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Absfiact

Axisymmetric tubulaÍ laminar flames are

inveitisated in a near equilibrium diffusion

.""n"í"0 regime with a thin reaction zone separating

tfr" n.f unã oxidizer radial streams The solution

;i thit "normal Burke-schumann like problem"

vields the flame position and the concentratlon
'oroÀi"t 

rot ttt" fuel and oxidizer and' as expected'

ii. oroo.t stretching variable for future

iiu.rtlgàtion of the flarne strucrure for large

u.,iuu,í- energies The temperature profile is also

ãúi"i""o f"t ihe classical conditions of Lewis

Nurnbers equal to unitY.

bsaduÉian

The imponance of flame-flow interaclion in

Combusiion Research is undeniable 'Jy'hile Premixed
flames have been intensively studied. in a wide

spectrum of geometries and conditions'' this is not

sà with diffusive flames. FoÌlowing the work of

Burke and Schumann? who set forth the theory of

diffusional combustion and the work of Shvab and

Zel'dovichs, who established the general properties of

diffusion flames, most of the work has been

.""..",t".0 in the counter-flow diffusion flamese'ro

""ã 
in,rt" spherical diffusion flames"'' ' the former

used by Linan'o in laying forth úe use of the

activation-energy asymplotics technique for diffu sion

flames and the latter because of the fuel dÍops bumlng

oroblems. Cylindrical diffusion laminar flames have

ioi U".n trual.a yet, may be due to the fact stated

úu gr.kturt.t and Ludfotd'' that "the uniformiry

.í ,f,. f* fi.fO implied bi the cvlindrical

ãp.áià, pt..rro"t the possibilitv of a flux of

oxidant fiom infinity so that' as in the plane case'

such a diffusion flame cannot exist" However' thls

mieht not be the case if one chooscs a geometry and

.àiOnont as described in the next section which

can be experimentally realized Hence this work'

which uses Àurke and Schumann's idea ofan infinitely

thin chemical reaction zone ie the combustion

surface approximation as shown by Zeldovich et al"'

to establish the flame position, the tempeÍature ano

the concentration profiles to lay the path for future

investigation on the asymptotic smlcture of these

flames.

Problem Geometry

Consider the sletch shown in Figure I where a

stream of gaseous fuel (subscript 2) flows radially

outwards thÍough an inÍinitely long porous ctrcutar

cylinder of radius 12 while the gaseous oxidizer

(subscript l) is being pumped radially inwards

through another porous cylinder of radius /1 '

( r ,  >  >r , ) ,  concentr ic  wi th  the inner  cy l inder '

Aisume a-single steP exothermic chemical reaction in

' 
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which the oxidizer Ar and the fuel A2 are convefted
into the combustion pÌoduct A3 ,

v t A t + v t A 2 - + v 3 Á 3 ( l )
(an aaì ra(x al ' ì

Pfu't" ' '  ôr)=;ôrl%'ü)

/  ^  ^  \  ,  ^ /  ^  \
I  O A ,  O A ,  I  t O I  ^  O A ,  lp l  v , : - + v ,  ^  l = - - l  p D , r  ^  |
\  d r  -  oz . /  ro r \  o r )

where vi are the stoichiometric coefficients (i=1,2,3).
The flow is steady, axisymmetric and symmetric
about the plane z=0. Assuming the usual simplifoing
conditions8 l' the conservation Equations can be
written:

mass:

; ;b- ,h;(pu,)=o 
(2)

r-mom.:

. ,  . .  t / t  a  r .  \z l t v  _  z l t l l o  o v .  t- - - * + - - l
r '  3 r \ r â r '  ôz )

o  I  I ov .  ov , l l
- t  r r t - + -  t t
ozL \or oz /J
0-mom.:

t ov" V-vo ov" Ip l  v ,  - ^=  * - i  v , - : - l=
\ d/ r oz ./
.  ^  í  ^  /  \ \  ^  /  ^  \
I  Ò l  , ô l v " \ l  o l  o v o  )- - -t ur' -t ---:- ì |

r ' ô r \ '  ô r \ r ) )  ôz \ 'ôz )

z-mom:

I ov- ov. I op
^ l  r r  - - - - - . i - - !  r r  -  l r :' L  A r  -  OzJ  Oz

rô( (a".  ôu.ì ì= -^ l  u4 = :+- :  l l+ror \  \or  oz. / , /

^ / ^  ^ , \o | /," on | ^.-.+ : - l  -7- f t  AW
oz\cP oz )

species i, (i=1,2):

(6)

^ /  ^  \o l  ^  oa ,  l+ - l  PD, --  l -  v,w
oz\ oz )

l ^ ) ^ \ ^

^Í ,, d" - u, -, ou, ,, l-oP' [ "  ô r  r  ôz  
' ' ) ' ô r

.  ^T  /  ^  ^ / ,  ^  ^  \ \

)*l,rl,#-;Ëi@).?)) '
(7),(8)

combustion product, (i=3):
/  ^  ^  \  ,  ^ /
I  oa ,  oa ,  I  t o l  ^  oa ,  I

Pl  v,  ^ +v. ^ l= -- l  PD.,r=- |- \ ' o z  -  oz /  r o r \  -  o r , /

^ l '  ^  \
o l  ^ o o t l+  ^  |  p D ^ = !  l + v 1 w  ( 9 )
oz \  -  oz )

where v., v9 and v, are the velocity components and
r, p, p, h, I, co and D are the gas density, pressure,
dynamic viscosity coefficient, enthalpy,thermal
conductivity, constant pressure specific heat and
diffusivity and where Q is the chemical source, 4 = pi
/p is the Íelative conc€ntration of species A1
(i=1,2,3), and it has been assumed that the reaction rate
for the ith component, W; , can be written in terms of
the chemical reaction rate, W, using the
stoichiometric coefficients vi, so that:

w=-ta' / ,  =* '1,  ( i=t ,2) oo)
/ v '  / v t

(3)

(4)

. u*lr(,* -iê3.o,>*)) (5,

L
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The Combustion Surface

Define

a,  a .
p =  _  -  ( l t )

and assume that p Di = pD, i = 1,2 i.e., on either
side of the flame sheet8. Then Equations (7) and (8)
y ìe ld

(  ao  ôp ì  tõ (  ô r r ì
p l  u . ^ '+u -^ ' l  - - l pDr  ^  l "

\  c l r  " d z /  r d r \  O r )
^ /  ^  \o I ot) \

+;L pDi  loz \  oz )

where

u.,,
p ( \ . z ) = -  t t  Y  z

a h  , ,
P l r , , z ) - '  v  z

where W' : dq /dt. (ì:1,2). AIso choose aio , (i=1,2)
to be the init ial oxidizer and fuel relative
coÌÌcentrations, respectively.

(r2)

(  l 2 . a ' )

and p - 0 at the Combustion Surface, r : re ",

i.e., p(r,.., z) = 0. Since rr >> 12 , then condition
(J2.a') can be conveniently substituted by

p ( , t , ò = ! t !  V  z (  12 .b)
v l

FoÍ the present geometry and away ÍÌom the
plane z = 0, then I = p(r) only and equations (12),
(12.a) and (12.b) can be written as:

, l b  l d  - db .
Ov"  =  - ( rpD- - - \  ( 12 .c )'  ' J r  r d r ' '  d r

and

where cr,o =
a,o

( j  =  1 , 2 ) .

The veÌocity f ield

Introducing independent variables q' such that

', a,

where the al, are mte of stÍain parâmeters and v,0 the
kinematic viscosities (i - I for the oxidant Í low
(i.e., for r > r, ) and i :2 for the fuel íìow (i.e., for r

: < r < Í. )). Then the radial velocity, v,, can be written
as

p v ,  r  =  -  p ro  v ro  Í ,  (n i  )  (14)

where { (r1) are streamfunctions. Then Eq. (5) is
transfomed in

l im / (1 )  -

Ì l  + ï l *

where the subscript iwas dropped for convenience and

r12a) r(,)*i/ 'ì '-,='frlt ' l ' l  {ì5)Ì1 \q/ ' Ì l '  nL 'n ' , l

whose solution is:

Ìl ' - Ìl .'''
. I t Ì l . r = -

Therefore

urr t  -  -L l  '  ' i  
Ì

2 \  r  )
,  t :  1 , 2  (  1 7 )

(  t 6 )

F(rr) = -<t.,

P(-) - cr rn

( l 2  d )

(  1 2 . e )

and the axial velocity wil l be gìven by

/h) '
v . ( z \ = a , z  - . L  o r  v - ( z \ =  t t , z  r l S r

, l

Equation ( l2.c) can be written as

- c l b l d , l D
l (n ) : - ^  (n ' ;  )  r l q ì

d\ ò(', dn dl

where Sc;:pui/pD1
3

American lnstitut€ of Aeronautics and Astronautics



Let €=ryÍs, (so that (--r(r as q-+r1."o.. on either
side ofthe flame). Then equations (19) yield

\p' + l(1 - A,) + A,|' lp' = o, (zo)

(') =d/d€

.!c,
wherc Á, =;\; (2t)

and t must satisfy the conditions:

FGF, )=o and

lim I = ç1,0

€+-  , fo r  E>E, . .  (22 )

P(€r- ) = o
and P(lo)=arofor €o <€ <€"- (23)

where

n^  -  a .
r - --::- a. - ----! yz
! 0 - -  r  r l 0 - r ,  ' 2 '

'  t.s ' 20

The solution of Eq. (20) subjected to conditions
(22) is

|  " (  
n,  n,  ,  , \_,(  A,  A,  ,  : \

*  L ' \z '2= ) ' \2 '2 'o)
P=gro f f i

Í i  " r l - v t - r  " ,  r I I  Q4)
' \ z  

)  ' \ 2 '  2 'o  )

,  1>1,

and the solution satisfying (23) is

lmposing continuiry * 
fr", 

( = (o, oneobtains

- ", í+ì
cL ro  +  c l2o  \ l , i

(27)

, 2 . 0 )

that is, an equation for €F as a function of€o .lt can be
shoÌvn that, if the fuel and the oxidizer have the
same propeíies so that Ai = A and the variable ( can
be taken as continuous, then the condition for the
existence ofa single value of(1 is given by:

( t t . ì  . ' , ^  ( t t . ì
^ , t  -  - F
|  

\ 2 '  2 r  F  ) -  0 ro  *0zo  '  \ z '  2 ' o  )

(26)

_ t'ê,t'')-,(t,t,,)

This is done by solving equation Ép" + (l-A) +
Ag'I p' = 0 with the three boundary conditions:
B' (F)=F(E, )  =-c ,2e,  €o <ë <ër i
B, (F)  = FG,)  =  oand P(a1 =a,0,

-fo, I > \,,
Use conditions 81 and B, first and then analyse the
condition at infinity [ 6].

Figure 2 shows pus\ and Figure 3 suggests
that, as the initial relative fuel concentration
increases, the Íìame is pushed away from the inner
cylinder and vice-versa, when it goes down, the flame
wraps around it. Figure 4 shows that if cr,o and c2p
are held constant, an increase in A will bring the flame
towards the inner cylinder. Back to Equation (21) it
might be inteÍesting to notice thaÌ if

",,(,4,\:(Á,\-i 1+1,
%(t/ l,t/ e

,(+,+r')-(t

4+)-,(!,!';)lr.^

o="^W es) sci=priLei =r then A,x;r:  =fr| ,*r, i .r ,

,  € o < 6  < € o

where 1 and f are the Incomplete Camma Function
and the Gamma Function
respectively [ 5].

American lnstitute of Aeronautics and Astronautics

is a Reynolds Number. Then it may be worth looking
into lhe b€havior of Equation (20) for values of
Ai << l, and Ai = l. It can be easily shown that lf
Ai << l, then the solutions for p, will contain Ei
functions ( i.e., Exponential Integrals'' ) instead of



Gamma Functions. lf A1 = I there wilÌ be Error
Functions. In both instances they wiÌl keep the same
structure as in Equations (24) and (25) as expected.

Relative Species Concentrations and Temperature
Profi les

Reca l l ing  rha t  ( I ,  -  a ,  v .  de f in ing  0-co  Q.  rak ing

W k , ,p :a ,a . ,exp t -E  R1 )  and E =  c t ,E  I  RQ.

(Reference8), then Equations (5)-(7) can be written as:

| . . ,  ,du ,  |  1d ( . , t " , \
-  t a  - t l  =  |

21 ' -  "  , t t ,  ,ç,n,  € 4 \-  , /Ë /

l i m c t , - c t , n ,

€ -+ -

This yields

( ,,1, ,1, .ì ( ,t, 4 ì
, , . . '  

. . . r / l  
\ t l . t , ' t ,  I' \2 '2 ' l  '12 '2\ '  )

"l 
=(rlu 

aiTTì, A, 
-:Y

f l  ' l - v l  '  í -' \ .2) '  Iu 'u ' ' . ]

0r  =  0 '  Éu  <  E  <€ , ,  (33 )
and

ü r  - 0 : o

€u  <€  <€u  (34 )

d :  - 0 ,  €> ( , .
Eo can be obtained from

da t1  do ,
- ] = _ *

tl< l. d(-  g  - q r .  '  a ' a t

i ts solution yielding expression (26) for lo, as before.
'femperature 

Profiles

Equation (3 La) can be written as

(0 '+ [ (1  B i )+8 ,8 '? ]0 '=0  i=1 ,2  (3s )

I  F l
-uma,a -  exn  - -  |

L  o l

ano

-lrr'-ì#= -*t-,itG#)
I  e \-Dm,a,a r . *d  - ;  l
\  0 . /

(28), (2e) ,(o; ,u; ç) -,(";  .^; , :)

,(u; o; et,) -,(^;,';,,t)

(30)

where the Dmi are Damkohler Numbers defined as

( t \  / ^ ì
D*,  =1"^ luu, l  "  ]  (3 t )

\ a t  |  - \ a , )

Concentration Profi les:

If crl = 0, for i = I or 2 then 0 is the solution of

Lda o^  |  d (  d0 \
2q11' ') oe n, pr É ,rq l€ 7a I ' ' ' " '

and cr.j, j+1, satisfies

-  da ,  2  d (  d " , ì
í E  t  t \  _  _ t -  

,  * . 1  r l l . b ,\5 " ,4 
- 

t],s,', 4 [* ,q ,

Recalìing that A; : Sc; 1"2 / 2, then Eq. (31.b) can be
wriften as

[o, '+[ (1 -1,)+ A, \ 'k t " i=0,  O= 
f ,  

Ut ,

with the conditions
o,(1.)=0, d.r(l-)=0, 0.r(60)=sro and

D n i  r l
la r,

Subjected to the conditions

i  =  I , e ( € F - ) = 0 F ,  0 ( o ) = 0 , 6
i  = 2 ,  0 ( E f - ) : e F ,  0 ( € n )  =  0 , 0

(3 6)

(37 )
(38)

yielding

íq  q, , ì  (n ,  t , . )
v l  . . - q ' l - y i  . . . q , ' l

o-(0 . -e , )  ' r í  ' r ,  
i '  ro ,  r rer(?i-'l', i'':l
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-v

+02s ,  Eo<6 <€ . (40)

It has been assumed that poi= p on either side ofthe
flame (this is a consequence of defining q through
Equation (13) instead of taking it as

as shown in Reference [ ]. Then, if Lewis Numbers on
both sides of the flame sheet are unity , i.e., Le; = l,
and if A' = B' (i = 1,2) , equations (28), (29) and (30)
y ie ld [8 ] :

-4(e ) = \(a,) = a,o rD,m, expl-,E / 0 )
( 4 1 )

and

- Lr(Q ) = Lr(a r) = a,a rDm, exP(-E I 0 )
(42)

where L is the differential operator [8]
' t  s 2  t f t  t  lu  t t t / - \  

t ì *  
'  

l 't '= PrJl iE *alt l . t  - ')* 
o,J.Ì JE

(43)

Then

L1(0+cr ; )  =  0 ,  r= l ,2 (44)

,('; ';r,)-,(';,';rr)

(45)

B,  Br . ,
z'i"

B,  B ,  - ,
2 '  2  t F

If the fuel and the oxidant have
initial dimensionless temperatures, i.e., if
then

cr,"(I',.
9 . = 9 " + -

oto + c tzo
as expected [8].

Discussion of Results and ConcÌusions

(46)
the same

016=026=0e

(47)

This problem was examined following a "Burke
Schumann" kind ofapproach, i.e., mass concentrations,
temperature profiles and fuel consumption were
calculated considering the instance of a combustion
sheet i.e., of an inÍinitely thin reaction zone which is
expected to occur when Dmi-rcc. lt was also assumed
that on either side of the flame an incompressible
flow situation prevailed and that the flow field was
known in advance so that, in a first approximation,
v,(r) was independent of the temperature neaÍ the
reaction zone. This is acceptable for low Mach
Number flows and. besides. it leads to zeroth order
approximation results of matched asymptotic analysis
which might also be done. It is known ' ' ' that as the
oxidanl and the fuel enter the reaclion zone after
being heated by the heat flux fÌom that zone, th€
reaction rate can be assumed to be high. This high
reaction rate plus the limitation imposed on the mass
rate oí material consumed by the amount oígases
being supplied, lead to small width of the reaction
zone and to small fuel and oxidant concentrations
within it. In the limiting case of an infinitely fâst
reaction this reaction zone becomes a geometric
surface where the fuel and oxidant concentrations are
zero. This is correct if the reaction rate is much faster
then the rate of diffusion of the reactants and it is
asymptotically coÍÌect as the ratio between the
characteristlc times of reaction and diffusion eoes to
zero ' 't. A consequence of this model is ihat the
reactant Íluxes enteÍing the flame are in the
stoichiometric ratio'. As expected, the flame
tempeÍature calculated choosing Le' = 1, i = 1,2,
assuming no heat losses, yielded the combustion
temDerature for the stoichiometric fuel/oxidant
mixture ratior. However, if Dm, and Dm, are finite,
leading to the occurrence ofa rcaction zone of finite
thickness whose structure should be investigated, then
aconventional asymptotic technique could be used.
In particular, if Dm; >> | the temperature and
concentration distributions in the combustion surface
aDDroximation are the first order terms of the

The discontinuiry in the heat flux at the
combustion surface can be found by integrating (44)
across the reaction surfaceE so that

&1 f f i 1  da , l
- 1 .  =  - 1 .

,.t l1-\,- .ÌÉ 1-1t- 
- 

/r, 11-11- 
-

da, I
* ll -t,_

then ,  i f  A ,  =  A  2 ,

^  d : o  0 r o  ^  0 r o  * O u o

" '  
=  

o *  * o ,  " r o  
+  

o * *  
v z o  *  

" ,  
* " ,

o
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asymptotic expansions in l/Dmi in the outer regions. If
the flame structure is to be studied, then it is proper to
follow Williams's suggestion of introducing a
coupling function I and a mixture fraction Z,
choosing then the latter- and the Temperature T to
be the main variables''. Finally notice that the
propeÍ stretching factor for this problem becomes
Liflán's stretching variable in his classical counter
flow problemro, if the parameters A1 defined in
Equation (21) are taken to be equal to one. This is
shown in Appendix .
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Appendix

Note on the CouplinS Functions 0 and Z for the
prahlgln"

l .

't.

3 .

)_

6 .

Define p and Z as in Reference'':

Ê=so-ar

-  I  -0n,0
L = -;------;-

P r . o  -  P o . o

- t t ,  - t4Z = .q ,Lft4zt
'  ' d \  dE ' '  d4

where cF = -a2/w2v2, o.o = -a,/w; v1, (wi being the
molecular weight of species i), Êr..0 = - ar,o = - Gzo
/ w r  a n d  p o , o  = + c o , o  = - c , o / w , ,  s o  t h a t Z =  I  i n
the fuel stream and Z=0 in the oxidant stream. Both
Z and p are conserved parameters, i.e., L1 (p) = L,
(P) = L, (Z) = Lr(Z) = 0. Foìlo\ving the earlier
procedure and assumptions one can write

( A - l )

(A-2)

(A-3)

(A-4)
(A-5)

8 .
where A, =qpSc;/2, i = 1,2 is to be solved with the
boundary conditions

z (Er - )=2 "  ,  Z (cn )=0 ,  i =  |
z(Er) = 2",  z(Eo)= 0,  i  = 2.
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The above yields solutions ofthe type of

Z= a + b {Ai /2, (Ai /4F,21,

where a and b aÍe constants, as it can be easily seen
from Equations (39) and (a0) or (33) and (34). Then
it is obvious that if one chooses Liflán's
techniquer0 to study the flame structure by doing the
Activation Energy Asymptotics Method then the
proper stretching variables for this problem would
be

u , . / d  .

Figure 3: Flame Position, t" , vs
Initial Fuel Concenlration, c(]d/c. ro
F o r A - 4 ,

(A-6)

(A-7)

variables

(A-8)

x= { t\/2, (4/DÊ2 l, i = t,2

Notice that if Ai << l, these stretching
become

X = Ei [(Atl2)6'?]

and if A' = A2 = I then

X=erfcÍ t , / " ! t l (A-e)

which is Liíán's sFetching variable for the counter
flow oroblem lo.

ct',o= 0.03,

8
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4: Concentrations, (Í|, vs €
q.'o= ,06, c.D=.03

Figure 2: P = c(r- (l2,

a:o= 0.06, A


