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1.  I r r t roduct ion

Lo rdRay le i ghseems tohavebeen the f i r s t one tohave

g i vena theo re t i ca l exp lana t i ono f t heosc i l l a t i onso fa

oess parameter  is  Per lod ica l lY

va r ied .  I n  l g8?  pub l i shed  a  d i scuss lon ,  [ r s ] '  o f  so lne  o f

t Ì r e t ypeso fosc i l l a t i onso fas t r j . ngwhose tens ion i s

pe r iod i ca l l y  a l t e red .  H is  men t ion .a t  t ha t  t ime  o f  t he

co r respond ing  s i t ua t i on  i n  an  e lec t r i c  c i r cu j - t  an t i c i pa ted

t 'e  incerest  to  be g iven to  th is  k ind of  v ibratory mot ion

some th i r ty  years la ter  in  the f ie lds of  rad io communicat ion

and  e rec ; ro -acous t i c s .  r n  Lgz2 ,  J . I Ì ,  ca r son  [ z ] ,  d i scussed ,

f rom the point  o f  v iew of  rad. io te lephony an actual  e lect r ic

c i rcu i t  r , r i th  inductance and a s j -nusoidal ly  vary ing capaci -

tance.  T i re  response of  such a c i rcu i t  is  governed by the

two-pa ramete rs ,  seconc l  o rde r ,  o rd ina ry  d i i f e ren t i a l  equa t i on

w i th  pe r iod i c  coe f f i c Íen t ,

(1+e  cos  2 t )x "  *  Àx  =  0  ,

where  e  and ì  a re  rea l .

( r .1)

' I i r epu rPoseo f t hep resen tv ro r k i sLoshowtha t ' f o r

| .  |  <  1 ,  t he  À  ax i s  cons i s t s  
, o f  

i n te rva l s  i n  wh ic ì r  a I }  so -

I u t i ons  o f  ( f - f )  a re  bounded ,  and  i n te r va l s  i n  wh i ch  ( I ' I )

posseses  a t  i eas t  one  unbounded  so lu t i on .  Fu r the rmore '  ou r

ma ingoa l i s t ode te rm ine the leng thso f t he in te r va }s

v rhe re  unbounded  so lu t i ons  ex i s t '  These  i n te rva l s  w i l l  be

ca l l e i  Ì ns tab i l i t y  i n te rva l s .  Our  ma j -n  resu l t  i s  con ta ined

in the fo1 lowÍng theorem:
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Theorem 1,: The length L. of the n-th

of the npdulated frequency equation

instablLLEy ln tervaL

(1 .1 )  t s  g l ven  bY :

= Q l f  n  i s . even ( r .2)

(2 . Ì )

(2 .2 )

n

(m! l  :

l f  n  i s  odd .

i I  (n-z j )  I
0-<2 j  <m

(1 .  3 )

Bqua t ion  ( I . 2 )  i s  a  known  resu l t ,  see  fo r  examp le  Mag-

nus and wink ler ,  [ rgJ.  rncruded here for  a  saJ. -e of  complete

ness,  i t  natura l ly  appears '  in  the process of  prov i -ng (1.  3)  .

2 .  The Modulated Frequency Equat ion

Le t  us  cons ide r  an  L -c  e rec t r i ca l  c i r cu iÈ  c€ns i s t i ng

o f  a  cons tan t  i nduc tance  L  and  a  t ime-va ry ing  =apac i t y  c ( r ) .

Let  i  be üre current  and q the charge of  the c í :Jndenser ,  then,

i f  no amount  of  q  is  renroved f rom the c i rcu i t  a t  any t ime,

we have

+:f "lt - l ' .r*o (.r)
Bt- f  L(r , - r )  1 :J

*õüT=g;$rl,iI

Since

. dr=ã ï9 , '

equa t ion  (2 ,1 )

, 7 2
LC (r) +_r(lT

i s  t ransformed in to

g+q=o

Assuming

.$,ffi
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co
+ Àc .cos  (p r )  , (2 .3 )

example,  rePresents the condi t ions when a s inu-

of  f requency P/2n is  sung in  f ront  a  cÔndenser

one obta ins the modulated f requencv equat ion

1
I
rl
, í
t .

lc(r )  =

wh ich ,  f . o r

so idal  note

transrniter,

(1+e

from Q -21

cos  2 t ) x "  +  Àx  =  Q
.7

( (  ) '  = È ) (2  .4 )

^c
e = õ - i

o

,  subs t i t u t i ng c ( r )  bY  (2 -3 ) ,  and  se t t i ng

p r  =  2E ;  x ( c )  =  q (2 t /P l  t  t ã

I  =  l Z ro /p ) ,

I=íc-;
o

We sha l l  assume in  wha t  f o l l ows  thaÈ  l t  l

more ,  s ince  the re  i s  no  l oss  o f  genera l i t y '  v re  sha l l  on l y

cons ide r  e  >  0 ,  oÈherw i - se ,  one  can  change  t  by  t+n /2  ob ta in

ing the same equat ion wi th  pos i t ive e '

A l t hough  egua t i on  Q .4 )  i s  no t  s i ngu la r ,  d i v i s i on  by

r+e  cos  z t  does  no t  1ead  to  a  t yp i ca r  H i l l t s  equa t i on , fu r t J re r

more ,  t he  usua l  expans ion  o f  L /0+e  cos  2L )  i n  Power  se r ies

by longd i v i s i onand .subseguen t f i r s t o rde rapp rox i r na t i on

which y j -e lds Math ieut  s  equat ion conduces to  erroneous resul ts

Eo r  t he  H i l I ' s  equaL ion '
as  i t  i s  shown  bY  (1 -2 ) .  Howeve r ,  âs  :

an  osc i l l a t i on  theo rem,  ( t o  be  p roved  somewhere  e l se ) ,  i s

va1 id ,  t ha t  i s  i  f o r  0  <  e

increas5-ng sequences of  rea l  numbers '

ì \ 1
n } t  ^ 1 ,  a 2 r e o .

and
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such that the modulated frequencry equatlon

solution of period II Lf and only lf À = lr,,

a solutlon of pertod ZII I.f and only if t =

The l '  and À t  sat lsfy

0  =  Ào  <  ) .1  <  l ;  .  ì ,  .  Àz

and the re la t ions

( 2 . 4 )  p o s s e s e s  a

D = 0 r J - 1 2 r . . .  a n d

À ; r  D = l r  2 r 3 r . . .

l im
n-Ì€

The solutions are bounded in the intervals

(Ào,Ài ) ,  (À; , ì r ) ,  (À. ,Àl ) ;  erc

and there is  a t  least  one 'unbound.ed in  the compreSnent .

Thus,  in  order  to  deterrn ine the Ìengths of  the insta-

bi l i ty intervals we only need to determine the ,.raLrres À=À(e )
fo r  wh ich  (2 '4 )  has  a  pe r iod i c  so lu t i on .  To  th l s  end ,  we

apply a combined method of povrer series in e and Fourier

se r ies  i n  t .

3 .  Solut ión of  the Modulated Frequency Eguat ion

r t  foL lows f rom the eveness of  cos 2t  and the l inear-

i ty  o f  the eguat ion,  that  when e.q)  has a per iodÍc  so lut ion

of  any per iod,  ï i  or  2 i l ,  i t  a lso has an even and an odd

solut ion of  the same per iod,  thereforer  we may conslder

on l y  such  so lu t i ons  i n  de te rm j -n ing  the  À*  and  ì  |  .
r r n

We now proceed to so lve (2.4)  assurn inq
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x t t  *  c r  x .  =  - c o s
I  o l

j
2E  x+_r  ( t ) -  t

i=1
o i * j_ i  ( t1

1 : j

(3 .1 )

(3 .2 )

and (3.2) rgspe*

and equat lng to

(3 .3 )

(3.a)

t )  =  ;  x * ( t )e j
j = 0  J

oo

.  À (e )  =  [  o . " J
j=0 l

S r : bs t i t u t Í ng  x  and  l ,  1n  (2 .4 )  by  (3 .1 )

ive lyr  \arê have,  upon col lect ing powers of  e

zero the i r .  coef f ic ients  :

x " * 6 1 x
o ,o

= Q

Equa t ion  (3 .3 )  has  the  even

1 1 1  1 / 2
cos  (o* '  - t )  

,  s in  (a j '  - t )

These solut ions have per iod 2n i f

per lod I t r  Lf  ,  in addi t ion,  such n

the superscr ipts + and denot ing

and  odd  pe r iod i c  so lu t i ons

L /2
s : ' -  i s  an  i n tege r  n ,  and

o

is  even.  l lnus we have,  wi th

even ancr  odd respect ive ly

I n  so l v l ng  (3 .4 )  f o r  j

so lut ion which is  not  un ique

solut ion of  the hornogeneous

un ique r  w€  requ i re  tha t  x ( t )

(3 .5 )

(3 .6 )

(3 .7 )

ì  I  one  ob ta ins  ,  f o r  each  ) ,  a

as i t  invo lves an arb i t rary

equa t i on  (3 .3 ) .  To  make  t hem

saÈÍs fy  the  cond i t i on

o -=n2
o

+
x '  ( t )  =  cos

x -  (È)  =  s ino

n= I r2 , . . .

nt

nt
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I í2N
IJo x ( t )xo ( t )db  :  I

vle now expand 
"l 

and xl
J  

' )

-r- @

xl (t) = f, *],- 
"o" 

kr-  k=0 J ' r

qt

x-  ( t )  :  I  x ] ' - s ln  k t-  
k= l  J r t

ï nse r t i ng  (3 .9 ) ,  ( 3 .10 )

c ients  one obta ins

(3 .8 )

1n the Four ier Ser ies

(3.s)

(  3 .10  )

i n  ( 3 .4 )  and  equa t i ng  coe f f i -

c * j *

"'"io*r], "ï"1-r,o : ,*j-r,,

l - .  t  r
ã L=": -r , r*e*j-r , 3J

' ì -  
r

jL{x-z) 2xj '_1 
,k_2+

the  coe f f i c ien t  a .  j _n  (3 .2 )

odd so lu t ion  respec t ive ly .

(3 .1 ) ,  (3 .6 ) -  (3 .10)  rhar

j  >o

(  3 .11)

(3 .12)

(  3 .13)

correspond

(  3 .14  )

. +r^rnere al no\rr denotes
J

ing to  an even or  an

f t  fo l lows f rom

+
x * -  =  Q

.  J r r

and

+
X-- = Í\oJ( "kn

Equat ions  (3 .5 )

(  3 .1s)

y ie ld  the va lues of  a1 l  the
and  (3 .15 )
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j  =  0 .  Àssuming  one  a l so  has

and  eve ry  k r  sê t t i ng  k  =  m

+
and  x . ,  f o r  i

L K

( 3 .13 )  p roduces

(3 .16 )

(  3 .12 )

(  3 .17)

+
0 .

t

i n

ol  :  * f  ; , -à  t * ï  r  -  ^*  (n+2) 'x l  .  ^ l-  j  2  L ' - -  - - j - I  
, Í r -2  " ) -L ,n+2 - t

wh id r  i s  t hen  a  known  quan t Í t y  and .  t hus  (3 .13 ) ,  (o r

j - f  k=ì )  ,  can be used to determine * Ì .  .
f K

once  the  o ï ' "  have  been  ca l cu la ted ,  t he  l eng th
)

the  n - th  i ns tab i l i t y  i n te rva l  can  be  found ,  i . e .

L, (e) = [r*re)-À-(e)J : 
!1,"]rr,-"J(eyejl

L o f

4 -  Lenmata

The fo l lowing Lemmas g ive the necessãry e lements to

prove iJreorem 1 f rom (3.17)  .  A l r  th is  lemmas can be proved

by  i nduc t i on -  The i r  p roo fs ,  om i t t ed  he re  fo r  a  sake  o f

b rev i t y ,  w i l l  appear  somewhere  e l se .

t

Lemma I :  x+r .  =  0 when n and k are of  d j_ f ferent  par i ty .
J r\,

Lemnra 2:
+

x l .  =  0  i f  k
l K

Lenuna 3: f  f

k  >  0 .  A lso  
"1  

:  o l  fo r
l l

<  n -2 j  o r  k  >  n+2 j

a l l  j .

n  i s  even ,  t f  
+

, " t  * j k  =  * j k  f o r  a l l  j  >  0 '  and

Lemma 4 ;
-!

For  even  va lues  o f  n ,  X - r -
JÃ,

= x . ,  :  0
l K

= * ]u = o,

i f

+
c .

l

j i s

=  d .

l

even

-  0  i fand k = nt2!49,  for  some ! "

j  i s  odd  and  k  =  n !49 "  f o r

.+ano  x . -
lK

some 9" .

I ,Je sha1l ,  f rom novl  on,  consider

case n odd.  AÌ though theorem I  ho lds

the problem only  j -n  the

when  n=1 ,  3  ,5  ,  t he  nex t
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were

0 :
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lemmas would require sorue mod.if ications

inc luded,  thus we g ive the coef f lc ients

j < n in Table f and proceed to consider

i f  t hese

t
c r .  I o r

l
n  >  7 .

cases

n= I , 3 r5

Lemma 5:

for

a )

Le t  j o  =  ( n -1 )  / 2 .

j  <  j o '

0  1 f  j  l s  odd ,  and

Then :

I

t
g .

l
* ï ,  =  0 i f  ,  in  addi t ion,  k :nr4.Q,

l K

for some 9..

+
b)  x l ' -  =  Q  i f  j  i s  even  and  k=n !2 !49 ,  f o r  some g " .

l K

For j ^< j
Í.J

requi-red.

Lemma 6z *1.
f K

i f  j o

Coro l lary :

5.  Proof  o f  ïheorem I

Accord ing to  lemmas 1-3,  the

tween  À*  ( .  )  and  À -  (e )  w i th  l+  (o  )

when  n  i s  even ,  hence ,  L r ,  :  e  and

theorem is proved. Lemmas 5 and 6

n 
=  {a j -a - )  en+o  (en)

wlren n j -s odd. Thus ,  í f  
" l  I

van ish ing  te rm is  o f  o rder  n .

In  o rder  to '  ca lcu la te 'aa
n

+
t ha t  x_ -  ì  _ r ^  =  0  because  n - ln - 4 ,  n + l

Í t - 1 ,  a )  and  b )  a re  va l i d  p rov ided  k>2  (  j + l )  -n  i s

=  * ]U  fo r  a I I  k  i f  j  .  j o  and  fo r  k>2  ( j+1 )  -n

fo r  0  <  j  <  n -1 .
+g .  =  0 .
l l

i ns tab i l i t y  i n te rva l s  be -

=  À - (O)  =  n  desappea r

the  f i r s t  pa r t  o f  t he

and the coroLlary irnply

we have that thc  f i r s t  non -0-
n

v/e

i s

app l y  ( 3 .  I 6 )

even  and  n+2

observJ-ng

>  2  (n -2 )  -n



-134-

and therefore Lemma 5 holds.  Hence,

ot = ln-u 
t*i-, 

,n-Z

Us lng  (3 .13) ,

1
v =^n-1  

, ÍL -2 n ' -  ( . r -2 ) '

|  [ t " -a I  ' "

n- r
r a = x
t - I q , l x - ì  r  ' t '

1 : l

'n-r 
rn-4*t '* i-r rn] t

( n - 4  )  
2 +

n - / ,  r n - 4

(4  ,1 )

(4 .2 )

(4 .3 )

l , le  know that  
" ï  

=  0 when i  is  odd;  for  i  even,  n- I - i  is  even
t-

and n-2 j -s  a number in  the form nt2t49 ' ' ,  moreover ,  n-2 >

2 (n - l - i + I ) - n  and  l emma 5  can  be  app l i ed .  Cbnd i t i on  (3 .15 )

+
y ie lds  x '  ô  _  =  O  on  t ] 1e  r i gh t  ha rd  s ide  o f  (4 .2 )  .  The re fo re
-  n - l r Í L

zl r ' -  (n-  2) ' )

One can obtain, bY the sarne token,

l n -2  (s+1)  ]  2

t
v :̂n-1 

, Í r -2

t
* r r - t  

, n ' 2s

Hence

z Ln' - (n-2s ) 2J

' i - t  
[ ' -z (s+r)J 2

s=1
ì  - l  a  - l

2t o ' f f  
l r t  -  (n-  zs)  2f

s=1

1

n- I ,  n -2
tx - ,  +1  , I  

(4  .4  )

l ^ le  now use (3.13)  and Lemmas 4 and 5 to  obta in
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i - +
- - V

r ^.: 1
z  ( n ' - 1 )  J o t  L (4 .5 )

t
* jo-"  

r  1+2s tx .
lo -  (  s+1)  , I+2  (s+ Ì  )

Then

jo -1

t
x .

J o r l
2Jo

Jo f t+z(s+t)J 2

( 4 .6 )

s=0
,l

U s i n g  f o r r n u l a s  ( 4  . I )  _  ( 4  . 6  )

t  4  f  n r  I  l zC = +-n - r 
lãí ..-.---..-l ,B- -L (n_1 ) ! t _J

and  then

Fhhhl 
','*o(en)

backwards ,  we  have

(4  . 7 )

(4 .8 )

1+2 (s+ I )  l 2
2 fn"- f r+zs; 2j

TABLE T

-3 .23437s 
I  _s .  2447s2

10.017578

-2 .4  5  354  3

Í 0  .  0  00429

,ç
fr'-
,i;
t j ,  .*
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