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A variational principle is used to determine the binding energy and the fundamental vi-
brational frequency of H,* in the presence of magnetic fields of strengths found in some
neutron stars. It is shown that for B ~ 10!’ G the vibrational frequency lies in the ultra-

violet or soft-x-ray part of the spectrum.

In this Letter we investigate how the molecular
vibrations are affected by the presence of intense
magnetic fields, considering as an example the
simplest molecule, namely, the hydrogen mole-
cule ion. In contrast to the atomic case,!™ the
number of papers®”’ dealing with molecules in
strong magnetic fields is relatively small. Never-
theless, as pointed out by Ruderman,? Chen, Rud-
erman, and Sutherland,” and Kadomtsev and Kud-
ryavtsev,® the presence of strong magnetic fields
makes possible the formation of molecules of a
highly extraordinary type, in which the electron
cloud forms a negatively charged ‘“needle,” with
the nuclei lying on its axis. In particular, it has
been shown® that for very strong magnetic fields
(B~10'2-10" G) the binding energy of a diatomic
molecule is considerably larger than the binding
energy of an isolated atom. Intuitively, one

should expect a great increase in the vibrational
frequency with an increasing field: As a conse-
quence of the magnetic confinement of the needle-
shaped electron cloud with an increasing field,
the nuclei come closer to one another; at the
same time, the binding energy becomes larger,
leading to an increase in the vibrational frequen-
cy of the electronic ground state.

In fairly large magnetic fields, the electron of
H," is expected to move around in circles in the
lowest Landau level. This suggests that we
should choose our trial function as Landau or-
bitals with the same center. Let us consider H,*
with the nuclei lying on a single magnetic field
line at a distance R =2a from one another. In cy-
lindrical coordinates (p, ¢, z) with the z axis par-
allel to the magnetic field, the Schrddinger equa-
tion for the electron motion at fixed internuclear
distance is

h?[la(a) a?laz] eB ¢?B? 2(1 1>e2‘
—— —_—— —_— —— ——— — — _— — — —_— = \Il
{ 2m Lp 8p pap +az2+p2 dp? *ome = B T I‘A+I‘B +2al T=EY, (1)
where L, is the z component of the angular mo- [
mentum, and 7, and 5 are the distances between is given by®
the electron and the nuclei A (p=0, z=a) and B
D,20,0m0 (0, @) = exp(=p*/4p,?) /(27pD 2,  (2)

(p=0, z=-a), respectively. It is assumed that
all the spins are lined up because of the magnetic
field, so that the Zeeman term in Eq. (1) may be
neglected.

The reasoning above regarding the shape of
the electron cloud and the fact that the electron
moves in the lowest Landau orbital suggest a
product wave function between a Landau orbital
®,=0.0=0(P, ) and a function f(z) describing the
motion along the z axis. The function ®,-, ,=q(0, 9
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where p,=(h/mw,)"? and w, =eB/mc. For the
function f(z) we assume

f(2) =exp(~22/20%) /(aVm) 2, (3)

where o is the variational parameter to be deter-
mined by minimizing the total energy. This
choice for f(z) is similar to that used by Yafet,
Keyes, and Adams® in treating the hydrogen atom
in strong magnetic fields and has the advantage
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TABLE 1. Wave-function parameters, binding energy,
and equilibrium internuclear separation of H,* for 10°
<Bs<10! G,

B E R
(@ o 7 (Ry) &)
1x10° 0.8 0.8 - 1,03 1.831
5% 10° 1.0 0.9 - 2,11 0.916
1x 1010 1.0 0.9 -~ 2.83 0.653
5x 1010 1.5 1.2 ~ 5.53 0.390
1x 101! 1.8 1.4 - 7,27 0.320
5% 101! 2.6 1.8 -13.18 0.186
1x 1012 3.2 2.1 ~16.76 0.151
5x 1012 4.9 2.9 —~28.15 0.095
1x 1013 6.1 3.5 ~ 34,63 0.079
5% 1013 10.0 5.3 ~53.80 0.055
1x 1014 12.4 6.3 -63.71 0.045

over ae” le] function that its derivative is contin-
uous everywhere. Using ¥=¢ ., ,-q(p, ¢)f(z) and
introducing the following dimensionless parame-
ters,

a=0/2p, T =a,/p,V2, (4)

the total energy E(o0, a) = { ¥|i| ¥) can then be
written as

E=¢€(a,r) E /2% (5)

where E,=¢%/2a,°=13.6 eV, a, is the Bohr radi-
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FIG. 1. Equilibrium internuclear separation of Hy*
as a function of the magnetic field. The full line is the
result of the present theory whereas the dotted and the
dashed lines are the mean radius of the hydrogen atoms
as given by Refs. 8 and 9, respectively.

us, A=p,/a, and

1 A 4x
6((1, 7’)=1+'8—E§+r72- —mF(CY,T). (6)

F(a, 7) is the Coulomb attraction overlap and is
given by

F(a,r)
. 4o —x2/92q2
- Jayy ey [T,

a and 27 describe the variational parameter o
and the internuclear distance in units of the cyclo-
tron radius p,, respectively, whereas A is a
measure of the cyclotron radius in units of the
Bohr radius.

We can now minimize the total energy as a
function of @. Since the function F(a, ») has no
simple analytical solution this was accomplished
numerically, by varying o and obtaining for a
given » the value of @ which minimizes Eq. (7).
The values of @ and ¥ which minimize the energy
and the equilibrium internuclear separation are
presented in Table I for values of B in the range
10° G<B <10 G. The curves show results for
fields smaller than 10 G, and it is clear that for
those values of fields the curve in Fig. 4 presents
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FIG. 2. The binding energy of H,* as a function of
the magnetic field is represented by the full line. The
dotted and dashed lines are the binding energy of the hy-
drogen atom as given by Refs. 9 and 10, respectively.
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FIG. 3. Dissociation energy versus internuclear sep-
aration for H,*.

no minimum. As predicted by Kadomtsev and
Kudryavtsev,® the binding energy of a diatomic
molecule in strong fields is considerably larger
than the binding energy of isolated atoms. The
effects of confinement and stabilization of the
molecule can be seen in Figs. 1 and 2, where we
plot the equilibrium internuclear distance and the

binding energy E g as a function of B, respectively.

The dissociation energy Ej is defined as the dif-
ference in energy between energy of the molecule
and that of a proton plus one hydrogen atom at in-
finite distance (but in the same B): Eg™!°%e-F
+E z*°", These values for the equilibrium inter-
nuclear distance and binding energy should be
compared with the carresponding ones of H,* in
the absence of the external magnetic fields: equi-
librium internuclear separation of 2.0 a.u. and
binding energy of 16.38 eV. The confinement and
stabilization of the Hz* become even more appar-
ent from Fig. 3, where we plot the dissociation
energy curve for several values of B. It follows
from Fig. 3 that, as the field increases, the po-
tential curves become sharper and deeper leading
to a great increase in the vibrational frequency
of the molecule. In fact, using the harmonic ap-
proximation for the bottom of the potential curves
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FIG. 4. Fundamental vibrational frequency of H,* as
a function of the magnetic field,

close to the equilibrium distance, we can evaluate
the fundamental vibrational frequency w,, namely
w,=(k/ W)Y where u is the reduced mass of the
system and % is given by

k=2[E(R) —E(R )] /(R =R pmyy)> (8)

The plot of w, as a function of B is presented in
Fig. 4. As predicted, the fundamental vibrational
frequency increases with increasing field. In par-
ticular, for B~10-10" G, w, lies in the ultra-
violet and soft x-ray range.

In conclusion it should be emphasized that our
model contains a number of limitations. Never-
theless, the essential results confirm what one
expects qualitatively. Among the limitations, the
present theory is valid for 10 G= B s 10 G.
One can see this by regarding H," in the ground
state as a bounded particle of mass u (the re-
duced mass) and energy E g (the binding energy).
Hence, as in the hydrogen atom case, the strong
field limit is determined by requiring the cyclo-
tron precession of such a particle to be larger
than E ;. This, in turn, restricts our theory to
fields greater than 10 G. Consequently our
wave function is not appropriate for B<10%* G,
for which a linear-combination-of-atomic-orbit-
als treatment based on hydrogenlike wave func-
tions would be more adequate.!’ Furthermore,
for fields much larger than 10!2 G one can no
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longer neglect relativistic corrections to the Lan-
dau orbitals. From the condition fw, =mc? the
upper limit for the magnetic field is estimated to
be of the order of 4,14 x10'® G.
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Energies and Relative Intensities of Koo X-Ray Transitions
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Kaa absolute energies and energy shifts relative to twice the Ka energy have been
measured in ion-atom collisions at MeV energies in the region fromZ =12 to 26, ForZ
=12 to 22 good agreement is obtained with Hartree-Fock energy calculations assuming an
E1 transition with two L -shell vacancies in the initial state. Kao to Ka intensity ratios

are also presented.

The study of transitions in which two electrons
both change to more tightly bound inner-shell or-
bitals and the energy is carried off by a single
photon has an interesting history. Such coopera-
tive transitions received extensive theoretical at-
tention in early attempts to understand the energy
of x-ray satellite lines,'”3 and then were neglect-
ed for several decades. The recent observation
by WOolfli et al.* of cooperative Kaa x-ray transi-
tions (resulting from the filling of two K-shell va-
cancies by two L-shell electrons) from Fe and Ni
in high-energy heavy-ion collisions has caused a
resurgence of interest in this area.’”!' These
transitions provide a new testing ground for de-
termining the adequacy of present calculational
methods for obtaining transition energies and
rates.

Final configurations associated with the ob-
served Kaa transitions were not initially identi-
fied by WOolfli et al.* Calculations indicated that
the observed energy was in agreement with an E1
transition [(1s)"2~(2s)"'(2p)"!], but the E2 tran-
sition [(1s)"2=~(2p )" 2] was predicted to be domi-
nant® in highly stripped ions. This Letter pre-
sents the first extensive comparison of the mea-
sured and calculated K aa energies (over the re-
gion 12 <Z<26), together with the measured in-

tensities of the Kaa transition relative to the Ko
transition.

In the present experiment ions accelerated by
a 5-MV Varn de Graaff accelerator were used to
bombard thick targets. The energy of the ions
was generally between 3 and 3.5 MeV, although
in two cases doubly ionized beams of 7.0 MeV
were also used. X rays emitted at 90° to the in-
cident beam were measured with a Si(Li) detector
of 200-eV resolution at 6 keV. In obtaining the
Kaa spectra, sufficiently thick Be and Al absorb-
ers were used to reduce the transmission of the
corresponding Ka radiation to about 10”2 in order
to avoid any possibility of pulse pileup which
might obscure or simulate the Kaa line. These
absorbers resulted in about 10% transmission for
the Kaa radiation. Spectra were also measured
with the absorbers removed in order to obtain
the yield of Ka x rays. Energy calibrations were
obtained by using Fe*® and Am?*! sources and also
by bombarding various targets with proton and he-
lium beams. When helium beams were used, cor-
rections were made to account for the presence
of enhanced satellite lines.?

Figure 1 shows the spectrum obtained from
3.5-MeV Ar* ions incident on a Ca target. A
0.0076-cm Al absorber was used in addition to
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