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Abstract

A set of non-linear algebraic equations, which must to be solved using a numerical
procedure, for ball’s motion, sliding friction and internal loading distribution
computation in a high-speed, single-row, angular-contact ball bearing, subjected to a
known combined radial, thrust and moment load, which must be applied to the inner
ring’s centre of mass, is introduced. For each step of the procedure it is required the
iterative solution of 9Z + 3 simultaneous non-linear equations — where Z is the number
of the balls — to yield exact solution for contact angles, ball attitude angles, rolling radii,
normal contact deformations and axial, radial, and angular deflections of the inner ring
with respect the outer ring. The focus of this work is obtaining the steady state forces
and moments equilibrium conditions on the balls, under the selected external loading,
and to describe the numerical aspects of the procedure. The numerical results derived
from the described procedure shall be published later.
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Introduction

Ball and roller bearings, generically called rolling bearings, are commonly used
machine elements. They are employed to permit rotary motions of, or about, shafts in
simple commercial devices such as bicycles, roller skates, and electric motors. They are
also used in complex engineering mechanisms such as aircraft gas turbines, rolling
mills, dental drills, gyroscopes, and power transmissions.

The standardized forms of ball or roller bearings permit rotary motion between two
machine elements and always include a complement of ball or rollers that maintain the
shaft and a usually stationary supporting structure, frequently called housing, in a
radially or axially spaced-apart relationship. Usually, a bearing may be obtained as a
unit, which includes two steel rings each of which has a hardened raceway on which
hardened balls or rollers roll. The balls or rollers, also called rolling elements, are
usually held in an angularly spaced relationship by a cage, also called a separator or
retainer.

There are many different kinds of rolling bearings. This work is concerned with single-
row angular-contact ball bearings — see Fig. 1 — which are designed to support
combined radial and thrust loads or heavy thrust loads depending on the contact angle
magnitude. The bearings having large contact angle can support heavier thrust loads.
The figure 1 shows bearings having small and large contact angles. The bearings
generally have groove curvature radii in the range of 52-53% of the ball diameter. The
contact angle does not usually exceed 40°.

This work is devoted to study of internal load distribution in a high-speed angular-
contact ball bearing. Several researchers have studied the subject of internal load
distribution in a statically loaded angular-contact ball bearing (see [Stribeck (1907);
Sjovill (1933); Jones (1946); Rumbarger (1962); Ricci (2009; 2009a; 2009b; 2009c;
2009d; 2010)]). The methods developed by them to calculate distribution of load among
the balls and rollers of rolling bearings can be used in most bearing applications because
rotational speeds are usually slow to moderate. Under these speed conditions, the effects
of rolling element centrifugal forces and gyroscopic moments are negligible. At high



speeds of rotation these body forces become significant, tending to alter contact angles and
clearance. Thus, they can affect the static load distribution to a great extension.

Figure 1. Angular-contact ball bearing

[Harris (2001)] described methods for internal loading distribution in statically loaded
bearings addressing pure radial; pure thrust (centric and eccentric loads); combined
radial and thrust load, which uses radial and thrust integrals introduced by Sjovill; and
for ball bearings under combined radial, thrust, and moment load, initially due to Jones.

When an external load is applied to one of the rings of a rolling bearing it is transmitted
through rolling elements to the other ring. Because the internal load distribution on the
rolling elements is an important operating characteristic of a bearing a great number of
authors have addressing the problem. A literature review on the subject can be found in
[Tomovi¢ (2012; 2012a)], in which a mathematical model for necessary radial
displacement between rings, and a mathematical model for external radial load, so that
the g-th rolling element passes to participate in the load transfer were presented.

In [Tomovi¢ (2013)], a model was developed, which enables a very simple
determination of the number of active rolling elements participating in an external load
transfer, depending on the bearing type and internal radial clearance.

In [Tudose et al. (2013)], the theoretical analysis of a single-row radial bearing with
radial clearance under constant external radial load was presented. The analysis was
focused on finding the rolling element deflection that allows determining the number of
active rolling elements that participate in the load transfer. Taking into account the
bearing internal geometry, a mathematical model to calculate the rolling elements
deflections during the bearing rotation has been derived.

In [Rasolofondraibe et. al. (2012; 2013); Murer et al. (2015)], capacitive probes were
inserted into the fixed ring of the bearing such that forms with the raceway a capacitor
with variable gap that depends on the transmitted load by the rolling element. A
numerical model of this capacitor’s capacitance as a function of transmitted load by the
rolling element has been established. An experimental prototype has been established in
order to precisely measure the probe’s capacitance. Finally, this technique has been
generalized with a capacitive probe in front of each rolling element. Thus, knowing the
load transmitted by each of the rolling elements, the external load on the bearing of the
rotating machine can be easily reconstructed.

The evaluation of change in contact angle due to applied load is vital in order to study
the load carrying capacity of large diameter bearings. Analytical and numerical
procedures have been developed to calculate various design factors such as contact
angle, contact stress and deformation. In [Starvin et al. (2011)] the change in contact
angle of balls was determined by using FEA. The change in contact angle was
compared with analytical, FEA and the Newton-Raphson method. The results show a
good agreement with the values calculated using Hertz’s relations for deformation. The



FEA method was used to get the nodal solution of contact angle, contact Stress and
deflection for various loading conditions.

In [Rajasekhar et al. (2013)] the dynamic modeling of a centrally supported symmetrical
disk-shaft bearing system has been analyzed using Timoshenko beam elements.
Intermittent ball bearing contact forces and Muszynska’s force [Muszynska (1986)] at
seal-disk interface were considered in the model to simulate a real-time system. Results
show that there was a marked effect of each type of nonlinear excitation on the overall
system response.

In [Seong et al. (2014)] a wheel bearing life prediction method, which considers the
bearing dynamics characteristics, was proposed. The results were compared with
existing formulas and static analyses results from structural dynamics commercial
software.

In [Zhenguo et al. (2011)] a unidirectional compression spring was used to model the
contact between a rolling element and the raceway of a heavy-duty slewing bearing
accounting for the supporting structure flexibility and the plastic deformation of the
bearing. The spring constant was determined by the load against elastic-plastic
deformation relationship of a single rolling element, which was obtained by finite
element contact method. The difference between the traditional Hertz contact results
and the FEM results is very obvious for the slewing bearings with plastic deformation,
such as contact deflection of the rolling elements and the raceway, load distribution on
the rolling elements, stress in the raceway and contact pressure between the rolling
elements and the raceway. Therefore, the method based on the Hertz contact mechanics
theory is not applicable for the performance analysis of the heavy-duty slewing bearing.

The first great contribution to the study of ball motion, sliding friction and internal load
distribution in a high-speed angular-contact ball bearing must be credited to A. B. Jones
[Jones (1959; 1960)]. Harris describes the orbital, pivotal and spinning ball’s motions
and load distribution in ball bearings, in general reproducing the Jones’s developments.
In this work the Jones’s works is revisited and differences are introduced under the yoke
of critical analysis, which will be detailed. Then, particularly, in this work, a set of non-
linear algebraic equations, which must to be solved using a numerical procedure, for
ball’s motion, sliding friction and internal loading distribution computation in a high-
speed, single-row, angular-contact ball bearing, subjected to a known combined radial,
thrust and moment load, which must be applied to the inner ring center of mass, is
introduced. For each step of the procedure it is required the iterative solution of 9Z + 3
simultaneous non-linear equations — where Z is the number of the balls — to yield exact
solution for contact angles, ball attitude angles, rolling radii, normal contact
deformations and axial, radial, and angular deflections of the inner ring with respect the
outer ring. The focus of this work is obtaining the steady state forces and moments
equilibrium conditions on the balls, under the selected external loading, and to describe
the numerical aspects of the procedure. The numerical results derived from the
described procedure shall be published later.

Mathematical model

Having defined in other works analytical expressions for bearing geometry and the contact
stress and deformations for a given ball or roller-raceway contact (point or line loading)
in terms of load (see, e.g., [Harris (2001)]) it is possible to consider how the bearing
load is distributed among the rolling elements. In this section a specific internal loading
distribution resulting from a combined radial, thrust, and moment external load, which
must be applied to the center of mass of the inner ring of a high speed ball bearing, is
considered.

The Fig. 2 shows the displacements of an inner ring related to the outer ring due to a
generalized loading system including radial, axial, and moment loads. The Fig. 3 shows
the relative angular position of each ball in the bearing.



Let a ball bearing with Z balls, each with diameter D, symmetrically distributed about a
pitch circle according to Fig. 3, to be subjected to a combined radial, thrust, and
moment load applied to the inner ring’s center of mass. Then, a relative axial
displacement, o,, a relative angular displacement, 0, and a relative radial displacement,
0,, between the inner and outer ring raceways may be expected according Fig. 2. Let y =
0 to be the angular position of the maximum loaded ball.
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Figure 2. Displacements of an Figure 3. Ball angular positions in the radial
inner ring (outer ring fixed) plane that is perpendicular to the bearing’s
due to a combined radial, axial, axis of rotation, Ay = 2a/Z, y; = 2n(j-1)/Z, j =
and moment external loading 1...Z, in which Z is the number of balls

Under zero load the centers of raceway groove curvature radii are separated by a
distance A given by

A=(fo+fi—1D, )]
in which f,, f; are the conformities for outer and inner raceways, respectively.

Under an applied static load, the distance s between centers will increase from A to A
plus the amount of the contact deformation J; plus J,, as show by Fig. 4. The line of
action between centers is collinear with A. If, however, a centrifugal force acts on the
ball, then because the inner and outer raceway contact angles are dissimilar, the line of
action between raceway groove curvature radii centers is not collinear with A, but is
discontinuous as indicated by Fig. 5. It is assumed in Fig. 5 that the outer raceway
groove curvature center is fixed in space and the inner raceway groove curvature center
moves relative to that fixed center. Moreover, the ball center shifts by virtue of the
dissimilar contact angles.

The Fig. 5 when compared with similar figures in [Harris (2001)] and [Jones (1960)]
shows minor differences. The inner contact angle must be ; + fcosy; rather than S, to
take into account the tilting of the rigid inner ring with respect the rigid outer ring,
during the external loading application. Furthermore, since the problem is to be solved
numerically, no makes sense to linearize the distances between the final and initial inner
raceway groove curvature center positions, as done in previous works.

In accordance with Fig. 5 the distance between the fixed outer raceway groove
curvature center and the final position of the ball center at any ball location j is
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Similarly, the distance between the moving inner raceway groove curvature center and
the final position of the ball center at any ball location j is

in which J,; and J;; are the normal contact deformations at the outer and inner raceway
contacts, respectively.

In accordance with the relative axial displacement between inner and outer rings mass
centers, d,, and the relative angular displacement 6, the axial distance between inner and
outer raceway groove curvature centers at ball position j is

Sy = Asinfs + 0, + Asindcosy;, ®))
in which
R, =Vad, + (fi — Y2)Dcosp; (6)

is the radius to locus of inner raceway groove curvature centers, d, is the unloaded pitch
diameter, and f is the unloaded contact angle. Further, in accordance with the relative
radial displacement between inner and outer rings mass centers, J,, and the relative
angular displacement 6, the radial distance between inner and outer groove curvature
centers at each ball location j is

5. = Acosfy+ d,cosy; — R(1 — cosO)Ncos ;. (7

Since the iterative techniques of the Newton-Raphson method will be used to solve the
associated nonlinear equations, the angles £,; and f;; are best stated in terms of the co-
ordinates V and W, in Fig. 5. Then

®)

w;
: )
sinf3,; =
'B"J (fo—0.5)D+8,;’



Vj

COSﬁOI’ = (fo—0.5)D+68,;’ ©)
- __ SxjmWj

sin(B;; + Ocosy; ) = Fro5)D+3, (10)
__ 537V

cos(ﬁij + Hcosd)j) = Froospedy (11)

Similarly, the ball angular speed about its own center pitch and yaw angles, «; and a’j,
are best stated in terms of the ball angular velocity components: w,;, w7, and @.; in
which x’, y’, and 7’ are the axes of the coordinate frame whose origin is at the ball
center; x' is parallel to the longitudinal axis of the bearing around which the balls
circulate in its orbital motion, and z’ is the radial axis. Then

wzl-
sing; = ——=L (12)

w2, w2, +w?, .
xjT Yy T

wfc,].+w;,j
; , (13)

COSQj = e
w?, +w?, +w?
I I !
xX'] Yy z']
w._ 1.
singj = ==, (14)
’wz,.+w2,.
xX'] Yy
w._ 1
cosaj = —=t=. (15)
w?, +w?,,
xX'] Yy

Using the Pythagorean Theorem, it can be seen from figure 5 that
2 2 2
2
V2 + W2 —[(f, = 0.5)D + 8,5 = 0 = €. (17)

From (12)-(15)

2 2 2 2 0. R 2 2
(,()xlj+(l)ylj+(,()zlj O)Rj—o—61+227 wRJ_\/wx'j-l_wy'j-i_wz'j' (18)

For steady state operation of a ball bearing at high speed, the forces and moments acting
on each ball are as shown by figure 6.
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Figure 6. Ball loading at angular Figure 7. Forces and moments about the
position y; inner ring center of mass
The normal ball loads are related to normal contact deformations by
15 15
Qoj = Koj8oj - Qi = Kij6ij°, (19)

in which K,,; and Kj; are functions of contact angles [Harris (2001)].

From Fig. 6 considering the three axes equilibrium forces, yields

Qij sin(ﬁij + Gcosd)j) — Qo) sinfy; — Fxl-]-cos(ﬁij + Gcosd)j) + Fyojcosf,j = 0, (20)
Qij cos(ﬁij + Hcoswj) — QpjcosByj + injsin(ﬂij + 9c051/)j) — Fyojsinfy; + F,; =0, (21)
Fyoj + Fyij =0= Ej+52, (22)

Substituting (8)-(11) and (19) into (20)-(21) yields

1.5 1.5
FxojVj_Kojaoj W] Kijaij (Sx]'_Wj)_inj(szj_V]‘)

=0=c€ s 23

(fo—0.5)D+8,; (fi=0.5)D+8;; s =

Koj6;)'5Vj+Fx0jW]' _ Kij(SilJ'-S(sz]-—V]')+inj(ij—Wj) —F.,.=0=c¢ (24)
(fo—0.5)D+8,; (fi=0.5)D+8;; #J s

From Fig. 6 considering the three axes equilibrium moments, yields

—Mg;; sin(ﬁij + Hcosd)j) + Mo sin B, — MRi]-cos(ﬁij + 6c051/)j) + Mgojcosfyj = 0, (25)
—Mg;j cos(By; + Ocosy;) + My, cos Byj + Mpjsin(B; + Ocosyp;) — Mpo;sinB,y; + M,; = 0, (26)
Myrj = Myij = Myoj = 0 = €157 27)

Substituting (8)-(11) into (25)-(26) yields

MRojVj+MsojWj  Msij(Sxj=Wj)+Mpij(sz=Vj) _ 0= 28
— = — — — =0 =¢€j162 (28)
(fo—0.5)D+8,; (fi—-0.5)D+8;;




MsojVj—MpojWj Msij(52j=V;)~MRij(sxj—

wj) 0
(fo—0.5)D+58,; (fi-05)D+8;; + Mz =0= 6z 29

The centrifugal force acting on the ball at angular position y; is given by [Harris (2001)]
F;= %mdmja),znj, (30)

in which m is the mass of ball,
dmj = de + 2[V; = (f, — ¥2)Dcosp] (31)

is the operational ball’s pitch diameter at position j, and @, is the absolute orbital speed
of the ball about of the bearing axis.

Substituting the identity w?, = (a)mj/a))za)2 in (30) gives

_1 2 Dmj 2
szj—zmw mi\=, ) > (32)
in which o is the absolute angular velocity of the rotating ring.

For the outer race to be stationary w,,j = —,), ® = @;; + Op;,

wmj 1

: (33)

'

T
@ r j{%[(f 0=0.5)D+5,]+7, jVj}[wx'j(Szj-Vj)‘f‘*’z'j(ij‘Wj)]

S :
T j{%[(f i_o‘s)D+5ij]_rij(szi_vf)}(wx’ iteW))

— |w?, +w?, +w?, .
WRj O Oy T (34)
’ ’ 9
@ rojl@xVito W) ryler(sV))rer(sew))]

a— : T ’
%[(fo—o.s)Dwoj]wojVj %[(fi—o.s)D+5ij]_rl.j(szj_Vj)

and

in which w;;, w,; are the angular velocities about the bearing axis of the inner and outer
rings with respect to the ball at position j, and r’j;, r’,; are the inner and outer rolling
radii [Harris (2001)].

Likewise, for the inner race to be stationary w,; = —w;j, ® = Wy + O,

Wmj 1

omi_ , (39)
w roj{%[(fi—o.s)D+6ij]—rl-j(sz]-—V]-)}(wx/].V]-+wzr]-Wj)

' '

dmi
Tij{T][(fo—0.5)D+§o]']+TojVj}[wxlj(Sz]'—Vj)+wzlj(5xj—Wj)]
and wgj/w is given by (34) with opposite sign.

Similarly, the gyroscopic moments acting on the ball at angular position y; are given by
[Harris (2001)]

WR;\ [(Wmj W1
My = Joo? (S50 (20d) —2L— (36)
w w w2, +w?, +w? .
x'] yi z']

and
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in which J is the ball’s mass moment of inertia.

The friction forces due to sliding in the x and y-directions of inner and outer ball-
raceway elliptical contact areas are given by [Harris (2001)]

2
bi; [1-4
ij 2 2 2
3#KL]51 a Xij Yii .
F,,,=—=_Y (™Y 1 =24 _Zginy: :dv:: dx:: 38
xij = 2mayb; faljf Z a4 b Yijayij axij, (38)
bLJ P
ij
2.
0j
boj 1=~ 2 2
3[1.K0j60 a ao]- xZ y
Fyoj = o — = siny,dy,; dx 39
*O0J " 2mag by aojf z aZ, bz YojAYoj AXoj> (39)
~boj 173~
oj
2
xl]
Suky 8L . U Taf 2 g2
o= Uy (% Xij  Yij
FJ’U T 2maiibi; _a..f 2 Y COS)/UdyU de, (40)
Uty Y xij ij ij
~byj [1-—3
al]
2.
oj
boj 1-— 2 2
3[11(0]'50 a 0j x5 Y&
F. . =— J (J] 1__]__](:05)/ d dx i (41)
yoJ 2mag by j —aojf gj agj bg]- 0j4Yoj 0j>
~boj 1=
oj

in which u is the friction coefficient; a;, by, a,j, and b,; are semimajor and semiminor-
axes of inner and outer pressure elhpses Xij, Yij» Xoj» Yoj are the co-ordinates of an element
of area, dydx, inside the contact ellipse, which has a resultant velocity of slip V of the
race on the ball acting at the angle y with respect to the y-direction, which are given by

Vxij Vxoj
-1 Yij Wsij -1 oj_“’soj
Yij =tan” ——, Yoj = tan™ " ——. (42)
yy yoj
Xijt——" Xojt -
Wgij Wsoj

Viiis Viojs Vyijs Vyojs @yij» and @,; are the relative linear and angular slip velocities of inner
and outer races with respect to the ball located at position j. The terms involving these
velocities for use in (42) are given by [Harris (2001)]

<,R2—x _ [Rz_aUJr/ _au> (fi—0.5)D+8;;— Tnf (Sz] vi)|e

VJC
2 = ) (43)

Wgij ( -—W-)— ._V._(fi—O.S)D+8ij ,

Wyt j(Sxj = W)= W j|S2jVj=—q — Tij

RZ2—x2.— |R2_q2 D\?_ o Vs W

Voo iX | RiTagt (E) Tl [“’x'j(SZJ‘ J)+wz'j(5x1‘ 1)]
2 = ) (44)
@stj ( ._W.)_ ._V._m !

Wy j\Sxj=Wj)=W,1Szj=V [y ij

2



<R2—x - RZ_ao]+ — —a01>[(f0 —0.5)D+68,+ d

Wyl
on
=L = , (45)
Wsoj (fo—0.5)D+8,;
(ux/jo—(uZ/]- Vj+T 0j
2
2_.2 _ [p2_,2 D\*_ 2 _..". . .
. ( [R3-x2;- [R3-a2;+[(2) - a2, rO])(wx’jVJ+wz'jWJ)
X2l = (46)
b
Wsoj (fo-0.5)D+8,; ,
wx,jo—wZ,]- Vj+—dm]_ Toj
2
in which R; and R, are the curvature radii of deformed surfaces, given by
_ 2fiD _ 2foD
= R, =22 (47)
2fi+1 2fo+1

The total frictional moments of the friction forces about the normal at the center of the
contact ellipse are [Harris (2001)]

2

vk —1Yij
1——2——cos (yij — tan lx_i;)dyij dx;j, (48)

3H'Kl] i a;
Msl ] f U f x +y 2
J 2ma;jbij Y—aij 1_# ij ij i b
3I'LK0]5 Ay yo 1Y
j _ Yoj _ 1Yoj
My, = f_a f x5 +ye; 1 -7 C0S yoj tan dyo] dx,;. (49)
2maojboj oj g] o by j *o

The moments of the friction forces about the y’-axis are [Harris (2001)]

bij |1
3uKij6 a;
M,,;; = Znaub:]] a’l]f F( ’R -x- [R-dt / ) L smyudy” dx;j, (50)
boj [1-
3[1.1(0]5 a o]
My, = Znaojbf,]] ;i]f - R-d+ g k smyojdyoj dxe;.  (51)

01

The frictional moments about an axis through the ball center perpendicular to the line
defining the contact angle, which line lies in the x’z’-plane, are [Harris (2001)]

XZJ
bij [1--4 z
3uKij8 aj D y
Mpg;; = Znaub:’] [ “]uf F( }Rf—xf}-— fRf—afﬁ /(;) - aﬁ) 1-— —‘—b—zcosyudyu dx;;, (52)
1__
alzj
boj 1~
3;11(0] a }’
MRO} Znaujszj ;i]f ( ’RZ Rl—a‘u ’ ) o Yoj COS)’Odeoj deJ (53)
]

Equatlons (16) (18), (22)-(24) and (27)-(29) may be solved simultaneously for V;, W,
Oojs Oijy 1 ojs T'ij, Wy, Wyj, and @, at each ball angular location once values for d, 5,, and
6 are assume
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An iterative procedure is to be used to solve the equations simultaneously. Since K,; and
K;; are functions of contact angle, equations (8)-(11) may be used to establish K,; and K;;
values iteratively.

To find the values of d,, d,, and 8, it remains to establish the equilibrium conditions of
forces and moments about the inner ring center of mass, as shown by Fig. 7, which are

vz [l (sx=Wi)=Faij(sz=V)] _ o
Fa Zj:l [ (fi_O-S)D+6ij =0= €97+1> (54)
A Kij5i1j5(Szj—Vj)+inj(5xj—Wj) _ _
F—Y5a [ FomDrey cosy; = 0 = €gz42, (55)
M — ¥ {R[K;;85sinB;j — Fyyj(cosPy; — i/ )] cosp; —
(FyijrisinBy; — MggjcosPy;)sinp;} = 0 = €953, (56)

in which F,, F,, and M are external forces and moment applied to the inner ring center
of mass.

Having computed values for V;, W, 0., djj, o}, ’ij, @y, @y, and w,; at each angular
position and knowing F,, F,, and M as input conditions the values of d,, d,, and 8 may
be computed by equations (54)-(56). After obtaining the primary unknown quantities J,
o, and 0, it is necessary to repeat the calculation of V;, Wj, d,j, 0ij, 1), 1’y @y, ), and
@, until compatible values of primary unknown quantities d,, d,, and @ are obtained.

Numerical procedure
Equations (16)-(18), (22)-(24), (27)-(29), and (54)-(56) may be written as

€g(6,) =0, g.h=1,...,92+3, (57

in which 6, = Vi, ..., 02=Vz 071 = Wi, ..., 622 = Wz, 02211 = Ool, ..., 032 = oz, 03241 =
) bl bl b

Oils +-+s 047 = 0iz, O4z41 = Vo1, «.oy 052 =107, 05241 = Til, ..., Oz = I'’iz, Opz41 = Wx’l, ..., 077

=yyz, 07741 = Wy1s ey 08z = Wy’7, 08741 = Wzl oees 09z = W7, 09741 = Oas 09742 = Oy, 09743

The first 9Z equations from (57) must be solved simultaneously for Jy, ..., doz once
values for dgz,1, ..., dgz3 are assumed. If 6,? ,h=1,...,9Z, is a 9Z-dimensional vector
with the initial estimates of the variables dy, ..., dgz, improved values are given by

5 = 68 — [agn] " {eg): (58)

in which {Eg}, g =1, ..., 9Z, is the 9Z-dimensional vector with the first 9Z errors
functions from (1). The elements of the square 9Zx9Z-matrix [ag h] are

ad; 0874 a6 i
= — 5. — — . — . Z+j _ L ] =324
ajn = —2(s5j — &) % 2(5xj = 824) 5 2[(fi = 0.5)D + 8324;] 5. (39)
35 3674 38224
ag; =282 +26,,,—2—2 —0.5)D + 8,54 ; 60
(j+2)h T a8, + Z+j a8n [(fo ) + ZZ+]] sy, ° (60)
0867+ j 068774 j 08574 j
A(jr22)n = 286z+j 55— T 20774 —~— * 2087+ ) (61)
v ) a5 R ajz, 9Sn R 6522,] d?"ih 35 ! a_acﬁz, . 883z.; 3F
ﬂfa‘c)ﬁi_f{u)521'227)#_1‘5&3]58'227)52—)#*’5]' drg”))" ”ﬂwﬁ_}{ﬁj‘s:l‘za—j a‘gilj+1-5Kij5:?fljlsw_52—1')#”}_\5@'_‘5})#]"
1 [:fu’G‘S)Dﬂgzz—j]’[Fij5)’}{@5%2:’71'52—])6?;?{ [{fz’0‘5)D+532—)]’[K1)‘531‘2571'(%')"52—))’FA'1](Szj"gj)]a?;:j

A(j+3z)n = S z p N z
j+3zl [(7,—0.5)D+827. ] [(fi-05)D+63z+]

(62)
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(63)
0F,0j = OFy;j
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j Z+ Roj s0j f Z+f R SN L7 N OS5
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(65)
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(66)
6M . .
ar: v'i aMyl] _ aMyol (67)

h a5n E

The forces F;y, Fy; and Fy; to be used in (62) and (63) are given by (32), (38) and (39)
and their differentiation with respect to d,, h =1, ..., 9Z, yields

OFsj _ Mew? (%)Zﬂ + do, (w)% , (68)

w

a5y

b 1——
1.5 ij
OFyxij _ 3BKij0374j ray; N %

3 Fxij 663z+]

= dy;; dx;; +2 69
a6p 2ma;jbij _al.] ? yl] 2 263z Z+j asy ( )
—bj; 1__1
aij
by j 1——
9Fx0j _ 3”1(”1622*'1 a01 01 Xoj y 3 Fx0] 6522+]
1Y Ucosy, 2hdy, dx (70)
f af,] boJ 0j gs, ~0j “roj zazzﬂ a8y

sy 2magjboj —
_bo] 1__
01

The forces F\; and F,, to be used in (64) are given by (40) and (41) and their

differentiation with respect to d,, h ., 97, yields
by 1—i

JF. 3M.Kl 5L a; l x5, y 3 F 95

J’U J 3Z+J 1] ] Ty l] yij 993Z+j
EES Zﬂaubl] _ f U alz] Sln)/l.] a5, dyl.] d + 2 63Z+1 26n 5 (71)
0F i 3[11(0-51'5 3 Fyoi 082747

yoj _ __ J ZZ+J ] Yoj 2Z+)
sy - 2”aojbnj dyoj dxoj 252Z+j sy : (72)

The moments M;, M, Mp,; and M_;to be used in (65) and (66) are glven by (48),
49), (52), (53) and (37/) and] their dlfferentlatlon with respect to dy, h =1, ..., 9Z, yields

by !l,j
J | 2 || -2 2 .
oy _ “3KyOSF ey (i [ L P R I‘If—U ~Yhgin(yy; — tan~t22) U gy dy, 4 2 Msis 90324
LM 2magby; [ 22 i Y ai;  bh Yij v ) 08, TV AXE TS 88, °
i Uiy 7 ] | ij ij h 3Z+] n
~biy [1——r N
ij

(73)
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The moments M,;;, My,; and My; to be used in (67) are given by (50), (51) and (36) and
their differentiation with respect to d,, h =1, ..., 9Z, yields

=
< by |1-—4 - .
- 1.5 u 2. 2 2

My 3MK;SIF.; ray NI T A N P TR 1] oy dves dop s 4 2 M 0837,
2 B . R} — x5 R; aUJr\' aj ) |1—— 5 cosyy; Ly dogg + -,
a8y 2maggby; Ty e f "12; 2 | aj; EJU a8y 283z:5 08

by 17

N )
(78)
| 2
X
. by; [1——2L . .
; 215 of 2 [ N2 2 2

OMy,; 3Ky 837, o i N % s 2 p2_ .2 D\ o) | % Yoy 0%, Ay dns 3 Myo; 8857,
Tyoj _ o . R -xZ R3 Qof+\/ - agi | |1—=3 Feosyej ot dyes dxg; + >0 2
asy 2may;by; o | ;-gj J J 2 J | yj bo; 8y 28574 08
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. . a8, 885 ELY
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a6y [52 2 2 w /) 88 28; w z w /[
n JOeze 8024y 8oz " " (627.5+6%. 483, )

(80)

As in (38)-(41) and (48)-(53), also in (69)-(76), (78) e (79) y;;, y,; are given by (42). The
derivatives of y;;, y,; with respect 05, h =1, ..., 9Z, to be used 1n (69)-(76), (78) e (79) are
given by

a( XU a P) P)
(4700 <“’si1‘ Vi \@sij (x4 72ei\\Bs0j) (1, Vroj)\Bsoj
ovij Y wgij) 98y Yowgj) asp oj _ " wgy;) 98y o wgoj) 98y 81)

2 2 s 2 2 s
9n _Vaij W Lyii 9n _Vxoj Lyoj
Yij +| Xijt+ Yoj +| Xojt
Dsij Wsij Dsoj Wsoj

in which Vyilwgj, Vyilsij, Vil s, Vyojl s are given by (43)-(46). The derivatives of
Vil wsij, V, ij/a)_yij, Vol 507 and Vil with respect oy, h =1, ..., 9Z, to be used in (81)
are given ﬁ;y
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For the outer race to be stationary w,,
derivatives of (33) and (34) with respect
(80) are given by
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/o and wgi/w are given by (33)-(34). The
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Likewise, for the inner race to be stationary,
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wgi/w)/do is given by (87) with the opposite sign.

The last three equations from (57) must be solved simultaneously for dozi, ..., dozs3
after obtaining updated values for: By, fojs Kijs Koj, Sxjs Szj» Frijs Fyijy Fxojy Fyojy Miijs Myojs
Mpgij, Mgoj, Sizejs k=0, ..., 8;j =1, ..., Z. If 88, h=9Z+1, ..., 9Z+3, is a 3-dimensional

vector
values

with the initial estimates of the variables dgzy1, ..., dgz3, in that order, improved
are given by (58), in which {eg}, g =97Z+1, ..., 9Z+3, is the 3-dimensional vector

with the errors functions, in that order, from (57). The elements of the 3x3-matrix [agh]
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Aoz+2dh = F5°

[(fi—0-539+53z+)‘]
(89)

5 a6 a6 a8 s 98374j
[(fro.swﬂsm;][Kf;c?;zﬂ(cwf ;’g*z—ffalcwlsagm ;5*3—ﬁ%1-5K¢J-6§z+j(s21-—61-) 26n

a8, as. ag ag.
in)-(%;*-fac¢jc5gz+3 ;‘52;3’ ai;})Jr(Sx) 5z+;) a5, } [Ku ‘Sazﬂ (52) —&; )*Fu) (Sx) 5z+;)] 3Z+}
[(fi—0.5)D+85z4] Vi

(90)

¥4
-y,
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RNZT a, 85 ; R 8657 s 95
aM (sz, - oj) ( 595:1 + R c;cdozes (JQOZH F] Z:J ) - (5;:, - 02+,) (CW, agaz:_ - jﬂlc‘% 589z aQOZH 55:)
=1 (K 83F.5CBy; + Py SBy ) - N - -

Qroz+an = 676)!_ J=1 (SZJ _ 6})3 n (s” _ 52+J)ﬂ

26, 36075 96,
B5z43 3z+J (SZJ OJ)( agz+1+'ﬂcchoez+3 aoz:—a _a5hJ)
—cwj - ]+15K ow,sﬁj }cwj (Fpymchy; + MysB,;) 3 Bt
35, a9, n ; (57— 80"+ (5 — 82
s z=2 859z+3 99)
Lfij*fgz j)[cﬂ/) = ﬁ‘cwjlﬁihz—: 36, 786,1) 3859z7:3

—cy; 20,

aF au.
47 SBU ¥ — By “}}SL}J}

2
\521_5)) +L5A‘}_52*j)

oD

Differentiating (16)-(18), (22)-(24) and (27)-(29) with respect o, h = 9Z+1, ..., 9Z+3,
27Z simultaneous linear equations in 0dkz.;/00p, k=0, ..., 8; j =1, ..., Z, results, which
are

28, a6 ‘
(szra]—w(sxrazﬂ) L[ 05)D+53z+j]W:

(ij _ 6z+j] (5‘592+1 + f?flﬁ COsz+5 ‘;92+2) + (SZj ) (Cw bsz4 ‘?‘Z'ij 1569745 5(2?::)_

92)

GLY, aaz+ 88574
4t 27+j
8 —L+6; —[(f, —05)D +§ ]—=0 (93)
+ o 2Z+ ’
J asy, J J1" a8,
5 .%J,g O87z4j 5 Oszej _ (94)
Froj Fxij 5 5; 9Froj (s2=8;) 9Fyj Koj83%+; K83zsj | 88ze5
(fo—05)D+8224;  (fi—0.5)D+8574;]| 88, (f—05)D+8224; 88y (fi=05)D+8224; 98y (fo— 05)D+522+ (f;=0.5)D+8y;] 96y
{1‘51{,,4.5;‘;)52”-[:;&,—o‘s)D+5zz+)‘-}+F’\.g,:5)‘-—1{(,4.5;;&.5&.}aazm n {1‘5&4.5;;‘.[;\.4.—5” AFi=0.5)D+85 2]+ Fuyj (525 =8;) =Ky 835, (505 =82+ )}aagm _
[(f,—0.5)D+8,z2,]" a8y [ ns,mazzﬂ] 35,
—Ky 5;;+ 92“*%"51#') cBoziz 5;52”) [ ’-P gz“ —Rcj|s65z42 ;SHE)
(fi—0.5)D+8;z4;
Ko 5224-' Kyj 5224-' ﬁ 52+j aF.\.'oj _ (5.\')'_§z+j) aF_\':j F.\'oj + F.\':j :|‘3‘52+JI +
(fo=05)D+8574;  (Fi—05)D+85z4;] 86y (fo—05)D+8,74; 38 (fi—0.5)D+85z4; B8 fo—0.5)D+68,z,;  (Fi—0.5)D+85z4;] 98,

{1.5}{0,.5;‘;;5,.[{;@ —0.5)D 4824 ;] Koy 835, 18,=Fra; 52"‘)} 9Bazsj
[(fa—05)D+8,..,] 98
{LSK:,' 5;za+,-(52,‘ ’5,')[:f:’O‘S}DJr‘SzZﬂ}’K:; 5;25+j(sz,‘ ’5,‘)’1:3.':; (5.‘;"52+,')] 383745 _ ﬂ —
[(ri—0500+6..T ¥ 0
Ky ‘Saz+-[CT~P‘ -;Sz-m — ey |56az4a a-;szlﬂ )+F [ ';Z+1+.ﬁ1CT,D.C§gz+E 69;+z)

(fi=0.5)D+8;z4;

(96)
=0, 97)

aFyoj aFyij

a6 a6
[ Mgo; Mgy ]aaj 8; dMpo; 57+ AMyq; "
UD_O-S]D+6EZ—j (fl_O-S)D+6SZ—j ady UO_O-S)D+522—3 a8, UD_O-SJD"'BZZ—j 38y,
[ Mo Mg ]dSZ,J  (seyBzey)  OMay (sz;=6)) Mgy  Mpoy8,+Msg)8z.; 382z,
(fo=0.5)D+85z.;  (fi—0.5)D+83z7.;] 86y (fi=0.5)D+83z.; 36, Cfi—c‘ 5)D+83z.; 88, [(r—0.5) D+622_J-]2 sy
57+1 z—a S5z+2_g Ssz+3
Mij (5x- 8z j)+'wmj[szj ~8)) 88325 _ fsw( +/3C%C5°Z—a on )”’Ru(c% e jls8oz.3> 36n )
[(ri-0.5) D+632_J] a8y, Qq ~0.5)D+837. :
(98)
{ Mso Mjij as; J] IMsoj bz+j IMpo;
(fo—=05)D+85z+;  (fi—0.5)D+83z4;] 38y (fo—-0.5)D+8,z+; 90y (fo—0.5)D+8;z4+j dbn
[ Mpoj Mpij ]a5z+;' (51'}'_524—]') aMRi'j_ (Szj_5j) aMsEj Msa}5} MR0152+} 35224—] +
(fo—0.5)D+83z+j  (fi—0.5)D+683z45] 98p (fi=0.5)D+83z+j d6p (f'—05)0+5az+1 35 [(fo— 05)D+622H]

989742 989 9Z+1 989z+3
Msfj(Sz”fﬂf)fMRff(STf752+j) 083745 | OMgj _ MFU(NPI 85y, 7:/17‘("1!"1'5692*3 35 ) MRU( a8 t/l’!{"il"lcé“?ZJd BTy )
[(fi-05)D+8374,]" GL 35y (fi=0.5)D+83z4 ’

99)

aMyI]-_aMyi]'_aMyoj — (100)

a8y, asn e

The derivatives of F- FX,J, Fxo Fyijy Fyojs Myij, Myoj, Mrij, Mroj, My, My, My,; and M
with respect 8, h = 9Z+1. ... 07+3. 1o be used in (89)-(100) are given by (68)-(30).
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(69)-(76), (78) and (79) vy, 7.; are given by (42). The derivatives of y;;, y,; with respect
on, h =97Z+1, ..., 9743, to be used in (69)-(76), (78) and (79) are given by (81), with
Vil sijy Vyil sijy Viojlwso; and Vy,ilwg,; given by (43)-(46). The derivatives of Vyi/wg,
Vyiil @iy Vioil @sof andl Vyoil @50j With respect o, h = 9Z+1, ..., 9743, to be used in (Sf) are
given by (82)-(85).

For outer race to be stationary w,/w and wgj/ew are given by (33) and (34), and for
inner race to be stationary are given by (35) and (34), the last with opposite sign. The
derivatives of (33) and (34) with respect o, h = 9Z+1, ..., 9Z+3, to be used in (68), (77)
and (80) are given by (30) and (31); and for (35)-(34), the last with opposite sign, are
given by (32) and (31), the last with opposite sign.

The linear system’s solutions of the equations (92)-(100) — 00xzj/00, k=0, ..., 8;j =1,
..., Z —are to be used in (89)-(91) for the new estimates of dgz.1, dozsr and doz,3.
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