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Abstract: In this paper we perform a study of the effects of a close approach in the three-

dimensional space between a planet and a cloud of particles, with the goal of understanding the 

dispersion of this cloud in terms of the variations of velocity, energy, angular momentum and 

inclination. It is assumed that the cloud is formed at the periapsis and the particles differ only by 

the magnitude of the velocity at this point. In this research we use the three-dimensional circular 

restricted three-body problem as the basic model for this close approach. A numerical algorithm is 

developed and implemented to study this problem and then it is applied to a cloud of particles, 

based in an analytical description of the close approach maneuver in the three-dimensional space. 

Analytical equations based in the patched conics approximation are used to calculate the variation 

in velocity, angular momentum, energy and inclination of the spacecraft that performs this 

maneuver.  
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1   Introduction 

 

The swing-by maneuver is a very popular technique used to decrease fuel expenditure in space 

missions. The most usual approach to study this problem is to divide the problem in three phases 

dominated by the “two-body” celestial mechanics. Other models used to study this problem are the 

circular restricted three-body problem (like in [1], [2] and [3]) and the elliptic restricted three-body 

problem ([4], [5] and [6]). 

 

The goal of this paper is to use analytical equations for the variations of velocity, energy, angular 

momentum and inclination for a spacecraft that passes close to a celestial body. This passage, called 

swing-by, is assumed to be performed around the secondary body of the system. Among the several 

sets of initial conditions that can be used to identify uniquely one swing-by trajectory, the following 

five variables are used: Vp, the velocity of the spacecraft at periapsis of the orbit around the 

secondary body; two angles ( and ), that specify the direction of the periapsis of the trajectory of 

the spacecraft around M2 in a three-dimensional space; rp the distance from the spacecraft to the 

center of M2 in the moment of the closest approach to M2 (periapsis distance); g, the angle between 

the velocity vector at periapsis and the intersection between the horizontal plane that passes by the 

periapsis and the plane perpendicular to the periapsis that holds pV


. 

 

It is assumed that the system has three bodies [7]: a primary (M1) and a secondary (M2) bodies with 

finite masses that are in circular orbits around their common center of mass and a third body with 

negligible mass that has its motion governed by the two other bodies. The result of this maneuver is 

a change in velocity, energy, angular momentum and inclination in the Keplerian orbit of the 

spacecraft around the central body.  

 

Then, our goal is to study the change of the relative inclination of the orbits of this cloud of particles 

after the close approach with the planet, as well as the variations in velocity, energy and angular 

momentum. It is assumed that all the particles that belong to the cloud have all the same orbital 

elements, except by the magnitude of the velocity at the periapsis that will be varied in a short 

interval around a nominal value to represent a group of particles that have similar orbital elements. 
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2   Analytical Equations for fhe Swing-by in Three Dimensions 

 

First, it is calculated the initial conditions with respect to M2 at the periapsis [8]: 

 

Position: 

 

  coscospi rx   (1) 

 sinry pi cos                                                (2) 

sinrz pi                                                        (3) 

 

Velocity:  

 

 sinVsinsinVV ppxi coscos                                               (4) 

 coscosppyi VsinsinsinVV                                           (5) 

 sincosVV pzi                                                                        (6) 

 

During the passage, it is assumed that the two-body celestial mechanics are valid and the whole 

maneuver takes place in the plane defined by the vectors pr


  and pV


. So, the vectors 
V


 and 

V


, 

that are velocity vectors before and after the swing-by, respectively, with respect to M2 can be 

written as a linear combination of the versors associated with pr


 and pV


. Using V


to represent both 


V


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V


, since the conditions are the same for both vectors and a double solution will give the 

values for 
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
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

, we have: 
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Which means that: 
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With A, B constants that follows the relations: 

 

A
2
 + B

2
 = 2V , where V  can be obtained from 

p
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VV


 , that represents the conservation of 

energy of the two-body dynamics. A second requirement for V


 is that it makes an angle   with 

pV


, where   is half of the total rotation angle described by the velocity vector during the maneuver 

(angle between 
V


 and 



V


). This condition can be written as: 

 

  cosVVVV pp


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where the dot represents the scalar product between two vectors. 

From the two-body celestial mechanics it is known that: 

 



2

2
pVr

1

1
sin







                                             (10) 

 

Using the equation for V


 as a function of pr


 and pV


, we have: 
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So,   cosVB , because pp Vr


  = 0 (at the periapsis pr


 and pV


 are perpendicular) and 2
ppp VVV 


. 

 

Then, since A
2
 + B

2
 = 2V    A

2
 = 2V -B

2
 = 2V  - 2V cos

2
   = 2V (1-cos

2 
 ) = 2V sin

2
     A = 

 sinV
. 

 

From those conditions, we have: 
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For M2, its velocity with respect to an inertial frame ( 2V


) is assumed to be: 
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                             (14) 

 

By using vector addition: 
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where iV


 and 0V


 are the velocity of the spacecraft with respect to the inertial frame before and after 

the swing-by, respectively. 

 

From those equations, it is possible to obtain expressions for the variations in velocity, energy and 

angular momentum. They are: 
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which implies that: 
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For the angular momentum ( C


) the results are: 
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Where )0,0,d(R 


 is the position vector of M2. 

 

Then: 
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and  

 

  2
1

222 sinsincossindV2C  


                                           23) 

 

Using the definition of angular velocity 
d

V2  it is possible to get: 

 

EsinsincosVV2C 2Z                                       (24) 

 

For the inclination, the results are the following: 
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where iC


 and oC


 are the initial and final angular momentum, respectvely, ii and io are the initial and 

final inclinations,  respectevely,  and the subscript Z stands for the z-component of the angular 

momentum. 

 

 

4    Results  
 

With those equations available, the given initial conditions (values of rp, vp, , , ) are varied in 

any desired range and the effects of the close approach in the orbit of the spacecraft are studied. 

 

Figures 1 to 16 show the results. It was assumed that a satellite explodes when passing by the 

periapsis in a given position. In those examples, this position is given by  = 30,  = 45. Then, a 

reference value was used for the direction of the velocity:  = 60. Two different values were used 

for the velocity at periapsis (vp = 4.0 and vp = 4.5) and two different values were used for the 

periapsis distance (rp = 1.5 rJ, rp = = 5.0 rJ), all of them expressed in canonical units. The vertical 

axis shows the difference between the value (inclination, velocity, energy and angular momentum) 

of every single particle and a reference value, that is the value that would exist if no explosion 

occurred, assumed to be the value of the particle that remains with the nominal values of . The 

horizontal axis shows the value of , in radians. 
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Figure 1. Variation in Inclination (rad) for rp = 1.5 rJ and vp = 4.0 
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Figure 2. Variation in Velocity for rp = 1.5 rJ and vp = 4.0 
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Figure 3. Variation in Angular momentum for rp = 1.5 rJ and vp = 4.0 
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Figure 4. Variation in Energy for rp = 1.5 rJ and vp = 4.0 
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Figure 5. Variation in Inclination (rad) for rp = 1.5 rJ and vp = 4.5 
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Figure 6. Variation in Velocity for rp = 1.5 rJ and vp = 4.5 
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Figure 7. Variation in Angular momentum for rp = 1.5 rJ and vp = 4.5 
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Figure 8. Variation in Energy for rp = 1.5 rJ and vp = 4.5 
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Figure 9. Variation in Inclination (rad) for rp = 5.0 rJ and vp = 4.0 
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Figure 10. Variation in Velocity for rp = 5.0 rJ and vp = 4.0 
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Figure 11. Variation in Angular momentum for  rp = 5.0 rJ and vp = 4.0 
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Figure 12. Variation in Energy for rp = 5.0 rJ and vp = 4.0 
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Figure 13. Variation in Inclination (rad) for rp = 5.0 rJ and vp = 4.5 
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Figure 14. Variation in Velocity for rp = 5.0 rJ and vp = 4.5 
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Figure 15. Variation in Angular momentum for rp = 5.0 rJ and vp = 4.5 
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Figure 16. Variation in Energy for rp = 5.0 rJ and vp = 4.5 

 

 

5   Conclusion 

 

In this paper, analytical equations based in the patched conics approximation were used to calculate 

the variation in velocity, angular momentum, energy and inclination of a cloud of particles that 

performs a swing-by maneuver. The results show the distribution of those quantities for each 

particle of the cloud. Those results can be used to estimate the position of each individual particle in 

the future. 

 

6   Acknowledgment 
 

The authors are grateful to the FAPESP and CAPES for the finantial supports. 

 

7   References 
 

[1] Broucke, R.A. "The Celestial Mechanics of Gravity Assist",  AIAA Paper 88-4220, 1988. 

 

[2] Broucke, R.A. ; Prado, A.F.B.A. "Jupiter Swing-By Trajectories Passing Near the Earth", 

Advances in the Astronautical Sciences, Vol. 82, No 2, pp. 1159, 1993. 

 

[3] 
 
Prado, A.F.B.A. "Optimal Transfer and Swing-By Orbits in the Two- and Three-Body 

Problems",  Ph.D. Dissertation, Dept. of Aerospace Engineering and Engineering Mechanics, Univ. 

of Texas, Austin, 1993. 

 

[4] Prado, A.F.B.A. "Close-approach Trajectories in the Elliptic Restricted Problem", Journal of 

Guidance, Control, and Dynamics, Vol. 20, No. 4, pp. 797. 1997. 

 



[5] 
 
 Prado, A.F.B.A.;  Broucke, R.A. "A Study of the Effects of the Atmospheric Drag in Swing-By 

Trajectories," Journal of the Brazilian Society of Mechanical Sciences, Vol. XVI, pp. 537-544. 

1994. 

 

[6] Prado, A.F.B.A.; Broucke, R.A. "A Classification of Swing-By Trajectories using The Moon". 

Applied Mechanics Reviews, Vol. 48, No. 11, Part 2, November, pp. 138-142. 1995. 

 

 [7] Szebehely, V. Theory of Orbits, Academic Press, New York, Chap. 10. 1967. 

 

[8]  Prado, A.F.B.A. An Analytical Description of the Close Approach Maneuver in Three 

Dimensions. In: 51th International Astronautical Congress, 2000, Rio de Janeiro. Anais em 

microficha. Reston, EUA : AIAA, 2000. 


