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NUUERICALLY SOLVING EIGENVÂLUE EQUATIONS
AS UINIMIZATION PROBLEMS

ABSTRACT

The  pu rpose  o f  t h i s  papor  i s  t , o  p resen t ,  t h rough  two  s tudy
c&ses ,  âD  a l t e rna t i ve  way  o f  numer i ca l l y  so l v i ng  pa rame te r
depend ing í  a l gob ra i c  o r  d i f f e ren t i a l  equa t i ons ,  bV  us ing
m in im iza t i on  t echn Íques  o f  Ope ra t i on  Resea rch .

INTRODUCTION

Very  o f t en ,  s t anda rd  me thods  f o r  so l v i ng  a l geb ra i c  o r
d i f f e ren t i a l  equa t i ons  wh i ch  depend  on  a  n -d imenJ iona l  se t
o f  pa rane te r s ,  f  a i  I  t o  conve rg ie  o r  so l ve  t he  p rob l  en  a t  a l  I
due  t o  t he  l ack  o f  d i f f e ren t i ab i l i t y  o f  t he  ãqua t i ons  w i t h
respec t  t o  t he  pa rame te rs ,  ou r  p roposa l  he re  i s  t o  d .e f i ne  an
assoc ia tod  non -nega t i ve  f unc t i on  wh i ch  has  a  m in imum a t  t he
so lu t , i on  o f  t he  o r i g f i na l  p rob lem,  de te rm in ing  t hen  t he
loca t i on  o f  t he  m in imum,  i . e .  ,  t he  so lu t i on  o f  t he  o r i g i na l
p rob lem,  by  any  one  o f  t he  n i n im i za t i on  t echn iques  o f
Ope ra t i ons  Resea rch .

EXAMPLE 1
Th i s  i s  a  ve ry  s imp le  examp le ,  and  i t  i s  qu i t e  obv ious

tha t  nobody  wou ld  a t t emp t  t o  so l ve  i t  i n  t h i  way  we  a re
abou t  t o  p ropose ,  howeve r ,  i t  i s  i t s  s imp l i c i t y  

" n i " n  
w i l l

a l  l ow  us  t o  expose  ühe  me thod .
Le t  us  cons ide r  t he  rn i t i a l  Bounda ry  va lue  p rob lem o f

f i nd ing  2Ã  -  pe r i od i c  so lu t i ons  o f  t he  pendu lum equa t i on

(1  . 1 )  x "  +  wZ  s i n ( x )  =  O

sub jec ted  t o  t he  i n i t i a l  eond i t i on

(1 .2 )  x ' ( 0 )=0 .

I t  i s  a  we l  I  known  fac t  t ha t

(1 .3 )

whe re  a=x (O)  i s  t he  amp l  i t ude  o f  t he
e l  I  i p t i c  s i ne  (S toke r  J . J .  ,  1954 ) .

Wh icheve r  the  me thod  app l  i ed  to
(1 .1 ) , ( 7 .2 ) ,  i t  w i l l ,  i n  gene ra l
a l go r i t hm :

so lu t i on  and  Sn  i s  t he

f i nd  t he  so lu t i ons  o f
t e rms ,  f o l  l ow  t he

I
I I
I I Ï

Choose  a  pe i r  e t f  va lues
In teg i r a te  ( 1 .1 )
I f  t he  f unc t i on ' ob ta i ned

has  beon  so l ved ,  l f  i t  i s
a  o r  o f  w  and  g l o  t o  I I .

a  and  w .

i s  2 l  -  pe r i od i c  t he  p rob lem
no t ,  choose  ano the r  va lue  o f
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Our  p roposa  I  i  s  t o  g lo  th roug lh  the  s t  ops  I - I  I  I  i na
sys tema t i c  wêy ,  w Í t hou t  r e l y i ng  on  t he  d i f f e ren t i ab i l i t y  o f
t , he  ope ra to r  o r  t he  i n i t i a l / bounda ry  cond i t i ons .  To  do  t ha t ,
l e t  us  de f i ne  t he  f unc t , i on

(1.4) Fa[wJ= l"  xtzf i l l  + l* 'arp, [
where  x ( t )  i s  t he  f unc t i on  ob ta i ned  by  numer i ca l  i n t eg ra t i on
o f  ( 1 .1 )  f o r  t he  g l i ven  f r equency  w  and  i n i t i a l  va l ue  a .

C lea r l y  F . Iw l  > t  O rand  i t  i s  equa l  t o  ze ro  i f  and  on l y

i f  x ( t )  i s  2 { -pe r i od i c ,  i . e . ,  f o r  f i xed  a ,  F . Iw ]  has  a  l oca l

n i n imum a t  t he  va lue  o f  v í  de f  i ned  by  (1  . 3 )  .  I { e  have  t hus

t rans fo rned  t he  p rob lem o f  f i nd i ng  Z f i - pe r i od i c  so lu t i ons  o f
(1 .1 ) , ( L .2 )  i n t o  en  equ i va len t  m in im i za t i on  p rob lem.  An

op t im i z i ng !  a l go r i t hm  can  now  be  app l i ed  t o  so l ve  t he  l a t t e r ,

wha t  amoun ts  t o  sys tema t i ca l l y  sea rch  f o r  t he  va lue  o f  w  f o r
wh Ích  Fs lw l=0 ,  t hen ,  f o r  t ha t  w ,  t , he  co r respond ing !  x ( t )  i s  a

so lu t i on  o f  t he  o r iE l i na l  p rob lem.  The  exa rnp le  t r ea ted  he re

i s  a  one  d . imens iona l  p rob lem and  t he re fo re  i t  i s  nos t

na tu ra l  t o  app l y  t he  Go lden  Sec t i on  me thod  (F ibonacc i

sequences )  (P ress  e t  a l  I  i , 1986 )  t o  de te rm ine  t he  m in imum o f
(  1  . 3 ) .  G i ven  a  and  an  i n te r va l  tw  L ,w1 l  whe re  w (a )  can  be

found ,  t he  Go lden  me thod  w i l l  de te rm ine  po in t s  w3  and  w4  i n
tha t  i n t e r va l  ,  eva lua te  (  1  . 3 )  a t  l í j  j =L  , 2 ,3  , 4 ,  b racke t  i ng
the  m in imum be tween  w ,  and  w4  o r  *3  and  ,Z  depend ing  on  the

re la t i ve  va luos  o f  F " Iw ì .  ï t ,  i s  i npo r t an t  t o  obse rve  t ha t  a í

each  s tep  on l y  two  eva luaü ions  a re  necessa ry  because  t ,wo  o f

t he  va lues  ob ta i ned  i n  t he  p rev ious  s tep  a re  u t  i  I  i zed .

F igu re  1  shows  t he  g raph  o f  t he  numer i ca l  r esu l t s  ob ta i nod

in  t h i s  w&y ,  and  f o r  t he  sake  o f  compar i son ,  t he  cu rve

w  =  1 .  +  o2 / lA  ob ta i ned  by  a  second  o rde r  pe r t u rba t i on

app rox ima t  i on .



EXAMPLE II

Le t  us

equa t ions  o f

(2.  r )
(2  .2 )
(2  .3 )
(2 .4 )

cons ide r  t he  p rob lem

a  ran - j e t  ( r e Íe renc ia
o f  so l v i ng

do  ran - j e t )

t he  ba lance

(p reencher  equacoes )

rn  Q . t ) -Q .4 )

s i g i n i f i cado )

i s  .  .  .  ( p reenche r  va r i ave i s  con  o

r t  i s  c l ea r  i n  t h i s  case  t ha t  s t anda rd  me thods  wou ld
fa i l ,  ma in l y  due  t o  t he  non - l i nea r i t y  o f  t he  equa t i ons  w i t h
respec t  t o  eps i l on .  Ve  t hus  de f i ne  t he  f unc t i on

(2  .2 ) F I . . . va r i ave i s . . . l =

wh i ch  a t t a i ns  i t s  m in imum va lue ,  ze ro ,  a t  t he  roo t s  o f
Q ,L ) -Q .4 ) .  once  ag fa i n  we  have  t r ans fo rmed  t he  o r i g f  i na l
p rob lem o f  so Ì v i ng  a  non - l  i nea r  sys tem o f  t r ascenden ta l
equa t i ons  i n to  a  mu l t i d imens iona l  m in im i za t i on  p rob lem.  l { e
used  the  Hooke  and  Jeeves  (Novaes  A .  ç .  ,  l ! ì ?8  )  a lgo r i t hn  to
m in im i ze  F .  G i ven  an  hype rcube ,  whe re  t he  so lu t i on  mus t  be
loca ted ,  and  an  i n i t i a l  guess  X6  i n  i t ,  t he  a l go r i t hm  va r i es

one  pa rame te r  a t  a  t ime ,  l ook ing  f o r  a  va lue  o f  F  sma l l e r
t han  F IXg l .  l { hen  i t  i s  de te rm ined ,  saves  i t  l o ca t i on  and

va r i es  t he  nex t  coo rd ina te .  r f  t he re  i s  no  poss ib l  e
imp rovemen t  t hen  t he  m in inum was  a t t a i ned  a t  xo ,  o the rw i se ,
a  po in t  Y  i s  de te rm ined  w i t h  F t y l  <  F tXO l .  The  a l g to r i t hm
checks  then  i n  the  d i rec t i on  Xg



FtZ l ,  where

farther away
-i

Tab le  I

pa rame te rs .

CONCLUSIONS

Z 1g  a  po in t  on  t he  s t r a i gh t  I  i ne  Xg  Y  bu t

f ron  Xg  than  Y .

shows  t he  so lu t i on  o f  ( 2 ,L )  f o r  t he  i nd i ca ted

l {e  have  j us t  shown  tha t  g i ven  the  o igenva lue  p rob lem o f

f i nd inE  I  and  X  such  tha t
(3 .  1 )  f  [X , [ J  =  O

sub jec ted  t o  cond i t i ons

G,2 )  g tX , I I  =  O  ,  ( t hey  m igh t  be  t r i v i a l  cond i t i ons )

i f  one  de f i nes
Fxt l t  = l f tx,Àl l l + I grx,ì 1tr,

ühen  t he  e i g l enva lue  p rob lem can  be  so l ved  by  m in im i z Íng  F

us ing  t he  nos t  su i t ab le  a l go r i t hn  f o r  t ha t .  Th i s  wây  o f

so l v i ng  (3 .  1 )  ,  ( 3 .2 )  i s  no t  i n  g i ene ra l  an  e f  f  i c i en t  one  when

the re  a ro  o the r  me thods  ava i l ab le ,  howeve r ,  i t  can  be  o f

$ rea t  he lp  when  f  o r  g  a re  no t  smoo th  enough  o r  when  one

w ishes  to  have  an  os t ima te  fo r  t he  s ta r t i ng l  va lue  o f  an

i t e ra t i ve  p rocess .
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