) 2 +a2 —2&2(z +p) a cos(&or) +a2cos2(cot) ]' 2

(6a)

(6b)

where a = eA /J2mcco.
Equation (5) together with Eq. (6) has no exact analytical

solution. Nevertheless, there is a wide range of radiation
intensities and frequency for which some suitable approxi-
mate solution can be found. To see this let us rewrite Eq.
(6b) as

V(z —8) = — (1 —R)[( +p)2+a2]1/2

l

where

R= 2 J2(z +p) a cos(cut) —a2cos(2cot)
(z+p) +a

As R is smaller than one, we may expand Eq. (7) in a
power series of R. The even terms in R of this series give
us time-independent (dc) terms, whereas the odd terms in
R leads to time-dependent (ac) terms. Collecting these two
type of contributions, Eq. (7) can then be written as

V= V„+ V.. . (8)
where

Vdc

Vtie
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We note that Vd, is essentially the time average of the
dressed potential. It is responsible for the appearance of the
radiation-distorted bound states, whereas the ac terms cause
the transitions between these states to take place, thereby
limiting the range of radiation fields in which one can iden-
tify the dressed states. This is quite similar to the case of
atoms in a laser field as discussed in Refs. 11-13.

To find the radiation-dressed bound states we have solved
numerically the Schrodinger equation for the electron mov-
ing in the potential Vgiven by
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In doing so, we have approximated Vd, by the successive
terms of Eq. (8a). The results from our numerical calcula-
tions show that one can safely retain only the first two
terms of Eq. (8a) to describe the main effects of the radia-
tion field on the energy spectrum of the electron. For in-
stance, the contribution of the third term of Eq. (8a)
amounts to roughly 10% that of the first two terms. This
means that the higher-order terms of Vd, are indeed small
compared with the first two terms and can be treated as a
perturbation to the first two terms. In Figs. 1 and 2 we
plot, respectively, the dependence of the energy and of the
transition frequencies of the three lowest states as a func-
tion of the radiation field strength for the case where Vd, is
approximated by the first two terms of Eq. (8a). In our cal-
culations the energies are measured in units of Z Ry, and
the lengths in units of the effective Bohr radius ao = ao/Z
We have also introduced the dimensionless parameter
X = aJap as a measure of the amplitude of the electron os-
cillation in units of ao. The parameter P is related to the
radiation's electric field strength F. (in V/cm) and frequency
f (in Hz) by

F. = 1.68 x 10
Z
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FIG. 1. Energy in units of Z2Ry, as a function of the electric
field strength, for the three lowest states of the radiation-dressed
image potential. Vd,. is approximated by the first two terms of Eq.
(Sa) of the text. The dashed lines indicate the points at which the
1 2 continuum and 1 3 continuum transitions occur
when using a 30-GHz microwave as the distorting field.
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FIG. 2. Frequencies for the 1 2 and 1 3 transitions as a
function of the radiation electric field strength. For X = 0 our
results reproduce those of Ref. 5.

Thus, for Z =0.00695 and f = 30 GHz, k=1 corresponds
to an electric field strength of roughly 22 V/cm.

It follows from Figs. 1 and 2 that, on increasing the radia-
tion field strength A. , the bound-state energies decrease at
the same time that the energy separation between successive
states also decreases. This means that the effect of the radi-

ation field points in the direction of a weakening of the elec-
tron binding such that, for very large values of X, there is a
tendency for the energy spectrum to become essentially con-
tinuous. Here, however, one should exercise some caution
since a meaningful identification of these radiation-dressed
states is possible only when multiphoton or single-photon
transitions, due to the ac potential, are not taking place, In
other words„ long before one can reach large values of A. ,
the electron may be ionized by the multiphoton processes of
Eq. (Sb). To see this, let us consider the case where the ra-
diation field is that of a 30-GHz microwave. Referring to
Fig. 1 we see that, on increasing the radiation field strength,
one may eventually reach a point where the ground-state
energy equals the radiation photon energy. For the case of
a 30-GHz microwave this happens (cf., Fig. 2) at X=4.5, or
for an electric field strength of 98 V/cm. At this point, on
further absorbing another photon, the electron gets ionized.
If, however, not all the electrons in the ground state get
ionized by this cascade process at X=4.5, on further in-
creasing the electric field strength up to 141.6 V/cm (or
X=6.5) the remaining electrons may be ionized by the
two-photon sequence 1 3 continuum, as indicated in
Fig. 1.

To sum up, one may say that, in the presence of a radia-
tion field, the electrons trapped by a liquid-helium surface
acquire new radiation-dressed states such that the ionization
energy decreases with increasing field strength. Further-
more, the identification of an electron in these dressed
states is only possible in a range of field strengths such that
there is no resonance between the field frequency and the
dressed states. This range of field strengths is ultimately
dictated by the driving frequency; for the case where a 30-
6Hz microwave is the driving field, the upper field strength
is of the order of 98 V/cm.
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