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ABSTRACT

In this paper the problem of spacecraft orbit trandfer with minimum fue consumption is
congdered. The man god is to devdop and implement an dgorithm that solves the
problem of bi-impulsve three-dimensond orbitd trander. After a search in the
literature and andyss of the results avaldble one sdects a method deveoped by
Altman and Fidiner to be the base of the dgorithm developed. Their method hes the
god of solving the minimum fud consumption between two fixed postions in space. In
the present paper this method is extended to solve the problem of bi-impulsve trander
between two noncoplanar orbits. The spacecraft is supposed to be in Keplerian mation
controlled by the thrusts that are assumed to be impulsve. Realts of smulations are
presented. The proposad dgorithm has two useful characteridics i) it dlows an easy
handling of condraints in the region of the orbit that the thrust can be applied, what can
be usad to avoid burning when the satdlite is not visble from the ground dations; ii) it
can easly badance between the accuracy of the solution and the time required for solvng
the problem, wha makes it suitable for onboard implementation in an autonomous
sadlite

Key Words: Orbitd Trandfer, Asrodynamics, Impulsive Maneuvers.

INTRODUCTION

The launching of a geodaionary or a hdiosynchronous satdlite, the orbit corrections,
the maintenance of space ddions, the interplangtary trips and the interception of
cdedid bodies ae examples of ordinary space missons very popular nowadays due to
the grest advance of the Space Sciences, and that require orbitd maneuvers for their
execution. Since it became necessay the use of vehides equipped with propulson
sysgems to peform such space missons, it became dso necessay the dudy of the
optima trandfer prablem of a spacecraft between two given orbits. Some of the papers
rdated to this ressarch ae Hohmann (1925), Hodker and Silber (1959), Lawden



(1962), Ting (1960), Eckd and Vinh (1984), Jn and Mdton (1991), Roth (1967), Prado
and Broucke (1994), Eckel (1963), Broucke and Prado (1993, 1996), Rocco (1997). In
this paper, we dudy the tridimensond optimd bi-impulsve trandfers extending the
formulation of Altman and Pidiner (1964). A more dealed study can be found in Paulo
(1998).

DEFINITION OF ORBITAL TRANSFER
An orbita trandfer condsts of changing the date of a space vehicle. The date is defined

as the pogtion, velocity and mass of the vehide a a given time. Fig. 1 shows an orbitd
trandfer between two points marked by the subscripts “0” and “f”.
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Fg. 1— Orbitd Transfer.

In this paper we study the three-dimensond bi-impulsve trandfer, that is shown in FHg.
2 (from Altman and Fidtiner, 1964).

The vehide proceeds in the initid orbit (A) until the trander point P, when a
ingantaneous change in the velocity makes the vehicle to proceed dong P;P,, until the
find orbit. When ariving in the trandfer point P, a new impulse places the vehicle in
the find orbit (B). The initid and find orbits are defined by ther orbitd parameters.
The trander points of the orbits A and B (P, and P,) can be defined by the respective
true anomdies f; and f,. The plane of the trandfer orbit can be determined by three

pointsin space (P1, P, O) or by two vectorswith common arigin T, and T, .

The intersection angles (between the orbitd planes) and the centrd angle (between the
trander points) are determined by vector reationships that are functions of the orbita

parameters of theinitial and find orbits and of the vectors T, and T,.
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Fg. 2 - Three Dimensond Trandfer

DESCRIPTION OF THE M ETHOD

To find the orbit and the trander points of a bi-impulsve trander with minimum
consumption of fue between two noncoplanar orbits, an dgorithm was daboraed and
implemented that determines:

- a st of orbitd dements (semimgor axis, eccentricity, indination, argument of the
perigods, longitude of the ascending node) for the transfer orhit;

- the true anomdies of the trandfer points, measured in the initid and trander orbits
(first impulse) and in the transfer and find orbits (second impulse);

- the vaiaions of the vdodties in the trander points and, consequently, the tota
varidion of veloaty.

This method solves the problem of the trandfer between two given orbits generdizing
the origind formulation that solved the problem for two fixed points beonging to the
initid and find orbits The next dep is to obtan the Cartesian coordinates of the plane
motion dating from the known dements. With this procedure avalable, two vaues
were guesed for the true anomaies and used, together with Equaion 1, to obtain a par
of vaues for the eccentric anomdies in the initid (wa, Wa) and in the find orbits (us,
We). With those vadues we obtaned two podtion vectors for each orbit
(fip op figig) ad the regpective veodty vedors in these points
(V1a s Voa s Vig,Vog ). The versors (S, ,Sg) of the planes of the orbits (initid and find,
repectively) are given by Equation 1.
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wheren = A (initid orbit) or B (find orbit).

Snce this method intends to find the orbit of minimum fud trandfer between two given
orbits, these orbits were discretized in terms of the true anomady € 1, f ) of the transfer
points. The angle f1 describes the true anomay (messured in the initid orbit) of the
point of gpplication of the fird impulse The angle f2 describes the true anomay
(messured in the find orbit) of the point of gpplication of the second impulse This
goproach gives the posshility to limit the vdues of (f1, f ) in given intervads So, it is
necessaxy to give the information of an initid and find vaues and of an increment for
both angles. Thus, the method of Altman and Rdine (1964) was implemented to obtain
the trandfer with the smdlest tota cost (DV1+ DV2) between the two fixed points. The
number of points of discretization is defined for each case, depending on the accuracy
required, and we tesed dl the possble combinaions between these points with the
objective of finding the par of trander points that generates the trandfer with the
sndlest fud consumption. The procedure to determine the postion and veocity in the
transfer points (7, ,, V1, V,), a well as the versor of the transfer orbit plane (§ ) is

the same described previously. So:

[F1XT| )

The centrd angle s is the angle that the space vehicle should travel between the indants
t; and t, (during the transfer) and it is defined by the postions f, ad 1, . Itis

R
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The intersection angles r (between the planes of the initid and transfer orbits) and |
(between the planes of the transfer and find orbits) are caculated by:

cosr =38, cosl =38, @-0)

The increments of velodty (DVi, DV in the trander points and, consequently, the
DViota, as well as the true anomalies 11, f12) of these points measured in the trandfer
orbit, are cdculaed through the following group of eguations (Altmen and Pidiner,
1964), reminding that the orbitd planes are different (see Figs. 5 and 6).
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Fig.5- Vdodity in theinitid point of the trandfer.
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Fg. 6— Vdocity inthefind point of the trandfer.
The equations are:
radid component of Va: Vi = VaSENd,
horizontal component of Va: vV oy =V COSOp
projection of V, in the horizontd direction of the orbit T:

VA/j :VA/H COSIr =V COSqp Cosr

proection of V,a in the direction perpendicular to the horizontd of the orbit T:

VA/k =Va/HSnr =vpasngadgnr

©)

©



O
redia component of V2 Vi = VSendy (10
projection of V' in the direction perpendicular to the horizontd of the orbit T:
Vryk =0 (12
DvZ = (Vryi - Vasi)® +(Vryj- VA/j)2 + (Vryk - Vak)®=
= (Vy1Sen Gry - v sengp)® + (V11 COS Gpp - Va COS G COST)? +
(Va COSQ, SsenT )? (13

Being C the vdocdty paamae of the orbit (inversdy proportiond to the angular
momentum h), we have:

c,=m__ M c,=mm___ m (14-(15)
A h |?1A X\71A| B h |FlB leB|
Consequently:

VaZ =Vai® +Van® (16)
_y 2

Vain =Va /Ca (18)

vri® = Vryid + VT1/j2 (19)

Vryi =(VC12 ICr - CT) tanf 1, (20)
_{, 2

Vi = (VCI / CT) ()

Vem? = (Cvf )m =m/rpy 2

where m = 1 ou 2, f o isin the plane of the initid orbit and f + is in the plane of the
trandfer orbit. The eguaions for the point P> are obtaned in a dmilar way. The
complete set of the trandfer equationsis.

Vom® = (Vem / Cn)2 +(Vem / Cp - Cn)2 tan’f ., (23-29)

im=land=Ao T
wherg
im=2and=T or B
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e :vcfsenr / Ca (39
a, = Ve, sen?s (36)
b, = Cg(coss - 1) @37
¢, =(Cg? - Ve tanf sen's (38)
d, =Cg(Vey® - Vo coss?) (39)
e, =V, rsenl /Cy (40)
Vel =mln 1)
Vool =Mty 42)
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We obsarved that the equetions for the cdculation of the increments in velocity are
expressad as functions of only one independent varicble the parameter Cy. As the
optimd trgectory searched is the one that requests the smdlest consumption of fud:

(Vi) _ (@)
dc,

giving apolinomid equation of eighth degree (Altman and Pigtiner, 1964):

KgCr° +K7Cr +KgCrl + KsCr° +K4Cr” + K3Cr® + K,Cr2 + (46)
K,Cq+Ko=0
where
Kg = A[(G2 - Bz)+4A(D- H)] (@
K7 =4A[2A(J- E) + (DG - BH)| +[BG(G - B)] (48)
Ko =2A[4(BJ- EG) +(GJ- BE)]+[DG” - B*H| (49)
Ks = 4A[2F(G - B) +(D3- EH)|+[2BG(2- E)+B?J- EG?| (50)
Ka :A[(Jz- EZ)- 8F(D- H)|+ F(GZ- 32) +[2(DGJ- BEH)| (51
Kg=-4H2A(J- E)+(DG- BH)| - [2E3(G- B)| +[BJ2- EZG] (52)
K, =2M-4(BJ- EG)+(GJ- BE +[DJ2 - E2H] (53)
Ky =-4F2F(G - B)+(DJ- EH)|- [EYJ - E)] (59)
K = F[(J2 - E2) +4F(D- H)] (55)
and
. %22 (56)
B =214 (57
Ca
o (g + 20, + 0,2) (58)




- 2(Cpay cosr - ¢,0;) (59)
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_2b,Cy (62)

G
Cg?

(a2 +2b,d, +c22)
H=
Cg” (62)

Z(CBaz cosl - Czdz)
Cg®

J=
(63)

To find the parameter G, that is one of the roots of Equation 46, we used the method of
gliting the interva in two pats This method requests the previous knowledge of the
limits of the interval where to search the root. We know that if an intervd (g b) contains
only one root, then the sgns of f(a@) and f(b) are opposed. After we found Cr, the
trander orbit can be completdy identified. The magnitude of the impulses DV;, DV2 can
be obtaned directly from Equations 28 and 29. The vdues of f; ad f1, can be
obtained through Equations 43 and 44. The smi-mgor axis (ar) and the eccentricity
(er) are obtained by solving a system formed by Equations 64 and 65:

a(l- e%) Lo al-€)

= 2T T

Fg. 7 shows that, 1= (%, Y1 z1) € T,= (X Yo, 2), the longitude of the ascending node
(W), the argument of the periapsis (W) and the indination (i) can be caculated by:

W= tg™*(k) (66)
where: K = (1% TZ)iAA _ (Y122) - (z1Y2)
S(mxT)] (XaZ2) - (24x3) ©7
cos(w +f 1) = j‘thI ,com M =(1, k,0)
5] M] @

Beng M a vedtor in the direction of the intersection line between the planes of the
trander and the initid orbits where the component in x is assumed unitary, the
component iny isgiven by k and the component in zisnull. See Hg. 7.



cosi =8§.z ,wherez =(0,0, 1) (69)

Fg. 7 — Geometry of the transfer.
RESULTS

With the eguations developed in this work, the implemented method can be gpplied for
trandfers between any conicad orbits The implemented verson of the method is not
vaid only for the cases of bi-impulsve tranders where the impulses are gpplied in
points separated by 180°. These cases incude the most wel-known problem, the
Hohmann trander (Hohmann, 1925). Despite ther importance, they can be eadly
solved by other methods and they do not need the tools developed in this work.

To compare, we presant, in the first case, the magnitude of the totd impulse requested
by the trandfer obtained in the works of Biggs (1978) and Schulz (1997). We observed
that this comparison will be limited to the consumption of fud due to the fact tha this
problem has more than one <olution, that is different points of application of the
impulses can present very close vaues for the fud consumption.

Case 1 (Elliptic - Elliptic non-coplanar)

We conddered the transfer between two dliptic orbits, of eccentricities 0.02 and 0.016;
respectivdy, the initid and find orbits The vdues of the semi-mgor axis, indinetion,
agument of the perigods and longitude of the ascending node ae, respectively:
12030.00 km, 05° 182° and O° for the initid orbit; ard 11994.70 km, 0.3°, 1759° ad
89° for the find orbit. We obtained, in this example, an dliptic orbit trandfer, with
eccentricity (er) 19391 x 10% semimgor axis (ar) equd to 1203740 km, indination
(it) 04144°, agument of the perigpds (W) 27983° and longitude of the ascending
node (Wr) equa to 3585698°. The magnitudes of the necessary increments for the
transfer are DV; = 86000 x 10° kimvs for the first impulse and DV, = 1.7273 x 102 kmv's
for the second impulse. Consequently, the totd impulse (DVror) is 25873 x 102 knvs
The true anomdies of the points of applicaion of these impulses ae, for the fird
impulse fao = 1850000° (messured in the initid orbit) and fir = 5.6320° (measured in
the trander orbit); for the second impulse they are for = 153.4278° (measured in the
trander orbit) and fg = 330.0000° (measured in the find orbit). The veocity parameter
Cr is 57555 km/s In the work of. Biggs (1978), this same trandfer requests a tota
impulse of 002210 kmv/s. In Schulz (1997) we found 0.02222 km/s. We naticed thet the
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result of this study OVror = 0.025873 km/s) differs a little from the vadues dotaned in
the other two studies This can be explaned by the discretization of the orbits used in
this work.

Case 2 (Elliptic - Elliptic noncoplanar)

In this example, we made dl the dements to change except the longitude of the
acending node, that is equd to 0° for both orbits. The sami-mgor axis vaied from
31650 km to 42200 km. The eccentricity of the initid orbit is 0.1 and for the find orbit
it is 0.2. The indination and the argument of the perigods ae both zero for the initid
dliptic orbit, and they are 30° and 45°, respectively, for the find orbit. The transfer
orbit obtained has semi-mgor axis of 357739244 km, eccentricty 01518, indinaion
254711°, longitude of the ascending node 5.0000°, argument of the perigods of
91.6139° ad paameer vdocty of 33772 knm/s. The totd impulse requested by the
trander is 1.9659 kmv/s, being the magnitude of the firg impulse equd to 1,5638 knvs
and the second equa to 04021 km/s The true anomdies of the firgt transfer poirt,
messured in the initid and trandfer orbits are, respectivey, 185.0000° and 88.3861°.
The true anomdies of the second transfer point, messured in the trandfer and find
orbits, are, respectively, 238.9566° and 290.0000°.

Case 3 (Elliptic - Elliptic noncoplanar)

The difference between this case and the previous one is the fact that dl the dements
ae vaied. The vdues for the initid dliptic orbit ae semi-mgor axis 9567 km,
ecoantricity: 0.1, indination: 30°, longitude of the ascending node 45°, argument of the
perigpss 60°. The Keplerian dements of the find orbit ae semi-mgor axis 12756
km, eccentricity: 0.3, indlination: 54°, longitude of the ascending node 14°, argument
of the perigpss 345°. For this trandfer, the firg impulse has magnitude 1.9165 km/s and
it is given in the point of true anomady 255.0000°, meesured in the initid orbit. In the
second point, the increment has magnitude 1.9804 km/s and it is goplied with an angle
of 160°, counted in the find orbit. The totd impulse is 3.8969 km/s. The true anomdies
of the trandfer points, messured in the trandfer orbit are 14.6913° for the firg impulse
and 151.9871° for the second impulse. The velocity parameter of the trander orbit is
56968 km/s. The indination angles longitude of the ascending node and argument of
the perigpss of the trander orbit are, respectively: 39.0084°, 31.9211°, 311.1353°. The
semi-mgor axis and the eccentricity are 13263.9488 km and 0.0272.

Cae 4 (Trander to a Molniya Orbit)

In this example a transfer to a Malniya orbit is mede, sating from an initid orbit dose
to it. The vdues for the initid dliptic orbit ae semi-mgor axis 25000 km,
eccattricity: 0.7, indination: 60°, longitude of the ascending node 0°, argument of the
perigpds 270°. The Keplerian dements of the find orbit ae semi-mgor axis 26600
km, eccentricity: 0.75, indination: 634°, longitude of the ascending node 0°, argument
of the perigpdgs 270°. A condrant of dlowing the impulses to occur only for true
anomdies of the sadlite between 90° and 180° both in the initid and find orbit is
induded, to show this important capability of the method devedloped. For this trandfer,
the firg impulse has magnitude 0.3188 km/s and it is given in the point of true anomay
115.0000°, meesured in the initid orbit. In the second point, the increment has
megnitude 0.0709 knvs and it is gpplied with an angle of 180°, counted in the find
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orbit. The totd impulse is 0.3897 knVs The true anomdies of the trandfer points,
meesured in the trandfer orbit are 114.8083° for the firs impulse and 179.8553° for the
second impulse. The veocity paamee of the trander orbit is 56337 knvs. The
incdination angles, longitude of the ascending node and argument of the perigods of the
transfer orbit are, respectivdy: 63.4087°, 1.7703°, 269.3527°. The semi-mgor axis and
the eccentricity are 26904.5252 km and 0.7302.

CONCLUSIONS

We devdoped, implemented and tested a numericd dgorithm that caculates minimum
fud maneuvers between two Keplerian orbits that use a bi-impulsve propulson sysem
to do the required maneuver. This dgorithm can be used for planar and non-planar
maneuvers. It is an extenson of a method developed by Altman and Pidiner, that was
deveoped to solve the problem of tranders between two fixed points in space. All
equations used are derived and explained in some detal. Severd tests were made, with
four of them shown in detall. They shown the gpplicability of the method.
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