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ABSTRACT

The objective of the present paper is to study the possibility of using ballistic gravitational
capture to maneuver a spacecraft to an orbit close to the largest primary of a binary system. The most
practical application is to make a transfer from the Moon to the Earth using this technique. An
analytical study is performed to evaluate the magnitude of the forces involved in the ballistic
gravitational capture in a trajectory going to the largest primary as a function of time. Then, this
phenomenon is explained in terms of the integration of the perturbing forces with respect to time. The
relation between those integrals and the reduction of the two-body energy with respect to the Earth is
derived. Analytical equations for those forces are derived to estimate their magnitude and to show the
best directions of approach for the ballistic gravitational capture. Using those equations, an analytical
estimate of the effects is performed.

INTRODUCTION

The ballistic gravitational capture is a characteristic of some dynamical systems in celestial
mechanics, as in the restricted three-body problem that is considered in this paper. The basic idea is
that a spacecraft (or any particle with negligible mass) can change from a hyperbolic orbit with a
small positive energy around a celestial body into an elliptic orbit with a small negative energy
without the use of any propulsive system. The force responsible for this modification in the orbit of
the spacecraft is the gravitational force of the third body involved in the dynamics. In this way, this
force is used as a zero cost control, equivalent to a continuous thrust applied in the spacecraft. One of
the most important applications of this property, when applied to trajectories going to the largest
primary, is the construction of trajectories from the Moon to the Earth.

The application of this phenomenon in spacecraft trajectories is recent in the literature. The first
demonstration of this was in Belbruno, 1987. Further studies include Belbruno (1990 and 1992); Krish
(1991); Krish, Belbruno and Hollister (1992); Miller and Belbruno (1991); Belbruno and Miller (1990
and 1993). They all studied missions in the Earth-Moon system that use this technique to save fuel
during the insertion of the spacecraft in its final orbit around the Moon. Another set of papers that
made fundamental contributions in this field, also with the main objective of constructing real
trajectories in the Earth-Moon system, are those of Yamakawa, Kawaguchi, Ishii and Matsuo (1992
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and 1993) and Yamakawa (1992). The first real application of a ballistic capture transfer was made
during an emergency in a Japanese spacecraft (Belbruno and Miller, 1990). After that, some studies
that consider the time required for this transfer appeared in the literature. Examples of this approach
can be find in the papers by Vieira-Neto and Prado (1995 and 1998). An extension of the dynamical
model to consider the effects of the eccentricity of the primaries is also available in the literature
(Vieira-Neto and Prado, 1996; Vieira-Neto, 1999). A study of this problem, from the perspective of
invariant manifolds, was developed by Belbruno (1994). An application for a mission to Europa is
shown in Sweetser (1997).

Examining the literature related to the weak stability boundaries, one finds several definitions of
ballistic gravitational capture, depending on the dynamical system considered. Those differences exist
to account for the different behavior of the systems. In the restricted three-body problem, the system
considered in the present paper, ballistic gravitational capture is assumed to occur when the massless
particle stays close to one of the two primaries of the system for some time. A permanent capture is
not required, because in this model it does not exist and the phenomenon is always temporary, which
means that after some time of the approximation the massless particle escapes from the neighborhood
of the primary.

For the practical purposes of studying spacecraft trajectories, the majority of the papers
available in the literature study this problem looking at the behavior of the two-body energy of the
spacecraft with respect to the Moon. Since the goal of this paper is to study transfers to the Earth, it is
necessary to define the quantity called Cs (that is twice the total energy of a two-body system), with
respect to the larger primary, by

C, =V =2(-p)/r (1)

where V is the velocity of the spacecraft relative to the largest primary, r is the distance of the
spacecraft from this primary and p is the dimensionless gravitational parameter of the primary
considered (mass of the smallest primary). From the value of Cj it is possible to know if the orbit is
elliptical (C; < 0), parabolic (C; = 0) or hyperbolic (C; > 0) with respect to the Earth. Based upon this
definition, it is possible to see that the value of Cs is related to the velocity variation (AV) needed to
insert the spacecraft in its final orbit around the Earth. In the case of a spacecraft approaching the
Earth, it is possible to use the gravitational force of the Moon to lower the value of C; with respect to
the Earth, so the fuel consumption required to complete this maneuver is reduced. In that way, the
search for trajectories that arrive at the Earth with the maximum possible value for the reduction of Cs
is very important.

The present paper has the main goal of developing analytical equations to estimate the
reduction of Cs in a trajectory that goes to the largest primary. It is a continuation of Prado (2002),
which developed an analytical study for trajectories going to the smallest body. Fig. 1 shows a sketch
of the trajectory and defines the most important parameters. The variable r, is the periapsis distance
(assumed to be 6700 km in the calculations performed in the present paper), a is the periapsis position
angle that specifies the point of closest approach with the Earth and B is the entry position angle, that
specifies the point where the spacecraft reaches the sphere of capture of the Moon. In this figure it is
shown as a direct capture (counter-clockwise), but it is also possible to have a retrograde capture
(clockwise).

28



Sphere of
influence

>
To Moon

Fig. 1 — Parameters of the ballistic gravitational capture.

MATHEMATICAL MODEL

The model used in this paper is the planar restricted three-body problem. The system
considered for all the simulations shown in this paper is the Earth-Moon system, because this is the
system with more likely applications of the ballistic gravitational capture technique. The standard
canonical system of units is used, in which the unit of distance is the distance between M, (the Earth)
and M, (Moon); the angular velocity (o) of the motion of M, and M, is set to unity; the mass of the
smaller primary (M,) is given by u=m, / (rn1 + mz) (where m, and m, are the real masses of M, and
M,, respectively) and the mass of M, is (1-p); the unit of time is defined such that the period of the
motion of the two primaries is 21 and the gravitational constant is unity.

There are several customary systems of reference for studying this problem (Szebehely, 1967).
In this paper the rotating system is used. This system has the following characteristics: origin at the
center of mass of the two primaries; horizontal axis lying in the line connecting the two primaries,
pointing to M,; vertical axis perpendicular to the plane of motion of the two primaries. Based upon
those conventions, the equations of motion for the spacecraft are (Szebehely, 1967):

. o _0Q 5

X-2y=— (2

§y+25<=a—Q (3)
oy

where Q is the pseudo-potential given by:

Q =y 4)

I 12

The symbols r; and r; are the distances between the spacecraft and the Earth and the Moon,
respectively.
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FORCES INVOLVED IN THE DYNAMICS

To understand better the physical reasons of this phenomenon, it is useful to calculate the
forces acting over the massless particle. Figure 2 shows the gravitational force FM of the Moon acting

in a spacecraft Mj that is approaching the Earth and Fig. 3 shows the centrifugal force acting in the
same situation.

A —>

ety

M(SBN

Fig. 2 — Gravitational force of the Earth. Fig. 3 —The centrifugal force.

There is also the Coriolis force, given by —2®xV , where @ is the angular velocity of the

reference system and V is the velocity of the spacecraft. This force is not analyzed in detail because
the main idea of this paper is to explain the ballistic gravitational capture as a result of perturbative
forces acting in the direction of motion of the spacecraft and the Coriolis force acts perpendicular to
the direction of motion of the spacecraft all the time. In this way, it does not contribute to the
phenomenon studied here. The direction T points directly to the center of the Earth and the direction
p is perpendicular to r, pointing in the counter-clockwise direction. The distance between the

spacecraft and the Moon is d, the angle formed by the line connecting the Moon to the spacecraft and

the direction 1 is y. The angle ¢ is used to define instantaneously the direction r. From geometrical
considerations in Figs. 2 and 3, it is possible to write:

B ol o B =P cosris M d
‘FM‘—dz = FM—c12 cosyr+d2 sinyp %)
Applying the law of cosines:
42 _ .2
1=d’>+r>-2drcosy = cosyzld—r (6)
—2rd
But d*=1+r>-2rcosp=1+1>—2rcos¢ (7)

From Egs. (6) and (7):

cosy 1-1-r*+2rcos¢p—1r’  2r’—-2rcos¢p r—cos¢
! —2rd +2rd d

®)
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d 1 sing

From the law of sines: — =——>=siny = 9
sing  siny
Then, using Eqgs. (8) and (9):
FM =H(T—SOS¢)?+MSIH¢§= pu(r—cosd) i psing _5 (10)
d d (1+r2—2rcos¢)é (1+r2—2rcos¢)4
For the centrifugal force the expression is:
Fce =-Fcosot + (Fsino)p, where F=®’L =L (since ® = 1). (11)
2 _12_p2
By analogy with the gravitational force: COSG = HT (12)
-2r
But, it is also known that L* = p” + 1> —2rpcos ¢, therefore
2_ 21249 L2 _
cosg L M TH ST rucosd—r _r LLcos ¢ (13)
-2rL L
From the law of sines: L = L = sinG = psing (14)
sing sinc
Combining all the results together:
Fce =[-r+ ucosd)]? + using p (15)

The relation between the forces and the variation of C; can be explained in terms of
fundamental physical laws. Suppose that the value of C; at the periapsis is called Cs, and its value at
the crossing point with the sphere of capture of the Earth is called Csg.. From the definition of Cs (Eq.
(1)), the results are:

¢, —v: - A=w) (16)

L
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C :Vi—z(l_“) (17)

3sc
rsc

where the subscript “sc” stands for values at the sphere of capture of the Earth.
The effects of the three forces studied in the system (gravitational - Earth and Moon, and
centrifugal) is to change the velocity of the spacecraft according to the physical law:

te
det=<vf—Vo), (18)
to

where F is the force per unit mass of the spacecraft, Vj is the velocity at ty and V¢ is the velocity at ty.

Then, defining the variation of C; (ACs) between the periapsis and the sphere of capture of the Earth
as Csp - Csq, and applying Eq. (18) between the same instants to write V. in terms of V,, we have:

AC,=C, -C

P 3sc

= VPZ - 2(1 - H) _(Vp _Itot )2 +M = 2(1 _M{L_LJ-i_zvatot _Ifot (19)

where I represents the time integral of the resultant effects of the three forces studied in this system
in the direction of the motion of the spacecraft. Equation (19) gives the variation of Cs in the rotating
frame, because Ii is evaluated in this system.

ANALYTICAL ANALYSES OF THE FORCES

The next step of this research is to develop analytical expressions for the components of each
force, in order to obtain an estimate of their effects. The main idea is to estimate the potential of the
field around the Earth to reduce the value of C; and not to make predictions for a single trajectory.
The analytical equations to measure the effects of this perturbation are derived under the assumption
that the trajectory followed by the spacecraft is an idealized trajectory that does not deviate from the
radial direction. The real trajectories are not radial, but the equations derived under this assumption
can be used to: 1) estimate the values of the possible reductions in the value of Cs, not only for the
Earth-Moon system, but for any system of primaries; ii) show the existence of directions of motion
that results in larger reductions of Cs, thereby mapping analytically the decelerating field that exists in
the neighborhood of the Earth, and; iii) estimate the effects of the periapsis distance and the size of the
sphere of capture, since the equations derived are explicitly functions of those parameters. Another
justification for the radial trajectories used to derive the equations is that the reduction of Cs is a result
of the effects of the forces in time during the whole trajectory and, even for trajectories that show
several loops before arriving at the periapsis during most of the time the trajectory can be seen as
composed of a set of trajectories close to radial.

For the derivation performed here, the following components are calculated: the radial (the
direction of motion under the assumption used here) and transverse directions. Then, assuming that
the spacecraft is in free-fall (subject only to the gravitational and centrifugal forces) traveling with
zero energy (parabolic trajectory) and that the trajectories do not deviate from a straight line, the result
is:
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r r dt

Total energy = E=0= %Vz _

Here ds is the distance traveled by the particle during the time dt. To obtain the integral of the
effect of the perturbing forces with respect to time, it is possible to perform the calculations in terms
of the radial distance by making the substitution:

tf St Tmax
J‘ Fdt = I (F/V)ds = J’ (F/V )dr @1
to So 'min

The extreme points of the integration change position (So becomes 1min = 1, = periapsis distance
and S¢ becomes rm.x = 15 = distance for the sphere of capture) here and in all the following
integrations to take into account that the positive sense of the radial direction points towards the Earth.
Since the spacecraft is assumed to approach the Earth on a radial trajectory the result ¢ = o = 3 is
valid, and the variable a is used as the independent parameter. Then, for the radial component of the
pu(r —cosa)

(1+r1° —2rcosoc)%

Moon’s gravity F,, = the integral is:

F(o)= ] roeoe) (2)
e (1417 =21 cosa)”* (21— p)/r)

The calculations can be continued now by expanding the equation inside the integral in a
power series of r. In this research the expansion was performed up to the first order (since the goal is
to obtain only an estimate of the results) around a point q, the middle point of the trajectory. The
result, after integrating in r, is shown below in the complete form (functions of rmin, I'max, 4, 1t and o)
because it can be used to compute values for any desirable values of those variables.

F (o) = 1(q—cosa) ~ 3 (q—cosa)’
2 G ara - 2aeme” B e - 2acma”
(1 — u)(3q —Cos oc) ﬁ 3 " 23
T @i-n)a) (1 +q° ~2qcosa)” PR N =

Using the values rmi, = 6700/384400 (322 km above the surface of the Earth), rp. =
100000/384400 (100000 km above the surface of the earth), up = 0.0121 (Earth-Moon system) and
q = (tmin + Tmax )/2 (the medium point of the trajectory) the first-order equation obtained is:

F' (o) = (0.000108 — 0.000778373 cos(a))(1.01926 — 0.277575 cos(at)) (24)

This equation is plotted as a function of a in Fig. 4. The curve shows a sinusoidal variation of
the integral, with the most favorable angle for the ballistic gravitational capture close to zero or 2m,
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where the force has the most negative value. It means that the component of this force applied
opposite to the motion of the spacecraft has its maximum effect in reducing the final velocity of the
spacecraft, then obtaining a capture with the most negative value for the energy.

For the radial component of the centrifugal force [p cosol — r] , the integral is:

rj (F,/V)ds= zmj (wcoso—r)2u/r) dr= —{[0.4 r’— % I cos aj(Z(l —u)r)”? } h (25)

rm||\

Using the same values used in the above situation for the variables, this last equation can be
reduced to:

Fa(a) = —0.00981127 + 0.000748255 cos a. (26)
0.0005 -0.0092
0.00025 -0.0094
-0.0096
1 2 3 4 6

~0.00025 -0.0098

-0.0005 1 3 4 5 p
-0.00075 ~0.0102
-0.0104

-0.001

Fig. 4 — Effect of the lunar gravity field vs. a Fig. 5 — Effect of the centrifugal force field vs. a
(rad). (rad).

This equation is plotted as a function of a in Fig. 5. It also shows a sinusoidal variation of the
integral, with the most favorable angle for the ballistic gravitational capture at 2n, (the most negative
values of the integral). It means that at this point the component of the centrifugal force acting
opposite to the motion of the spacecraft has its maximum effect. The sign of the values is always
negative, which means that the effects is always to reduce the value of C;. Adding the radial effects of
both forces the equation for the resultant force in the radial direction is obtained. This force will be
called F5(a) and it is plotted as a function of a in Fig. 6. From those results, it is clear that the integral
of the total effect is always negative, which means that the spacecraft always has its velocity reduced
by the perturbation. It is never increased. In this figure it is also possible to obtain the best point to
perform the ballistic gravitational capture. This point is at o = zero or 2w, which has the strongest
accumulated effect for the resultant force.

The next step to be developed here is to obtain an analytical equation to predict the variation of
C; as a function of the angle a, using Eq. (19). To do that, it is necessary to obtain the value of the
integral effect of the gravitational force of the Earth in the direction of motion of the spacecraft under
the assumption of radial motion. The gravitational force of the Earth acts only in the radial direction

(D)

with a magnitude given by F, =-———=. So, its integral effect with respect to time is given by (using
r

the same numerical value used before for W, rmax and rmin):

34



T(E/Vdr = @ T e 2dr =7.89107 27)

Tinin Tinin

tf
[Fdt =
t0
Then, the total effect Iy is given by Fs(a) + 7.89107, where F3(a) is given by Fi(a) + Fa(a)
(Egs. (24) and (26)). Figure 7 shows the reduction of C; for all the possible directions of the
trajectories.

-0.0097
-0.054
-0.0098 0-05
-0.0545
-0.0099
‘ 1 2 3 4 5 6
1 2 3 4 5 6
-0.0555
-0.0101

Fig. 6 — Effect of the centrifugal force field vs. o Fig. 7 — Reduction of C; for all the possible
(rad). directions vs. o (rad).

CONCLUSIONS

This paper had the main goal of studying the ballistic gravitational capture problem for a
trajectory going to the largest body of a primary system (the Earth, in the Earth-Moon system). It
performed this study based in the calculation of the forces involved in the dynamics as a function of
time and in their integration with respect to time. Analytical equations were derived to study this
problem under the assumption of radial motion, which leads to the derivation of an equation that
estimates the reduction of Cs. There are two forces that act as disturbing forces in the direction of
motion: the gravitational force due to the Moon and the centrifugal force. These forces can decelerate
the spacecraft, working opposite to its motion. This is equivalent to applying a continuous propulsion
force against the motion of the spacecraft. The resultant force always works against the motion of the
spacecratft.
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