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1- IHTRODUCTIOH
This paper serves 'r ft,çofold purpnsü. First we
evaluate space-periodic solutions of

a's a{+ dg . _i[g*lr _ " t- + - +  -

ôt 6"4 a# 
.ã[a*1'= n (1]

using perturbatian methsdE and Fourier
decomposition. Seccnd, ut/e emplay thnse
solutions to determine progressive-wüve
solutrsns o{ {l}, and discuEE çorne of thetr
prop erties and physical meaning.

Equation (1], known as the aue*dimensional
í;.n atncrts -Siva s tnnsky e quatiurr, cu as otÍtúirre d

hy Kuramsto lll it is a particulaï câse of the

Michels orrSivasLLinsky e quatiorJ 2, 3 I d erive rl
as a model of flame ptopagation. In this case,
+ is prcr"portior"raÌ tu the dÌurensrc,ïrless
petturbaüon s{ a {larne fran!, and it is itt this
context that rrie shali analyze aut results.

Michetson{41, ir, u trornuticnl study, has showrr
that when{l} is integrated over an iuterval

I < 'x < Í, f latge, with periodic bnrrndary

ur:n'lihotrs, it has a s,:lutiun futrúotr {t{at} of
tìrp form

É{x,tJ =-pt+ g{x,t},  pcunstant {t l

Furthermore, for fi:<ed t, C{x,tl resembles a
qua:t-perindi,: futrchun. iu a later pepÈÌ,
'Troy[5ì prorred the existence af steady
soiuhnns of {1}.

'ïfe 
sh,:ll inveshg'rte here the c*se in çt'trich

,fl6t) is üctuülly independent of t.
Furthermore, rve seek functrons g{x} periodic
u,rth fundment':i perird irrt far sante k.

For {rxed. glen \,leÌ

, u=k3o ,  z=kv , , xe 10,?n/kl

f{z} =qi {zi}l}, a e {0,lnj {3}

Substihitrng ú arrd x in {l) by {t) and {3} we

obtarn after simplifprng k3,

I
lç?fiv*f,,  *fg'1? = s {1, - f l /dz {41

çvhete {{z + ln }= {{zJ.

Let us consider thre arhficinilv modified
equaton

k l t l *h f , ,n f i f ,1?=o 151

'When 
u = 0, f = f6 = 0 Ìs a snÌutiun of {5J fnt

all values u{ ,\. It is a sh'aigirtforwatrJ

application of the bifurcatron theoremi6l to
shnqr thnt a ln-petiodir s':iutintr fizf uf {5}
bifurcates trom f0 at h = k2. Accnrdìng to the

theureur, f{zJ, as weÌi as the vaìues of u anrJ },
far rdrich iï *rìsts, carl i:e obtatned
parametrical$ a.s f = f{z,s}, it=h {s}, rr: ir{È}, uì
terns nf a parameter r, such Ìirat f[2,0J = [.1,

ï$.i
ìitsr'mi'iio I oor.

*_l
\ .

trntgo ds
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,\{01 = kf, o{ü}= ü. The Faïdmster s can be
de{rned hy

irr order tu deÌerïrÍirre ttris soìutiorr lve empiry
a combinatron oi poweï-5eïies dnd liaurier-
teïies exfrdrrnorrs. Let :

tr

f{z,cJ= Ïfr",{t} 'stt  {fr}
rr* I

Equatinn {9bj defirres hrr-1.

n = ? one obtarns ï1{lì =

frnti {9}"r}m;henp = 1:

htr-l = -g{n,i}

Usurg {9cJ wrth

I and theteforn.

3a

*,{tt,,.',0:r 
= ez. { !d lt6l

and, since the functruns frjz) mutt be periodrc

aiperiod ?r,

h= ;  hns ,hg=p.2
n={J

ff

r

ü = Z üÌ1Ë".
n=1

o ïÌ-1 *

. ,  - 1 ï  l ï . n r ï  . r r rv n - d o  & r l l r l r n - l l r J
' : - t  1 - l  J

l - J  r - r

Thlr-s, -çìarüngwithn =Ì and. recur-çively. nne
detetminçs hn-l frnm {!tìJ, usËe {9b} tn

evaluate frr{p} frr I { p S r\ {9rl then irxes

the value af fr,{lJ and, finally, us*s {9a} ta
cdnúate on.

For tire sake of brer,rty we refer the re*der to
reference {ï] ,,.,ihere ,rlï the steps c{ lhe
algurithm nre glen in detail.

'!ïl'e tra.ve impiementerì the just described
aigortthm in a cnmputeï pïügrdm, evaluatrng
all the coeffinents tnr n "( 5[. Using the ratios
,\2t,/,\1 1sy 1 I and o3r/42 1n- I J ffi d e:"tr *p oiatrng
f0ï n = l0ü0" using rational {unctinns. we
determined numerical radii *f rCInrergence
ptr{k} and po{l+}. Enth agree tn more than sur
decimai places . *nd therefare we shall
indicate this cnmmm value by p{kl $rnce the
main goai is ta snlve equatinn {4J rather than
{5}. we then determined the value s1 = s1{kJ
frr v,,trich h = 1., i.e..., h(ef{kll = 1. The
ntrmericai resulls indicate that a1{kJ { p{k}

rnly if 0.63 í k í 1. ÍFiËure lì.

e l , .{n{e} = à f n(PJ cos pu, (Bl
*.- .  I
t l - I

{ïbl

t? cJ

le aJ

IJlilizurg {'la"h,r,} nnd {B} ur {5}, {6J, rollierrtng
pÍri[iÊrs rsf. s, aníJ hr.rmonir likç terms v+e
obtain:

p2{p2-tlïn{p1 = p?4.1?r{p1. s{npJ {ebl

n-l *
5  r  i . i r r ' "r l t r l  fn1-n1{ l }= Qrt ,  {9c}

j=1  l= l

{6 Krnnenhnr.symbnll

where g{np} in {9b} it a function çvhich
ï , , .deËendE on  f ; í l ì  l { i { n -1 ,  l í l i ; i .'  J '

<lo à_T ü.è 13 I

Figurc l. 
'l'rre 

r4rpcr cuí1'c rtpfi)seíìb Ore commcrn ra<tius c{

conver8enco riÍ o{{ md .\ir:} ob1írin.6 Ìrt extrapolation kr 1000
term.s in {fb,c) fur 0.6.1 .Í k :í l. . 1'hc lower crnve rcpresenLs s1(1}

suchürat Â{e.,{k))= t.
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I{. rather than usrng dn afltficial h. \r/e
consider k a.s a parameter in {4J, it is passible
tn prove as be{ore that a periodic soluhnn
biturcates Ìrom {g at k= \y = 1., ü = lJ. Hence.

we proceed as in the pre'vinus sectioru 'that'is,

!i/e ure (61. {Ial.(ïbì and IBJin (4i, expanding

noçr k? interms of s es

k l= ï  knsr \  h= I  {1o l
n=ÍJ

lVe ahtain in this ïvfl5r I system nf equatrnns
which can be snlved recursively as beiore. ln
this ca-çe k r-1 plays the rnle nf Ìrn-t.

The numerical results abtained r,çtth these
e:,p.rnsions *re essenü*llp'the same *s thCIse
obtained with the first apptoach. The present
scheme has two advantagei oveï the
prelrous one. Firsl na *tifici.rl par.rmeter is
introduced in the nquation and, secorrd, lhe
dependence of 'r on k ü nbtained
p*rametric.rl$ with jur{ one ïun of <he
progrdm. The numeric*l rndii c,f
convergence of {7b) and {lüJ agree, with
commcn v*lue p = 3.013631 r+trich determines
the minimum vaìue k = 0.?96958

As an aiternahve approach to thase described
before, one cdn subsütute the periodrc:
soiuüons of {41 by finii; Fourieï sums

tl
fUÍz)  -  r  fh)  üos pz,

p= l
i l l )

üoliecÌrng like Ìerms. one obtains Ìhe system
nf nnnìurear aìgehraic equaünruc :

' 'N
n=dH=A =.o t ï t {o l

p = l

üeari'g, 0ïrB càn nnt expect {12ò,bJ, de{ined
fnr I ! p ! N und l'l {p í ?N respechveiS tn
have nan-trivial çoluhcns because it is a
qrstem nf 2i{ equations çvittL },1 unkrrowns.
Hnrperreï. if the square systenr (l2al has a
non-trir;ral soiuhan, therr, the L? nnrm n{ the
retidual Rg is

lN !  v
h  /  È 'Rn * i  J g, , {PJ i

P:|\f lrJ

If R* is smaiì, then one côn use {l il ar a good

approxmatrnn tn thrr sniuünn nf {4J. Thts
algcrithm,'+,iïren rmpleme nte d, r epr a duce d all
the numerical results nbtained '*nÌh lhe
pïeytoui approachns. çvrthin thuir range of
validlfi vnth very :mali reriduak Thü
rcheme is faster ìhan thu nther:, mainly
becausn one srnali number of turrrs, N = 10
far example, giver results which are not
different finm thase obtained wit?r N = 100.
The validtty of thn nppro:smahon is no longer
gccd ar k apprracher 0.5. Uling thiç methorl
lffe delermined thu parametric üuïve

io{k}, s{k}} ',ryhere e i: the I-? norm af the
appro:nmate soluirnn (i.c., directly relaled to
the amphh.rde nf the periodic sniutinnJ shovyn
inf Figure ?. üne can abserve iri it that the
maximum af a{kJ is attained at h ' 0.78 ïr/ith
e = 3.06ü1?6 and ü : 1.498951.Ths irnear
analyril of the rtabihty a{ the zera taiutron aí

Íll lneìds y=^,1Ì{Ì as thn ççave*number ÍiÃrhich
grve: the ma:nmal amplificahon. The ma:nmum
flame velons, s = 1.6030, is attained at a
iarger yaiue nÍ k, namely, k = 0.84 where e =
2.q7219!, .lt r: rnterertrng tc sbser,re that trua
flames can travel rr'dth the same velon$r,
althnugh presentng different periods anri
amnÌihrder.

pztp
. N_Ë

Lllf {p) +i I l{p+1) f {1ìf {p,U = s IIJ',.}
à ì r

t : l

I{

f lr ,rtpJ- à 1[p{) í{1}í{p-l)= t l
l=p_N

wìrich, once sntçed, defines oby

f ríhl



2. PRCIGITh,SSIVII ìMA\trES itbecomes eviderrtthat allhighet srder terms

in s da nCIt depend anx, hence' we cdn$'{1Ì€

Let cr: he an athitrarl'teal nutúet, {(e} a 2m-

p'àho" ;;mtt" of 1l1"tot u,stlt: I io
r, = cr{kJ the cnrrespnnding value nÌ u' Ì-et

$tntì be the ftrnctinn de{ined bY

ftxt) = f[k{x- r*t})

$tr aightf orwar d sub strtutisn strnws ütat

i* = zJt *IffltJ

i'tiilich, intun, ytetds the enveiape

X ú  t 1 r

statJ= rFUtat]=f;-  Ìrr t  {141

Ery:rÍinn {tJ cnr.rld alsn be çnived ustng a seìf-

sitnÍl arity te ctrnique' lnlÌowín g f ry e*f111|, it

ii" trt.t:s = ln z, l' = in r, lh Ïesuung

equatton pússesses ths srhrtirn' after

returning tn the nriginal variúles'

:r2
*tntl= *fStnt) = T'

sÃ,hich is Ìhe enveinpe oÌ ihe nne patametet'

piane-tiames snlu[nns

ff[x,t)=*5{x,tJ = atx-

*txt r"'l :,$:ç- 
[*. 4.. s{xt} {l3l

is a solution of {1}

d-
7"

ljl i

a Ë -

l-E -

à-,r -

Ë .
l r '

ì - 4

I

ÒÈ
È-õ
*.tí

ç

, ' /
.1 t-,/ /-

J . Ì

{ .r"

Fiqure 2. I.2 norm and flamc velocitl' of rxllulaLr

flaï; * a funçtiuns uf the wavr-number k'

Since *txtar) is a one-pâÏômeter {arnily.of

ïoú"t'oï'{t}, its envelope, defined by the

equation

ü $
ffi 

= *- rut*lctf'{lt{x- otJ} ; g

is alsa a lalrntian af the di{ferentiai equation'

Usirrg { and k obtained with the Íirçt

o*itítuutto" echçme, eryanding lo in pouret

ieties nr e, wnh

a:g =a:{Ü,X,l) = HX'

The losarithmictermin (141is then due tn.the

nrçgseïrive lrúô',re' Atthaug,h {14}ii e sott{CIn

;i iïi, í can nct be tegatded-as 1. 
{lame',fú

;;tÀti; È5 a boundãrY of alt Possibie

progr*rr"o* 1Ã'âl/e5 abtiined by ipace and
'tl*t- 

petiodic perhrbatronl' ïfe mlr5t

u*oiluiit * titat thu b ounrl ary tr avels i1 hme at

;;ffit *i;"ty titu"the a;reroge'uelaaff of

each individuaï pta grelsive wave'

It can be shosÇn that the pÏ$gÏelslo tÃrdve

*ú"it travels at a sln$ter ppe 
-:hôn 

the

traveiling wave çir',tl-ii t'r ) rfa lf' an the

other trand, il < flã tt goes fastet' The

velocity is exactly *t if co = { r' In this cã5e' ççe

canwrite

Õ{r.,1} =.1lot" -r/iot} * ftkts -tli"ttt

[.et h be a fixed,br:l nth*twise *rbitrn.ry real

;urtri;-;:and çnnsidet the solutínns H = xitJ ot

the equãJun



Ío'2 1
È{}r,ÌJ = r.x- 

[ï.oft*f{k{s-&'tl} 
=h {15}

The tatal derivr,tle rf (lsJ ',r,rth respecl {n t
nelds
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fresir gas., the point B wouid be advannng
rnto thÊ hurned gas. Fhysicaily this, in an
nchtai experiment wnr"rid be rnterpreted as a
moïrng müss üf gài gÍling to Ìhe right and ttre
observed veionhes of A arrd E would be
reiatle velontres. At t * { the point Á. wouÌd
reach the point B and hnth lvould deasapear.
that is. the gas bubble callapses çvhile the
point C keeps mnvrng toward the ngfrt. In
Figure 3b cu ) {2a. Althaughthe desmipüon
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Figurc 3b. Lcvel curves of thc surface cD(x,t).

c;rse úl > affi. k = 0.?5, a: = l.9l5,tr = 1.381398

of the phenCImenon u/ould be similar iÍ tve
thoose h = 5, tn ttris case, the putrrt B will
ïÊ&ch the poiïrt C and the bubble of fresh gas
t/Ì/ould join the reglün of fresh gas to the ïight
rrlC.

A very ívteres@ phennmemn takes piace
tn4ren 0.5 { k ( 0.55. In thrs rÊglon f' ha.s trsr
lnca1 rninima in ú t z í 14 Ïigure 4a . figure
4b shor,us ruhat Ïuppens rn lhis ca.ses, urhÊn -
*:ik ( 0 is greater th*n thç greatest of both
minÍma nf í', bo{h regions urhere f is neg*tive
generün berüieveiflrrvÊr, rrdhiie rfu nd.ïïD$/
segmsnt where f' ) | seems to yreld beiter
hehrrved ü.rïves.

4. DTSC]USSION OI; IìÌiSIILTS ANI)
CONCT-USIONS

1ï/rl h,:.ve prÈsenlÊd ihree s*rem.es ínr
snhnng tire Krrannntn-$iv*shinsky equa.horl
determin eti sp ficeT eriodin, constmt-veiocíty

É... dx{tl
4rj = *;f- =

'  . i , - '  l

'  t , " , "  
'

:1" ,' ' ' ',t.' ',, 
', ' 

, ' ' : :t,'t:ti":

i,- '.-1 ..1'-i-:l,::':-.- i=.f . l:r... i-ii
,':, :;_i:...: ..+. a:;i ::j:. ":,,i,: 

'i ',,.Í:.t -j 
::, , :.:

Figurc 3a.Lcvcl cuwcs of thc surfacr @(x,t). t,a.se

o, < frf:n . k=0.7 5, a = 1.4,o = i.381398

Therefore, if -ro,,k { min f'{a}, z € ïü, ?nl *nd
io ( r/3o therU the curve x{t} is manotanic,
otherwtse it h,rs infinite oï Eeïü slope *ì a
finite trme, depending on qxrhether one rrr
bnth inequ*iities üïe r,rolated {Figures 3,r ,rnd
? h t

ftis can be better uÌìdcÌ'itüüd $Itth the tieïn
of Fig.ue 3a in nhich úd { {36 he tevet
ruï\rÈi shuqnr rÌÌ thet figure decrease fiÌlnr
rigìrt tn left iiren, if one fixes the leveì at r àF,
h = ü, then one tryculd onlSr 56s fresh gas. At t
; ü.15 nne pourt of light, À $rüuld àppÈar àt r
= ü, tìre fÌane frunt. ïris pnÌnt rryouÌd traveì
tnqrard the right unül t *1, rsihsn another flam.e
frnrit wuuld àppeôÌ $t u ü { 13. This secun,J
puÌnt wiìi spììt Ìn twu fronts, Ë ônd ü
trarrelÌing C to the right and E to the letÌ far a
tntldle, turning F tuwar,J ttre right sunrn time
aÍter its appeôÌôÌìrË. After tìls ìnstant une
urouÌd obserrre that irr the leftmoçt regron oÍ

a + k f '



solutions imd pï0gressive tçàves s0lÌrh0ïÌ5'

The three schemes. rrorthin their limitahons'

ursved to be {ast and accwate' The fact that

iir*y snlve the Kutamotn-$ivastrinsky
eqüatian is enccuraging far theu applicattan

tornard the sululrr:n n{ ttre full Micheissn*

Figurc 44. Phase"Plane orbits of thç scluticns f(i:)

af equation {4J fur 0 5 í lt í 0'55

$ivashinskT equaüon . The numericai tesultç

krete c,btained agree rmlti ttrose 'peutrnsly

found bv other authars, fat example [4]'

The prag;ressive wdves found in thÍs paper

,"** to"'bu new in hn WxY'ahxe' Theit

behavror desctibe fairly well the expecteri

physicalbehaúnt and, once again, this npens

new pnssir:iliÍies fnt simlia: eqr;':Íi'nns, ìíke

those mndeïling thin iilms I l0 i
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Figurc 4h. Lcvcì çurves cf the surfa<:c +ixí)'

Ca-se {r) ( {?ü, k = 0.5,c^l = 0.25,o = 0't l l47'
'l.hc two minima in irig. 4a corre*pond to the two

nrrturberd zones.
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