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ABSTRACT

Geodesic modes are typically excited by a minor concentration of energetic ions, but unstable mode frequencies are substantially different
from Geodesic Acoustic Modes (GAMs) and are named EGAM (Energetic particle GAM). The EGAM instability driven by Neutral Beam
Injection (NBI) has been observed in DIII-D tokamak experiments. The problem of the geodesic mode instability is analytically studied using
a full drift kinetic equation. To analyze the instability condition, an ionization NBI location is assumed to be on the high field side of toka-
maks. A minority NBI ion distribution is modeled by an energetic ion tail in the untrapped-passing region that remains between a magnetic
axis and the trapped NBI boundary. The EGAM instability condition is defined by the parallel NBI ion velocity v =~ (1.2 — 1.5)wRgqq that
has to be above the effective EGAM phase velocity. In this case, the EGAM frequency is ~50% below the standard stable GAM frequency,
which is reduced by a small concentration of energetic NBI ions. Qualitative comparison of the developed geodesic mode theory with NBI
heating experiments in the midregion of the tokamak plasma is discussed.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5110175

I. INTRODUCTION

Geodesic Acoustic Modes (GAMs) are M =0, N = 0 axisymmet-
ric modes combined with M = *1, %2 poloidal sidebands with fre-
quency' @Z ~ (7T;/2 + 2T,)/R2m,; in hot plasmas, where T, ; are the
electron or ion temperatures in energy units, R, is the major radius of
the plasma column, and m; is the ion mass. Geodesic eigenmodes have
been experimentally observed in tokamak Ohmic discharges™ and
also detected during ion cyclotron resonance heating (ICRH)" and
Neutral Beam Injection (NBI)”~ heating discharges in tokamaks.
These modes attract attention due to accompanied energetic ion loss
observed in experiments’” and modification of the plasma transport,
as discussed in theoretical models.”” In the ICRH" and NBI heating™’
experiments, geodesic mode instabilities are usually driven by trapped’
and untrapped fast ions, respectively.”” According to models'”"" of
the instability in discharges with NBI, the energetic particle GAM
(EGAM) instability is defined by the pitch angle dependence in veloc-
ity space with a slowing-down energy distribution that is finished at
the critical energy.'” This distribution is formed during the slowing
time delay' " ty ~ 6.3 x 108AT>/2/Z,nyIn A (where A is the nor-
malized mass of the beam particles, Zefis the effective charge number,
and ny is the plasma density) after the beginning of the NBI. It should
be noted that the EGAM instability has been observed in a series of

NBI experiments(’”“ after a time delay of 2-4 ms, which is much shorter
than the ty-time used in Refs. 10 and 11. The observed EGAM fre-
quency”” was found to be much smaller than the results of theoretical
calculations'*" of the wpg-geodesic frequency driven by the beam,
plasma parameters, and the angle between the magnetic field and NBI
velocity. In the experiments,” the EGAM instabilities, driven by the
counter NBI, were detected at a half minor radius and deeper, which is
covered by the untrapped NBI region, but these types of instabilities are
not observed” in the trapped ion region of higher radius positions'® for
the injected beam. Here, it is proposed to study the EGAM instability
driven by untrapped energetic ions at the beginning of NBL This pro-
vides motivation to find a cause of the instability driven by untrapped
energetic ions following a time period shorter than the g time.

Il. THEORETICAL MODEL

A full kinetic description of the periodic transit effects of untrapped
ions'®' is applied to find the GAM instability condition and its fre-
quency modification during the NBI heating before the strong redistri-
bution of slowing-down NBI ions. The geodesic properties of plasmas
are investigated in a tokamak with the circular flux surfaces (z = r-sin 0),
R=Ry+ r-cos 0, in the large aspect ratio approximation ¢ = r/Ry < 1,
which are formed by a magnetic field with toroidal and poloidal
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components, B; = ByRy/R, By = rB;/qRy =2 0.21 /r, where B, is the
magnetic field at the magnetic axis, g is the safety factor, and I (A) is
the current propagating on equilibrium surfaces of radius r (cm). Here,
the 0 Dirac function pitch angle dependence is used in the NBI
distribution

Fy, = Co(A—20)H(1+1/d — u)H(u — ver /)
x erfc(d(vq/vo — u))/2u°

that has a piecewise slowing-down energy distribution, which is lim-
ited by the H(x)-Heaviside function and probability integral'’
erfc(x) = 1 — erf(x). Here, the parameter 1/d is assumed to be small
1/d*> <¢/m < 1 defined by the small diffusion effects produced
by collisions and a reducing parallel energy by electrons with the
slowing-down velocity'’ vg = wy(1 — t/tg) that is estimated during
the short time delay t < ty, where v, is the NBI velocity, and
C = nomp\/1 + & — Z9/mv3In (vo/vq). The NBI transit frequency
@y, & v|(r)/Roq is assumed to be of the order of EGAM frequency,’
where v (r) = vov/1 +¢& — o for ¥ = 0. In this configuration, the
quasitoroidal set of coordinates (r,v)) is chosen in the drift kinetic
equation for the perturbed distribution function f, o< exp(—iwt) of
species (electron, cold, and energetic beam ions o« = ¢, i, b),

0

wa—{; —i(Qy — vk, sin9)f,
:e“qROFQ 2 2—-i+e2+2) cos19)E1 sinﬁ—wTEs o
myu Ou 2Rwe Ve VTu

where the perturbations are driven by the parallel and radial compo-
nents of the electric field, E; and E; o< exp (—iwt). Here,
w=ouv1+¢ecos — 4, 0 = =1, and u = v/vy are the parallel com-
ponent and module of normalized velocities, respectively, A = v By/
Bv? is the normalized magnetic moment, w,., = eB/cm, and Q,
= wRyq/vr, are the cyclotron and normalized wave frequencies,
Vi = —12(2 — A)qvry/2Rwe9, vy, = \/ T,/m, is the thermal veloc-
ity, and F,; is the Maxwell equilibrium distribution for the electrons
and cold ions. The stability GAM and EGAM problems are treated
within the continuum approach k, = 0, where a local continuum fre-
quency is found from the solutions of Eq. (1) to specify the local geo-
desic frequency at equilibrium surfaces using electrons and cold ions
in the two fluid approximations vz.+/r/R > ®wRq > vr;. Following
this model, the standard results'®'® for the parallel electric field have
the following form:

) ) (o 0?2
B, — Vi {21 - inh%Ns—\/ZHTexp (—7) }El, )
0

a R()(DC,'Q

where Q = wRyq/vr; and 7, = T,/ T;. Here, the density perturba-
tion response driven by the energetic ions via the coefficient
N, ~ O(1) is assumed to be small due to the small relative energetic
ion density, n, = ngy/ng, vri < vo; the NBI perturbation induced
by the E,-component is also ignored. The average radial compo-
nents of the perturbed electron and ion oscillating current densi-
ties''? are averaged using a general form

V.. fdi

00 1+&cos v
i) = e, v2 J uzdufi;dﬂ J —— . (3
U ™ J:Z:I 0 2V 1+ ¢ecost) — A =

scitation.org/journal/php

In this equation, division between the untrapped and trapped particles
appears at A = 1 — ¢ with the NBI transit frequency, and this geodesic
condition appears to be very small.

Then, taking into account the E.-field amplitude from Eq. (2) in
the sum of the components of oscillating current species'*'® driven by

the geodesic wave Jx = (j; + 7, +]l:) + jp together with the cold ion
radial oscillation current,'” j, = —iwc®E; /4nc;[1 + (3/4)k2v? [ w?],
where ¢4 = B/+/4nn;m;, the total amplitude of the oscillating radial
current can be written in the following form:

2 : 2
esnovo Jjp . qvrimi (7 Q
= — — — — 2 —
Jx mpw* R {jo + 'Q YoMy <2 T 2T qz)

Tvrm; | QP 2 < QZ)}
+\/;vomh [2 (Q + 41, + 2)exp 5 Ei, (4)

2
e novo
myRow?,

where jo = E; is the normalizing coefficient and the value

jb = (jf), which has to be calculated, is the averaged radial current
driven in the velocity space between the injected and slowing-down
beam ions. To proceed with the calculation of the oscillating energetic
ion current of untrapped NBI in Eq. (3), the velocity normalization is
changed to u = v/v, and the solution of Eq. (1) is obtained using a
procedure similar to that presented in Ref. 16. Generally, the
J—-variable is substituted by the new variable x* = 2¢/(1 + ¢ — A) for
untrapped and &? = (1 + ¢ — A)/2¢ for trapped particles in Eq. (1).
The A-integration for untrapped energetic NBI in Eq. (3) is changed to
the K, x-variables sin1/2 = sn(k, x), cos?¥/2 = cn(k,x) with the
Jacobi variables,'” and ©¥/2 = am(x, x) are introduced that transform
Eq. (1) to the following form:

o Vi Qxfy Vs epquE] (K* + 2¢)

Eysn(k, x)en(k, x)

Ox 1o u\/e Vemgpmpvok
461,RF{J 2
= E —1/2)d 5
mbv(z) C(SH(K,X) / ) D(K,X), ( )

where the 1}-integration is substituted by the x-integration between
the limits x+ = *K(x), where K(k) is the first kind elliptic inte-
gral, which is easily performed due to the respective sin-periodicity
of the integrand. Expanding the Jacobi functions in the Q-series
and using the periodic boundary conditions'®'® at x = =K (x),
the solution of Eq. (1) driven by the E;-component is obtained in
the form

frm Zﬂqeb N n(K? +28)QPuZQpF’bE1 ) (npx)

 Vewamvo £ K0 (1+ @) (2 — ) \K(x)
(6)

where  Q, = V2wRoqrK(x)/prv/eve, Q=1[1— (1 — K2)1/4}/2[1
+(1 =),

i = Y 4rpQ sin px
(@) =3 g (%)

p=1

and
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Cic ud [ v\ 2
VI - _J? _
B = 16eu’ {471:1/2 exp | ~d (u Vo>

- [65(K — o)+ (Kk? + ex® + ZS)E.E(XK - Ko)}

& 0K
x erfc {d (E — u) }
Yo ]

The other part of the solution driven by the E.-component is of
smaller order in comparison with the E;-component, and it is dropped
in the radial current calculation.

Further, the integration over the x-variable can be carried
out, and the results are separately presented for the normalized
dissipated/unstable-emitted Pg. = ReJ,E}/(joE;) and the reactive
Pim = ImJ,E} /(joE;) parts of the oscillating power density. Taking
into account the terms of the order O(¢) at the first transit resonance
Q; <1 and assuming v||/vo > v/2¢, d>>1, the dissipated/emitted
power density is found using the slowing-down velocity vy
= v(1 — t/ty) at the beginning t/ty < 1 of the injection,

(14 em (k2 4 26)Q v { |:2K2

&(5K3 + 2¢)

e 256e2In (vo/va)K(r0)> Vo O (1+e)K3
—4¢°)E
*—(ZO 82) 00) | e {d(ﬁ - Qlﬂ
213 (1 — 3) K (ic0) Vo
(1% + 2¢) Vs 2,
+-——=>Qdex —=—=Q; ) d|;, 7
7 p|-(5-2) @
where 1o = \/2¢/(1 + & — Zg) = V2evy /v, is related to the tangen-

tial surface radius of the NBI and the instability is absent Pg. > 0 for
Q; > 1. Here, we note that the emitted power density at the second
transit resonance Q, ~2Q; is of much smaller order P]({e)
o £Q2Pg. /128 in comparison with the result in Eq. (7).

Further, using the Z = [~ \‘}% ex(}i(x) -dispersion function and
assuming the instability power region vy/vy < Q; < 1 with d>> 1,
the reactive part has the following form for each surface radius that

has the tangential NBI flux:

Im =

m2ny (1% + 26)Qy VI (2 + 26)
128¢%1n (1/0/1/5)K(1c0)2 Yo

« %dRe(Z[(QI — v/vo)d))

(oo (A0+9—vi/g)
2+ Qi) (1+2/d— Q)

2K0(1+8)—s(5+ )
Yo
% |In M _dJ11n|u_Q|
vs/vo + 0 '

y exp< <u70) dz) j’% } ®)

(1ch — 46%) E(1c)

+ 2(1 — #2)x2K (o)

scitation.org/journal/php

Q| < 1.2, the last integral is defined by
an approximate value d[(.)du| ~ —In(2d) — %+ d*(Q; — V“) Re
[hipergeom(1, 1;3 2 s —d* (Q —‘;:)2)], where e ~ 05772 s
the Euler constant " and it is well approximated by the standard
asymptotic approximation d [(..)dul, . ~ In|vg/vo — Q| for
d‘VS[/V() Ql‘ >\/'

1ll. DISCUSSION

Two sources for the EGAM instability are defined by Eq. (7) in
the limit d>> 1; one instability region is related to the slowing-down
beam structure in the interval vy /vy < Q; = 20RgK (1) /mv < 1,
and the other is related to a sharp peak at the distribution maximum
o Qidexp [—(vy/vo — Q1)*d?] that is defined by the resonance
condition Q; = vy/vo. In the first case, the instability threshold
K3 > 10¢/3 appears to be similar to that, 2o > 2/5, found in Refs. 10
and 11 in the limit ¢ — 0. Taking into account the untrapped transit
effect in Eq. (7), the instability region disappears for &> 0.17. A sim-
plified presentation of this instability region at x2 ~ 10¢/3 and the
phase velocity limitation v > 2wRogK(xo)/m are shown in Fig. 1,
where the xo-dependence is changed to the normalized parallel veloc-

In the interval, d|vg/vy —

ity u, = v /vo = v/2¢/ 0.
In Eq. (7), the other instability at the spike resonance

Q; = vy /v, begins to have a very large value for d>> 1, but this reso-
nance moves down to the critical velocity'™"” vy = Vg,
Vo & 5. 5A1 T, «/my, where the d-value is reduced due to collisions
and the d1551pat10n part begins to be important.

In the next step, we are going to find the minimum of the contin-
uum frequency, where the EGAM may be easily excited due to the
instability defined by Eq. (7). It should be noted that the EGAM con-
tinuum frequency in Eq. (4) may be strongly modified due to the cor-
rection of the NBI transit frequency wnp = nv|/(2RogK (i0)), where
Ko = V2V, / v)|. In the case where the ion dissipation in Eq. (4) is very
small for q> 3, the EGAM instability can be easily excited in the
region shown in Fig. 1. The principal EGAM resonance is defined
by the frequency condition that is slightly above the corresponding

0.6
0.57
0.4
=
a 0.31
0.21

0.14

02 03 04 0.5 06 0.7
u
p

FIG. 1. Instability region defined by the radial position r/a = 3¢ and normalized
parallel velocity u, = v|;/vo = V/2¢/15 of the energetic NBI ions. The parallel
velocity limitation vjo /vjg > ZwRqu (#0) /mv|q is shown by dashed-dotted line for
EGAM instability conditions.’
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continuum minimum frequency, which may be calculated using Eqs.
(4) and (8), and the frequency band has to be in the interval
va/vo < mwRyq/2v K (x) < 1. To simplify the calculations of the
radial continuum distribution, the instability region is calculated at the
threshold 0 < 13 — 10¢/3 < k2, when the In (w) parts of the disper-
sion may be ignored in Eq. (8). In this case, the effect of the main ions
in Eq. (4) becomes small and the resulting dispersion equation for the

geodesic continuum becomes
nny (vé + vﬁ>q2w2 (vé + vﬁ)
32In (vo/vs)vﬁK(\/Z_svo/vH) vﬁ
14+¢)Q s
B G s)QldRe<Z<Qld - ld) >

2vi /v

(1+1/d—Q)

(vs/vo + ) Vo
2(1+ &)@ v Vﬁ
S ST Ly 414 e) 05—
SR ] I  :

(% =1)  B/En/m) ’e
- 2] K(\/ﬂvo/v‘:‘) (In2d) + 2

I
2 3 v 2
(0, - %) Relhi L1222 -2
( 1 Vo) e 1pergeom<, 1512 ( 1 Vo) )}

(1+1/d-0}) (7 )VzTi 2
+1n<m + E+ZTe R—%—CO =0, (9)

where Q; = 2wRyq(r)K (xo(r))/nv|(r) depends on the radius.

Then, to demonstrate the geodesic continuum excited by the
untrapped NBI ions, the radial distribution of the continuum fre-
quency is schematically calculated using parameters that are similar to
DII-D experiments;’ T, = To,(1 — xz)z, Toe = 1.0keV, 7, =~ 1.1,
with  respective profiles n,; = no(1 —x%), x=r/a<0.75,
q=82[x*(x — 1.1) + 0.59], with gmin = 3.3 at x=0.7, ¢ = 0.3r/
a=0.08—0.17, and v /vy = 115/(Ry =) = 0.58 — 0.76. As an
example, Gaussian radial distributions o ngp exp (—2r?/a?) with
nop = (1 — 4)% are used and the counter NBI of the untrapped and
trapped particles is separated in the toroidal (y,R) and poloidal (Z,R)
planes in Figs. 2(a) and 2(b).

An example of the top of the toroidal counter injection of NBI
with a 210° angle, trapped and untrapped trajectory between internal
¥ = 7 and external ¥ = 0 angles is shown in Figs. 2(a) and 2(b). The
orbit width defined as the distance between the orbit point intersecting
the midplane and the magnetic surface for near separator trapped and
untrapped ions is defined”” at different theta angles Ar (9 = 0)
= 2Ar, (0 = 1) = 4(v2 By/2B + v2B2/B3)"/?£!/2By /. By.

In the respective instability region shown in Fig. 1, the EGAM
continuum dependence for different NBI parallel and slowing-down
velocities is presented in Figs. 3 and 4.

It should be noted that EGAM eigenmodes, which are typically
formed at the continuum minimum r/a = 0.1 — 0.2 in Fig. 3, may
have a radial structure™' ' k2p2, & (1 — w2, /@) due to a polari-
zation current modification by the factor (1 — (3/4)k?p?,) defined by
the finite Larmor radius effect or a finite orbit width effect. In the con-
dition ®Fg, < @Xp for vy/ve = 0.8, v /v = 0.65 and 0.7, these
eigenmodes may be unstable.

scitation.org/journal/php

3 T T

0.51

Zm) 0

-0.51
-2
b -1
s T T 0
R (m)
(@) (b)

FIG. 2. (a) Schematic view from the top of the toroidal counter injection of NBI with
an angle of 210° and a tangential radius of R,,,, = 1.15m from the DIIl-d tokamak
center. (b) DIll-d poloidal cross section with the last surface (dashed lines), with
solid and dashed-dotted curves showing the untrapped and trapped orbits,
respectively.

Let us compare the EGAM instability at v|| /vy < 0.75. The incre-
ment is defined from the resonance condition Im/sEj|,_, = 0 and
the equation dImJs E; /0|y p-—7 = ReJsE] that confirms the pro-
portionality between the decrement/increment and the density of dis-
sipated power ReJsE] = joPreE;. In a difference from the instability
region shown in Fig. 1, the EGAM increment, which is proportional to
the Pge-normalized value, appears in the region where Py, < 0 that is
shown in Fig. 3 for d =10, vq/vy = 0.7, f=26kHz, v4 /vy = 0.8, and
f=28kHz. In the last case, the increment maximum at v/ /vy ~ 0.74
is related to the resonance that is slightly above the slowing-down
transit frequency mg = nvgv)|/2vRogK (1) and a smaller increment
appears below the wyp circulation frequency.

0.1 02 03 04 05 0.6
r_a

FIG. 3. Dependence of the EGAM continuum frequency over the normalized radius
r/ais shown for the parameters d = 10, v /vo = 0.8, v /vo = 0.65 and 0.7 (dot-
ted and solid lines), vs/vo = 0.7, v|;/vo = 0.7 and 0.74 (dashed and dashed-
dotted lines).
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FIG. 4. Distribution of the GAM continuum frequency over the normalized radius
r/a is shown for the parameters vy /vo = 0.8, v||/vp = 0.65 and 0.7 (dotted and
solid t lines) and vy /vo = 0.7, v /vp = 0.7 and 0.74 (dashed and dashed-dotted
lines).

The standard GAM continuum remains in the stable region, and
its frequency is slightly modified by the untrapped NBI, as shown in
Fig. 4. In the region r/a < 0.6, where the GAM frequency is large
with respect to the NBI transit w%,,; > ®%5 and Pge > 0, this contin-
uum frequency is calculated for the NBI density ng, = 1%-4% using
velocity relations vy/vo = 0.8, v|/vo = 0.65, 0.7 and vq/vy = 0.7,
VH/VO = 0.74.

IV. SUMMARY

As mentioned in the Introduction, we first note new features in
our model that consider the situation in which the geodesic phase res-
onance may appear well above the critical velocity, where the energetic
ions begin to be substantially diffused/scattered, which form the bump
distribution. The minority NBI distribution is modeled by the ener-
getic ion tail with the maximum in the untrapped-passing region that
remains between a magnetic axis and the trapped NBI boundary sur-
face. Using the method of Jacobi functions, the drift kinetic equation
for the perturbed distribution function of the untrapped energetic ions
is analytically solved and the geodesic mode spectrum is found from
the zero condition for the perturbed total radial current, where bulk
plasma particles are treated in the fluid limit. The difference in the
physics of the geodesic modes is determined by the boundary that is
formed by the untrapped NBI transit frequency wnp = 7/

ARTICLE scitation.org/journal/php

(2RogK(v/2¢vo/v))) depending on the pitch angle, and the stable
GAM remains above and the unstable EGAM can appear below the
wng-frequency. The maximum value of EGAM increments is found to
be in the frequency range that is slightly above the slowing-down tran-
sit frequency w; = wypvs/vo. Physically, the result of these calcula-
tions is similar to that observed in the DIII-d experiments’ and
substantially different from EGAM instability conditions driven by
trapped hot ions during ICR heating experiments in JET toka-
maks."' " It should be noted that the standard GAMs are stable and
their frequency is only slightly modified by the energetic NBI ion tail.
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